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Abstract. The maximum Lyapunov exponent characterizes the degree of exponential
divergence of close trajectories. The presence of a positive Lyapunov exponent in the
system indicates a rapid divergence over time of any two close trajectories and sensitivity
to the values of the initial conditions. Therefore, the determination of the Lyapunov
exponent makes it possible to identify a dynamical system as a system with chaotic
dynamics in it. When studying the output signals of dynamic systems, it is often necessary
to quantify the degree of randomness of the output signal when equations of the system are
unknown. In this paper, the possibilities of accuracy improvement of the numerical
algorithms of Benettin and Wolf for estimating the maximum Lyapunov exponents of an
attractor of a dissipative dynamical system are shown. Under these procedures a system
itself can be specified both analytically (by a system of differential equations) and only by
output signal.

Keywords: Maximum Lyapunov exponent, Algorithms of Benettin, Algorithms of Wolf,
Initial conditions, Chaotic modeling.

1 Introduction

As is known, one of the necessary conditions for the randomness of the dynamic
behavior of the system is sensitivity to the values of the initial conditions (G.
Benettin, L. Galgani and J.M. Strelcyn [1], G. Benettin et al. [2], A. Wolf et al.
[3], S. P. Kuznetsov [4], J. Laskar, K. Froschle and A. Celletti [5], V. A. Golovko
[6] F. Moon [7]). As a quantitative criterion for this concept, the senior Lyapunov
exponent (Lyapunov exponent) is usually used. Let a dynamical system be given
analytically by a system of differential equations in the Cauchy form:

dx(t
0 = fx(0),0), (D)
where x € R™, R™ — is the phase space of the system, the initial conditions

x(ty) = xo, f:R™1! > R™- are a continuous vector - function satisfying the
Lipschitz conditions for all arguments, except for time t. Then a solution to
system (1) exists and is unique. Let us denote by x; a point in the phase space
R™ of the dynamical system corresponding to the radius vector of the state
x(t;). If in the course of time the solution of system (1) approaches a certain
manifold A when time goes to infinity, then we call A the attractor of system (1).
There can be one or several attractors in the phase space, hidden, large, etc.,
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depending on the properties of the system itself (1). In this case, the most
important characteristics of the system are (S. P. Kuznetsov [4], V. A. Golovko
[6], P. Berger, I. Pomo and K. Vidal. [8], D. P. Crutchfield [9]):

* chaos or regularity (presence or absence of chaotic dynamics);
« dissipation or conservatism (presence or absence of energy dissipation);
« topological invariants of the attractor (for example, fractal dimension).

Depending on these characteristics, the behavior of the solution of the system in
the phase space changes significantly. Let the solution of the system be obtained
for some initial conditions and, after the transient process, a certain attractor is
found. To find out whether the attractor has a sensitivity to the values of the initial
conditions, which is characteristic of a strange (chaotic) attractor, let us calculate
the maximum Lyapunov exponent (MLE).

Xo

Fig. 1. Evolution of two close points on the attractor
dynamic system

Consider a point x, on the attractor of a dynamical system (Fig. 1.) at the initial
moment of time t,. Having given some small value &,, we choose one more
point X, on the attractor that satisfies the condition

[0 — xo| = &.

It should be noted here that for correct operation it is a point on the attractor that
is needed, and not close to the attractor (S. P. Kuznetsov [4], V. A. Golovko [6],
P. Berger, I. Pomo and K. Vidal. [8], D. P. Crutchfield [9]). Otherwise, the obtained
result will characterize not the behavior of the trajectory on the attractor, but near
it, which is the main source of errors in calculating the MLE for non-conservative
systems.
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Through a period of time A ¢, the points x, and %, evolve into points x(t) and
%(t). The Distance between them is denoted by £(t), here t = t, + At. The value
£(t) depends on the initial position of the points x, and X,, as well as the time
interval At and the dynamic system as a whole. However, approximately, we can
assume that

e(t) ~ gyett,
where A is the MLE. Thus, the parameter characterizing the dynamics of the

representing point on the attractor is (G. Benettin, L. Galgani and J.M. Strelcyn
[1], G. Benettin et al. [2], A. Wolf et al. [3], S. P. Kuznetsov [4])

A~ =IngY o)

At &0

Here it is necessary to take into account the fact that the boundedness of the
attractor implies boundedness &(t) and, therefore, At should increase until e(t)
is significantly less than the size of the attractor, otherwise 1 will be equal to
zero at At — oo. The value A obtained in accordance with (2) should be
considered as averaged over all the initial points x, of the attractor. Therefore,

where e(t) is much smaller as the size of the attractor. This approach is based on
the Oseledts ergodic theorem, see V. I. Oseledets [10], according to which the
exponential divergence of two randomly selected points on the attractor
characterizes the maximum Lyapunov exponent with probability equals 1.

In practice, the Benettin algorithm is used to find the values of the maximum
Lyapunov exponent. Proposed by a team of authors in 1976 for the conservative
Hénon-Heiles system (G. Benettin, L. Galgani and J.M. Strelcyn [1]), this
calculation method works well and is suitable, first of all, for conservative
systems. In their 1980 work G. Benettin et al. [2], the same authors used their
results for smooth Hamiltonian dynamical systems. Due to the lack of
alternatives, it is often used for dissipative systems, but in this case errors
inevitably arise due to the fact that the dimension of the attractor of such a system
is lower than the dimension of the phase space.

And the application of the classical Benettin's algorithm in the case of the
existence of several attractors in the system and, moreover, hidden attractors, is
generally incorrect. In this paper, we propose methods to improve the accuracy
of this algorithm for the case of a dissipative dynamical system.
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2 Procedure for improving the accuracy of Benettin's algorithm.

Let us denote by x, a point x(t,) on the attractor of the dynamical system (1) at
the initial moment t,, after the transient process. We choose a positive value ¢
- much less than the linear dimensions of the attractor and a point x; satisfying
the equality

X0 — xo| = &. ®)

Let's track the evolution of points x, and x; after a short period of time T. The
resulting values will be denoted by x; and x7 (Fig. 2).

Fig. 2. Benettin's algorithm for computation
the maximum Lyapunov exponent

The vector Ax, = %7 — x, is called the vector of disturbance, and its absolute
value |4x,| is called the amplitude of the disturbance. The MLE value for this
stage is estimated by the formula:

1 G —x] 1 [Ax|
ll—TIHT—TIHT.

Then the following renormalization is performed:

Axq

Ax] = ——=¢
! |Ax1| ’
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and the described procedure is repeated for points 551' = x; + Ax; and x, instead
of x, and x, (Fig. 2). After M repetitions, we find the MLE as the arithmetic
mean of the values obtained at each stage

M M M
a 12/1 —1211 [Ax| 1 Zl |Axg |
ML TMAT e TMTL N e

k=0 k=0

Itis clear that the algorithm works well in conservative models, where the volume
of the phase space does not change over time. For example, in problems of mixing
liquids in a tank, where the result obtained in this way directly characterizes the
degree of mixing of the points of the medium (T. S. Krasnopolskaya et al. [11],
V. V. Meleshko et al. [12]), where, however, it is shown that the maximum value
of the maximum Lyapunov exponent does not guarantee the best mixing quality.

The main problem of this method in the case of a dissipative system is the fact
that the points J?f 55; ..., generally speaking, do not lie on the attractor. The
dimension of the attractor is lower than the dimension of the phase space;
therefore, the probability of a randomly taken point hitting it is zero. So, for
example, if the only attractor of the system is the limit cycle, then as a result of
the application of Benettin's algorithm, the MLE will be negative, but should be
zero. The following hitting options for a point are possible xj:

* on the investigated attractor (probability zero);

* on another, possibly hidden attractor (probability zero);

* into the basin of attraction of the investigated attractor (the probability is
positive);

« into the basin of attraction of another attractor (the probability is positive).

In the last two most probable cases, the value A, will characterize not the MLE
value of the attractor, but the behavior of the trajectory close to it and introduce
an error into the calculation result. To avoid this and increase the calculation
accuracy, you need to select points x, a?f 5[;' on the investigated attractor. With
the known right-hand sides of system (1), the solution can be obtained
numerically, and the algorithm can look as follows. After the transient process,
we select points x, and X; on the solution of the system of equations (1) so that
condition (3) is satisfied for some small one . Solving the system further, after
T we get points x; and x7, respectively. Find the first value

1% — x4
==ln—/———.
! T n £

Next, we fix one of the obtained points, for example x;, and we find q by
solving the system further from the point X7 until the condition 0 < |x; — x| <
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e. is fulfilled. Repeating this procedure M once, we find the MLE as the arithmetic
mean of the values obtained at each stage:

The obtained value, according to the ergodic theorem of Oseledts (see V. I.
Oseledets [10]), characterizes the maximum Lyapunov exponent of the attractor
under study with a probability of 1.

3 The method of applying the Wolf's algorithm.

When studying the output signals of dynamic systems, it is often necessary to
quantify the degree of randomness of the output signal, with unknown equations
of the system. In this case, the method proposed by A. Wolf et al. [3] in 1985 for
calculating the Lyapunov exponent from the chaotic time realization of the system
under study is usually used. It is based on the classical Benettin’s algorithm and
Takens theorem, see F. Takens [13]. According to this theorem, having an one-
dimensional time realization a(t) of a dynamical system belonging to a smooth
manifold - an attractor of dimension d,, the delay method can be used to
reconstruct the original attractor as a n- dimensional set of state vectors x(t) €
R* forn>2d +1

x(t) = (a(t),a(t +1),..,a(t+(n— 1)1)).

The method for calculating the maximum Lyapunov exponent is as follows. Let
the time realization a(t) be given over a finite time interval at the moments

t; =iAt, i =0,..,N.
Let us denote by a x; point in space R™ corresponding to the radius — vector of
the state x(t;). Then, as a result of reconstruction, we obtain the attractor of the
system as a sequence of points in space R™:

x; = (a(it), a(ist + 1), ..., a(iAt + (n — D)), 4)

here T=mAt, i =0,..,N—(n—1)m.
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Fig. 3. Wolf's algorithm for computing
the maximum Lyapunov exponent from the output signals set

Take an arbitrary point from the sequence (4) and denote it an x,,. Further, passing
through the sequence (4), we find on it a point X7, satisfying the inequality

|Xo — %ol = &0 < ¢,

where ¢ is some constant significantly less than the linear dimensions of the
reconstructed attractor. In this case, the points x, and X, must be separated in
time. After that, we track their evolution in time on the attractor until the distance
between them exceeds a given value &,,,,.. Let's designate this time interval as
T,. Then, again going through the sequence (4), we find a point x close to x,
that the inequality

lx; — x| =& <&,

realized and vectors x; —x; and z— x, have the closest direction. The
procedure is repeated again, only instead of points x, and x, are taken already x;
and x;. After M repetitions, the maximum Lyapunov exponent is estimated as

follows:
z ln(sk/fk)
M T

The considered Wolf algorithm is applicable only for a chaotic output signals set
implementation (with a positive Lyapunov exponent), which somewhat reduces
the universality of its practical application. In this paper, a modification of this
algorithm is considered, which makes it possible to obtain both positive and
negative values of MLE. The difference is as follows. The evolution of the
selected starting points x, and X is tracked over an interval T, of a fixed length,
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and the distance &, between the points x, and X7 obtained in this case is used to
evaluate the MLE. The same is repeated for points x, and x;. After M such length
T steps, the value of the Lyapunov exponent can be estimated:

1 M-1
A~ WZ Inel, /€.
k=0

In the study the interaction in the human cardiorespiratory system (T. P.
Konovalyuk et al. [14]), chaotic modes generated by the interaction of the
respiratory and cardio subsystems were found. The classical Benettin’s algorithm
did not allow identifying the differences between quasiperiodic and chaotic
dynamics. The use of the above upgrades made it possible to increase the accuracy
of calculation the maximum Lyapunov exponent by an order of magnitude. For
example, in the system of discrete maps describing the cardiorespiratory system,
quasiperiodic and chaotic modes were found (Fig. 4 and Fig. 5). After the
application of the classical Benettin’s algorithm for the quasiperiodic regime A; =
0.008, and for the chaotic regime were obtained A, = 0.01. As a result of the
application of the modified algorithm, the values were obtained as following A; =
0.001 and A, =~ 0.01, that made it possible to more accurately characterize the
dynamics of the model.

| =3
1.006 | { 1.006
] [ -\’ / ﬁ
@
1 / 5
g* 005 / a1 005
0)1.004 “1.004
0552 0553 0554 0555 0552 0553 0554 0555
Cardiointesval | Cardiointerval |
Fig. 4. Quasiperiodic mode in the system Fig. 5. Chaotic mode in the system of
of discrete maps of the cardiorespiratory discrete maps of the cardiorespiratory
system model system model
quasiperiodic regime chaotic regime
Benettin’s algorithm
0.008365 0.009623
modified algorithm
0.001224 0.010334
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Conclusions

Numerical calculation of the maximum Lyapunov exponent based on the classical
Benettin’s algorithm does not always give a good result if there is energy
dissipation in the dynamic system. The article discusses modifications that
improve the accuracy of calculations and expand the scope of the well-known
algorithms of Benettin and Wolf. The use of the proposed modifications for the
model of the human cardiorespiratory system made it possible to more accurately
identify the differences between quasiperiodic and chaotic dynamics generated
by the interaction of the respiratory and cardio subsystems.
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Abstract. Significantly increased resolution of image formation systems (down to a few
centimetres) causes a possibility of more effective using of objects textural features and
signs in case of thematic processing of radar and optical images. The existing methods of
image fractal features measurement allows to evaluate numerically the following topologi-
cal characteristics of image texture: fractal dimension FD; directional FD in the analysis di-
rections (DFD); multifractal dimension MFD (a widespread case — the spectrum of Renyi
dimensions (SRD)); morphological multifractal exponent (MME); fractal signature FS and
directional FS (DFS); morphological MFS (MMFS) and lacunarity. However today there
are no complex methods allowing to measure at the same time parameters of the scaling,
multifractal and anisotropic properties of a texture possessing reciprocal relationships. In
this work the specificities of new Directional Multifractal Blanket method (morphological)
(DMBMw) for fractal features measurement of an image textures synthesized on the basis
of two best ABRG and MBMwm methods in the groups, are considered. Simultaneous ac-
counting of multifractal, singular and anisotropic properties of the image texture with lim-
ited scaling character allowed to increase measuring accuracy both FD, and FS at each
analysis scale. This feature is the most representative on comparing with all features con-
sidered in this work as the functional correlation of the derived features. The increased in-
formativeness of the developed feature in case of image processing is caused by additional
determination, along with multifractal and singular properties, anisotropic properties and
their joint account and implied the possibility of its using for the properties description of
different images textures and also in images clustering and segmentation tasks.

Keywords: Fractal dimension, Multifractal signature, Directional features, Anisotropic tex-
tures.
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Abbreviations

ABRG - augmented iterative covering blanket method with rotating
grid.

AFS — anisotropic fractal surface.

DFD — directional fractal dimension.

DFS — directional fractal signature.

DMBMuy — directional multifractal blanket method (morphological).

DMFS  —directional multifractal signature.

DMMFS - directional morphological multifractal signature.

FD — fractal dimension.

FS — fractal signature.

L — lacunarity.

LFD — local fractal dimension.

LMME - local morphological multifractal exponent.

MBMy  — morphological multifractal iterative covering blanket method.

MFD — multifractal dimension.

MFS — multifractal signature.

MME  —morphological multifractal exponent.

MMFS - morphological multifractal signature.

SRD — spectrum of Renyi dimensions.
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1 Introduction

The modern air- and space-based monitoring systems of Earth pro-vides
formation of high resolution optical and radar images for the wide range solutions
of remote sensing, reconnaissance and special tasks. Significantly increased reso-
lution of image formation systems (down to a few centimeters) causes a possibility
of more effective using of objects textural features and signs in case of thematic
processing of radar and optical images [1, 2]. Textural approach [3] is based on
the fact, that in most cases spatial configurations of high resolution images bright-
ness units within boundaries of heterogeneous classes of objects have essential
differences. Specific numerical values of textural features decide on the help of
different mathematical apparatuses among which it is possible to select the wave-
let-analysis, Fourier analysis, variance analysis and also a number of the modern
methods, based on the fractal theory [1, 2].

In fundamental research in the fractal theory field [1, 4], and also related
practical applications of digital image processing [5-10], formulated and proved
statements about presence of fractal properties and the characteristic features cor-
responding to them at images of natural objects. The most distinctive properties of
fractal sets are the scale invariance (scaling), the continuity and nondifferentiabil-
ity described within the mathematical theory of the fractional integro-differential
equations [1, 4].

Fractal processing implies receiving numerical evaluations of scale invari-
ance indices of the image texture, by means of a research of local and global topo-
logical features of spatial structure of its intensity field, and the subsequent image
differentiation on homogeneous areas on the basis of the measured values [1, 10].
Now the methods of the automatic analysis and thematic processing of images
based on separate using of the estimated values of different fractal features are de-
veloped. Such widely used features include the fractal and the multifractal dimen-
sions (FD and MFD), the fractal and the multifractal signatures (FS and MFS), al-
lowing to find areas of textural homogeneity on images with different efficiency.

Both in foreign, and in domestic scientific publications there was a many
results describing researches of new methods of measurement of scaling, spatial,
statistical and other parameters of fractal sets taking into account textural images
formation features (see, for example, [1, 2, 10-14]). At the same time such proper-
ties of images as multifractality, singularity (in a broad sense — the local non-
uniformity), limited scaling feature and anisotropic are taken into account. How-
ever today there are no complex methods allowing to measure at the same time pa-
rameters of the scaling, multifractal and anisotropic properties of a texture pos-
sessing reciprocal relationships.

The purpose of this work is to synthesize of a new directional morphological
multifractal signature computation method for image texture, a research of its func-
tional capabilities, assessment of measuring accuracy of some fractal features by the
developed method when processing of the test synthesized and real images both fit-
ting, and not meeting a self-similarity condition and also determination of new tex-
tural-fractal features informativeness in tasks of the images textural analysis.
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2 Description of images texture fractal features

The existing methods of the image fractal features measurement al-lows to
evaluate numerically the following topological characteristics of image texture:
the FD; the directional FD in the analysis directions (DFD); the MFD (in the wide
sense — the spectrum of Renyi dimensions (SRD)); the morphological multifractal
exponent (MME); the FS and the directional FS (DFS); the morphological MFS
(MMFS) and lacunarity (L) [1, 2, 15]. These fractal features are systematized in
Table 1. The main properties of these features are characterized as follows.

Table 1 — Fractal features of an images texture

Sign Symbol Mathematical formulations
_logN (=)
FD D D= log(1/¢)
4, log(1(2))
MFD [D, ] D, =(1-a) " lim log(1/¢)
DFD  [D(p,)] D(g"”):m%
ES s=[D(e)] D(a):(IOQ%ﬂjﬂog A'(A?:)l)
i B e Y, Ale+lg,)
DFS  S,=[D(&9,)] D(‘g"””)_[logguj ‘og A(e,¢3
_ 1 imlos(Z(a.6))
MME [Lq] Lq_|q|!e»o log(1/¢)
) e Z(q,e+1)
MFS S, =[L,(¢)] L (¢)= ('Og +1) 97, 8)
) [A(s)] A(f):('\" -(M(e) 2)/
[c(s)] C(¢)=(M(£)=N(2))/(M(2)+ <>>
i B e V', Z(9.e+l9,)
Sq,n_[l‘q(‘("’%)] Lq(g’(pn)_(log +1j %9 (q’g)go
DMFS
- L &, 0,
s°”‘=[ q(e(%)ﬂ (_ ’ 1) Lo
_L ot (z/2+v(a.) )J
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In geometry terms, the FD D characterizes a level of the isotropic surface
texture «roughness» (in case of D = 2 the surface formed by a combination of the
image brightness units is absolutely smooth, and in case of D=2 — infinitely
«wrinkledy).

The Renyi dimensions D, are sensitive to the inhomogeneities of the
analyzable surface which is characterized by combining of areas with different the
FD’s and allow to describe the global and local topological features of the texture.
The DFD components collection D(¢,) allows to define correctly a level of the
anisotropic fractal surface (AFS) «roughness» which is characterized by the
different values of the FD along the analysis different angular directions 7max.

In [2, 16, 17] it is marked that in case the FD computation D of the images
texture loss of information on its singularities can happen by the known methods.
This negative aspect is caused by the fact that the image I self-similarity remains
only within some limited range of degree dependence of the evaluated image
measure on the analysis scale € constructed in double logarithmic scale and
approximated by linear dependence. At the same time the great value is acquired
by the «personal» topological features of the image texture, but not average
implementations having often absolutely other character [1, 2, 9, 14, 18].

For successful permission of this mismatch in the above-mentioned articles
the signature approach consisting in finding of the local fractal dimensions (LFD)
D(e) calculated for the adjacent analysis scales & and ¢+ 1 is offered and
reasonable and with their subsequent combining in an ordered set — the FS

S={D(e)}, where ¢=1¢,, —1, and &max is the maximum number of analyzable

scales.

The FS distinctive feature of the images having strictly scale and invariant
properties is the persistence of the LFD values in all range of the analyzable
scales. Computation of the FS allows to reveal the images texture singularities
even in that case when they have no the fractal properties. Thus, the FS S
characterizes the scaling ratio of a measure variation of the researched surface and
existence of the scale singularities of its texture.

It is necessary to mark a number of articles [19-26] devoted to the
description of the anisotropic properties of a texture in the case of measurement of
the DFS Sn in the tasks of automated processing of X-ray images of a human bone
tissue and microsamples of the constructional materials. This sign is closely
related to the parameterization of the texture directional properties taking into
account scale singularities.

The sign [Lq] is the SRD [Dq] alternative in the case of the MME
spectrum calculation with using the image morphological processing.
The applying of the MMFS S, is intended for assessment of the local MME

variation measure (LMME) L,(¢) and allows to consider at the same time both the
singular and multifractal texture properties.
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The lacunarities [A(g)] and [C(s)] respectively allow to obtain the

average information on (filling) of the fractal surface «mass» distribution at the
big and small analysis scales.

Arguments of the features shown in Table 1 are provided by the following
parameters: N(e) is the number of cubes with the side (scale) ¢ in the case of
cellular partition completely covering the researched image surface; I(g,¢) is the
generalized statistical amount (a probability multifractal measure of the image
surface area distribution) with number of the scaling moments orders gq; Z(g,¢) is
the generalized statistical amount evaluated in the case of morphological
computation I(g,e) with use of the structural elements set which value w
corresponds to the analyzable scale, where w=2¢ + 1; A(g) is the image surface
area evaluated at the scale &; M?(g) is the fractal set mass; (M(g))? is the fractal set
expected mass; n is the analysis angular direction number; 4¢ is the elementary
angular direction; Z is the set of integer numbers; [] is the array of values; 3 is
the existential quantifier at least the one element from the definition range.

The high resolution optical and radar images with the significantly
heterogeneous texture are characterized by the both scale singularities, and the
anisotropic and multifractal properties therefore the productive applying of the
known fractal features in the case of image processing of the similar character
encounters a restrictions number. This is because, on the one hand, the fractal
features describes preferentially separated aspects of the texture properties,
without its complex, integrative character, and on the other hand, in the case of
their sharing, the correlations existence accounting between the texture elements
components is not carried out, i.e. the signs components connected, in essence, in
fact are calculated «separately» (independent) from each other. Finally, the
characteristics measured in this way lose the image texture specified properties
description integrity.

The peculiarities discussed in terms of the high resolution images fractal
theory and the also limited information pithiness of the listed fractal features point
to need for the complex morphological method development allowing to derive at
the same time scaling, multifractal and anisotropic properties of the image texture
with measurement of the most relevant of them that is taking into account their
reciprocal relationships.

3 Synthesis of the directional morphological multifractal
signature measurement method

Basis of the new method allowing to reveal not only multifractal and
singular, but also anisotropic properties of processed images, the morphological
implementation of the augmented iterative covering blanket method with rotating
grid (ABRG) [24] with the modified choice procedures of the rotating grid size
and formation of the horizontally oriented structural elements set makes. The
choice in favor of morphological processing is because the morphological
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extension (dilatation) and the morphological corrupting (erosion) of the processed
image surface by the structural element allows to consider all surface irregularities
which extent we will commensurate with the size of the structural element, and,
thus, to make the image analysis at the given scale ¢. Besides, the FD and the FS
measurement methods by means of the morphological implementation have the
high accuracy. For accounting of the multifractal properties of an image texture in
this work the morphological multifractal iterative covering blanket method
(MBMu) is used [17].

The entity of the developed method consists in computation of the upper
and lower coverings set by means of the ABRG method [24] rotating grid
modified by authors, the LMME L,(¢,¢,) used in the computation case (see a line
9 of Table 1) for the required number of the analysis angular directions of the
processed image by the MBMum method and formation of the directional
morphological multifractal signature (DMMFS) in the «direction-scale»
coordinates for each order g of the scaling moment.

The procedure of the image I texture DMMEFS S, computation can be
presented in a general view by the linear and non-linear operators set

—L g | Aol —N
Vi N—ayy  ——
—S 5 7(g.e.0,) L (£.0,)—2>8,  —=8",

where L, is the set {I %} formation function of turned on the required number
angular provisions of source image I copies; L, and L, is the calculation
functions according to the dilatation and the erosion {I %} with use of the
horizontally oriented structural elements set Ye; L, is the calculation function of
the generalized statistical amount Z(g.&,¢,); L, is the LMME [Lq (¢,0, )J array
calculation function; L, is the S,, formation operator; L, is the realizing the
LMME L, (g(wnom )) choice operator which is corresponding to the prevailing

direction of a texture elements orientation for each scale of the analysis from a set

[Lq (e,(on )] and the Sgp:\ formation, where nopt is the image turn number (the
analysis direction) corresponding to the prevailing direction of a texture elements
orientation.

As the input, intermediate and output variables serve: |= [ 1, J)] ,
l;; €0, 2 i=1LM, j= LN is the digital grayscale image containing M lines
and N columns, presented in the matrix form with the quantized brightness levels

in the appropriate image pixel; v is the brightness quantization level; {I %} is the
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array (set) of the source image I turned copies, where n=1,n

max

N = 7Z/A@ s
the number of turns (the image analysis directions); U, and B, is the

«upper» and «lower» surfaces set created as a result of morphological processing
{I%} , where U, =[U,(i,j)] and B, =[B,(i,j)]; Y. :[Yllev---'ng J is the

«plane» structural elements set in the horizontally oriented lines form of pixels
which length w corresponds to the analyzable scale w=2¢+ 1; Z(q,&,¢,) is the
generalized statistical amount with number of the scaling moments orders —
w<g<owo, g#0; Lp,)is the LMME created for n analysis directions; S, is
the directional morphological multifractal signature; Sgp:1 is the directional

morphological multifractal signature with the reduced dimensionality which
formation method explicitly was considered in the work [26], considering only the
prevailing directions of a texture elements orientation at the different spatial
scales.

Computation according to the source image I with size by MxN pixels of
the upper and lower coverings is made for the nmax copies |, of the image

turned on the angle Agp = %,% of the size M'xM' using of the dilatation and

the erosion operations by the modified set of the structural elements Ye, where
M ’=L/(M +1?+(N +1)2—|+1; [0] is the rounding operator to the nearest

whole to the big side. At the same time the upper U, , and lower B, , coverings

&1¢n
values for scale ¢ =0 are equal to the source images on an output of the turn
operator L

U,, =B,, =1 (1)

0.0, 0.0, @

and for the scales ¢ > 1 are defined by the expressions

u,, (i,j)=max1, ;B (i,j)=minl, , 1! eX,, )

Pn €

where X, = {I% (i, j’)} ,|i"= | <[ (w=1)/2] is the definition range of a structural

element at the scale ¢.
The surface area of the turned image |, sequentially is calculated for each

scale on the basis of calculated the upper U and lower B, =~ coverings

S(&,0,)=V (¢,9,)/2¢, where V(&(ﬂn):i_w (an (i,j)—BW"(i,j)) is the

=1 j=1
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image surface «volume» in the WxW window concluded between the lower and
upper coverings.

The generalized statistical amount Z(q,¢,¢,) as a distribution function of a
multifractal g-order set measure of at each analyzable scale ¢ for each turned
image 1, is determined by the equation

U (00)-B,, LDV (). @)

Z(q,e,¢n)=8(e,¢n)ii

i=1 j=1

where the scaling moment order ¢ lies in value range qel, q=0, 0 is the
integral numbers set. Here the S(e,¢,) provides computation of the morphological
FD, entered in [27] (the similarity dimensionality analog D,|,_, determined by

the multifractal cellular method by means of the Renyi dimension spectrum

finding), in the case of Z (z,¢,)

=1 -

The MFS formation is carried out by the generalized statistical amount
Z(q,¢,¢.) behavior determination between the adjacent analysis scales. The LMME
calculation Lg(e, ¢,) according to expression is for this purpose made:

1
£ Z(q,e+19,)
L(g,e, =1 | . 4
(9.6.9,) (oggﬂj og Z(@0) 4)
The DMMES array S, . values registers in the look
L. (&) Lo(&) - L (&m-1)]
~ L.(a) Li(e) - Ly(em—1)
Sq,n - ’ (5)
Ll(gl) L1 (82) L1 (gmax _1)
|L.(s&) L.(&) - L.(&m—1)]
where L, (e:):[Lq (e.0) Li(e.0,) - L, (5,¢nw )T is the column vector

LMME of dimensionality nmax of an order ¢ of the given analysis scale &, [D]T is
the transposing operator.

In the work [26] for lowering of the DMMFS dimensionality and
accounting only of the significant anisotropic properties of the analyzable image
the procedure of the texture elements prevailing orientation directions
determination based on approximations by the LMME values set ellipses
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[Lq (g, ?, )J in the case of the given indices g and ¢ in a polar coordinate system

and determination of the ellipticity coefficient kec(q,¢) and the ellipse slope angle
w(g,e) with the subsequent formation of the DMMFS with the reduced
dimensionality Sg"; is offered. The accounting of the prevailing orientation

direction of a texture elements in the DMMFS S, , is carried out by a choice from

the LMME array [Lq (&0, )] for each ¢ and ¢ the measure value L, (g((pnom )) in

the turn number case N, = LAw’l (72'/ 2+y(q, 8)” provided that there kec(q,€) is

the less threshold value ktr, where LJ is the rounding operator to the nearest

whole to the smaller side.
As a result of the LMME L,(¢,¢,) choice by the criterion of the texture
elements prevailing (optimum) orientation direction, the DMMFS takes the form

Lamin (5{ (o, )) Lo (gmafl (“’”am ))
Lafon) =+ Lafomalon))

Son = . (6)

cfefon)) - femifon)
ol (sl

Thus, the DMMFS and the DMMFS with reduced dimensionality receiving
numerical evaluations peculiar properties by using the directional morphological
multifractal blanket method (DMBMyy) by the fractal signatures computation
means for the given scaling moments orders ¢ taking into account the prevailing
orientation directions of the image texture elements are considered.

Conclusions

In this work the specificities of the new DMBMum method for fractal
features measurement of an image textures synthesized on the basis of two best
the ABRG and the MBMwy methods in their groups, are considered. Simultaneous
accounting of the multifractal, singular and anisotropic properties of the image
texture with limited scaling character allowed to increase measuring accuracy both
the FD, and he LFD at each analysis scale.
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The role of the angular momentum in shaping collective effects
E. Prozorova'
Mathematical-Mechanical Department St. Petersburg State
University Av. 28, Peterhof, 198504, Russia
( E-mail: e.prozorova@spbu.ru)

Abstract. The main goal of the work is to clarify the consequences arising from the disregard of the law of the angular momentum
as an independent law. As a result, some of the collective effects in mechanics are not taken into account but they are essential.
The main laws in physics and mechanics are the laws of conservation of mass, momentum, energy, angular momentum, charge,
and some others. In the article it is shown that the sum of the forces is insufficient for a complete description of the interacting
particles. Any redistribution of particles is accompanied by the emergence of collective effects, which is associated with the action
of the angular momentum and, consequently, with the action of an additional force. The effect always manifests itself, regardless
of the branch of science: the formation of fluctuations, structures, quantum mechanics and some others. When constructing a
theory, it is impossible to restrict oneself to potential forces that depend only on the distance between particles, since when the
particles move, the center of inertia shifts, forming a moment. In continuum mechanics, for example, the stress tensor loses its
symmetry for this reason.

Keywords: Conference, CHAOS, Chaotic Modeling, CMSIM Style

1. Introduction.

Classical mechanics deals with material points and, as a rule, with closed systems. The definition of material points
in mathematics and physics is different. The main equation in theoretical mechanics is the Liouville equation, which
describes the motion of a system of material points of a closed system. Collective interactions occur through an
external force, but the main interaction is the binary interaction of particles. The initial and boundary conditions are
not considered, although the impossibility of considering them is stipulated due to the huge number of particles.
However, Hamilton's formalism is legitimate to use in the case of a no dissipative system, when there is no dependence
on the velocity, which is not observed in the presence of disturbing surfaces or under conditions of large gradients of
velocities, temperatures, densities, or other characteristics. Using the formalism of N.N. Bogolyubov [1], for certain
conditions the Boltzmann equation is derived. When deriving the Boltzmann equation and other kinetic equations, the
assumption is made that the process is “Markov”, that is, there is no dependence on the “past”. In reality, however, it
is partially manifested through flows at the border. The effect of the boundary is essentially visible in the calculations
by the molecular dynamics method and in the numerical solution of the Boltzmann equation [2].

The solutions coincide if a large number of particles are taken and there are no flows across the border. Thus, the
Boltzmann equation takes into account the change in state only within the elementary volume. Therefore, it is only
suitable for small gradients. In addition, the Boltzmann equation does not fulfill the law of conservation of angular
momentum. In the same work, the validity of Hilbert's hypothesis is proved about the dependence of the distribution
function on time only through the dependence on macroparameters. The Navier-Stokes (Barnett, etc.) equations are
derived from the Boltzmann equation by the Chapman - Enskiy method or by some other method, and the continuity
equation is determined, which coincides in form with the Liouville equation. Thus, the consistency of the whole theory
is proved. The concepts of “closed” and “open” systems are introduced on the example of systems of “particles”, the
motion of which is described by the reversible Hamilton equations. These include, for example, the "Boltzmann" gas
- a system of "structureless atoms" [3]. However, the "mathematical" and "physical" points are very different. While
we are considering a “mathematical point" we are not very interested in whether it rotates or not. For a physical
"point", both its rotation and the structure of the "point" under consideration are important. It is known that the moment
of force (angular momentum) is responsible for rotation. The role of the angular momentum is manifested in all
processes associated with the uneven distribution of particles or their physical parameters. The magnitude of the
additional force is determined by the value of the gradient of physical quantities (density, speed, momentum,
temperature). The action of the angular momentum, i.e. moment of forces essentially depends on the position of the
axis of inertia (center of inertia). The angular momentum is a vector quantity. Additive schemes for calculating
intermolecular interactions, in which non-additivity is included in the parameters of atom-atomic potentials, does not
take into account the entire variety of conditions.

Analysis of the parameters included in the description of the rarefied gas flow showed that for the equilibrium
distribution function the ratio of the gas mean free path | to the characteristic macro length d [4]:

for 37% of trajectories 1 / d> 1.0,

for 90% of trajectories 1/ d> 0.1,

for 99% of trajectories | / d> 0.01, etc.

The commonly used criterion |/ d> 1.0, indicated above, takes the form Kn> 1; Kn = 1.0 means that | / d> 1.0 for
only 37% of the trajectories, which does not satisfy the condition | / d> 1.0, while Kn = 10 satisfies the condition | /
d> 1.0 for 90% of the trajectories, and Kn = 100 - for 99%.

The theory originally proposed for the solution of relaxation problems is extrapolated to the solution of problems
associated with gas dynamics, including for solving problems of gas flow near the surface. Limitations of the scheme
N.N. Bogolyubov stipulated by the author himself and is associated with the fulfillment of the conditions for the
weakening of correlations, the existence of four characteristic time scales (respectively, spatial scales), a particular
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class of solutions for the s-particle distribution function as a function that depends on time through a single-particle
distribution function f;(t) = f; (f), binary central interactions providing the law preserving the angular momentum
in collision integral, the potential U rapidly falling with distance, the dominance of volume effects and neglect borders.
Potential of interaction of molecules ® = ®|r — r,|. An additional implicit assumption is the weak deviation of the
distribution function from the equilibrium state. For relaxation problems and elastic collisions, all assumptions are
satisfied. The case is excluded when the characteristic relaxation times of the single-particle F; and the two-particle
F,are commensurable. It should be noted that for molecules with a more complex interaction potential depending on
the angle, averaging over the angle is performed before calculating the collision cross section (potential averaging).
There are no studies concerning the influence of the permutation of the operations of averaging the collision cross
section and the potential. Here f is the distribution function in the phase y-space. When deriving the modified equation,
the designations will remain generally accepted, that is, r is the radius vector; x - point coordinate; ¢ is the velocity
of the point, m is the molecular weight, and, according to the definition of the distribution function f, the probability
of finding the system at the points (x;, &;) inthe intervals dx;d¢; is fy (t,x1, ..., Xy, &1, oo Ep)AXq, oo, dEq, o, d ER).
When calculating macroparameters through the distribution function and projecting values on the coordinate axis, the
symmetry of some quantities may be violated. This can happen when calculating the pressure and the pressure tensor:
Pj=m [c cif (tx,8) d& The symmetry of the stress tensor is postulated on the basis of this form.

In aeromechanics, the projections of the calculated values are used, and not the indices of the velocities included in
the formula. Therefore, there is no way to speak unambiguously about symmetry. Symmetry will be observed provided
that the rotation of the elementary volume is canceled. The Navier-Stokes equations are obtained under the indicated
condition.

An important difference between the interaction of gas and plasma molecules is the long-range nature of the interaction
of plasma molecules. A distinctive feature of plasma is a combination of properties characteristic of both a continuous
medium (long-range nature of the Coulomb interaction) and systems of individual particles. Therefore, the kinetic
theory of plasma differs from the kinetic theory for gas. As we have already noted, there are significant differences in
the definitions of mathematical and physical points. Hence, it became necessary to develop a generalized kinetic
theory. The need for general definitions of physically infinitesimal scales has matured and is currently given, for example, in [3].
Fluctuations of particles in a liquid play a separate and important role. Their behavior is also determined by collective interactions.
The nature of the interaction differs from the interaction of molecules in a gas and from the interaction in a plasma. It should be
noted that the generally accepted kinetic equations, by virtue of considering only the translational motion of the medium, without
taking into account rotation and fluxes through the boundary, do not take into account the action of the moment of force and
diffusion fluxes through the boundaries. The need to take into account certain effects depends on the specific task. For example,
when considering waves in a "cold" isotropic plasma, it is not necessary to take into account the angular momentum and diffusion.
In any case, the absence of motion of heavy particles also does not require taking into account the moment and diffusion. The
movement of electrons alone does not create a change in the position of the center of inertia (due to the difference in masses) if
there is no movement of the ions. When considering the Landau collision integral (the kinetic equation for a weakly interacting
gas, including a Coulomb plasma), it is necessary to take into account the influence of the moment. The question of Landau
damping, which consists in the damping of a perturbation in a plasma as it propagates from the point of origin, despite the
collisionless (without binary collisions) nature of the interaction of molecules, requires additional research. This work is devoted
to the study of the influence of the angular momentum in collective interactions.

2. Kinetic equations

The classical derivation of the Boltzmann equation is to write the particle balance in terms of the relation for the one-
particle distribution function

fE+dt,r+§;dt, §; + Fidt)drd§; = f(t,r,§)dr ds‘i+(%)cou dt
The latter is often written in the form

ft+dtr+ §dt§+F de) = f&1,8) + CDcoudt.

where (‘;—':)CO”, (Z—’:)wu - are the collision integrals written in different phase spaces. Outwardly, these equalities are

identical, however, the second relation is fulfilled at the times of interaction of molecules and all interactions are
correlated. For gas-dynamic problems, the characteristic length of the elementary volume, for which equality (2) is
written, equal to cm is small and the requirement for a large number of particles in the elementary volume is not
fulfilled for altitudes of 120-300 km in the earth’s atmosphere. Indeed, the required minimum size is 10~3cm. Since,
N =mR?-&-7-n, hereR is the radius of the cylinder of the elementary volume; 7 is the mean time of free path,
then for statistical independence the number of particles N must be at least 100. Then, i.e. see. In addition, the
possibility of reducing the characteristic size is limited not only by the limited computer memory, but also by the
limits of applicability of the model [5,6], as well as by the growth of computational errors. In this equation, it is
assumed that the elementary volume does not rotate and there are no incoming particles through the side surfaces.
When working with a physical elementary volume, it is necessary to take into account the action of the angular
momentum responsible for rotation, and due to the finite value of the radius, it is necessary to take into account the
arrival of molecules with a selected speed due to diffusion. We consider the hydrodynamic approximation, assuming
the definition of a point in terms of the mean free path.
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The usual transition to the Boltzmann equation involves expanding the function in a series and obtaining the following
equation

a a
(5 + &Y + FV) F(1,6) = (Deou dt =1

Taking into account rotation and diffusion, the equation () has the form
ft+de,r + §dt+7x w, § + Fydt +52dt) dr d§; + G, (t+dt,r + §dt+7X w, § + Fydt +57dt) =

a
f(tr&)dr dg+ Gy (67, &) + Deou dt.
M is the moment associated with the collective action of all particles on each other as a result of the displacement of

the center of inertia, which is the result of the movement of particles with different speeds. G; and G, - flows
through the boundaries of the considered elementary volume. Let's calculate these values.
a
Gl - m{l B:
Accounting for flows across the borderG, G,) leads to the equations of S.V. Vallander [7,8]

Here E is the internal energy, E = ¢, T, where ¢, is the heat capacity coefficient

_ ar _ o dp dar dp ar
Qx—D1ax+D2dx: Qy_Dldy+D

2 Q= D1 +D>,
dp dp ar
t _kl +k2d _kl +k2d tZ:k15+k2;

b i ueyT _
Dl = ;0!1, DZ = ;a’z' kl o kZ Uucy .82! A—(ZH,

Where a;, a ,, k,, k, are numerical constants depending on the type of gas.

Qx,Qy, Q, are the mass fluxes across the face perpendicular to the coordinate axes of the moving gas with the
velocity V, p -density, D,, D, are the coefficients of self-diffusion and thermal diffusion,k,,k, are the thermal
conductivity coefficients, and R is the gas constant.

Here I consider it necessary to add to these equations a term related to the velocity gradient (bulk viscosity Ds, so

that Q,, = D1 a_ + Dz d— +D3 —. The rest of the values change in the same way. Let us recall the difference

between the values obtained through the distribution function and by the molecular dynamics method [9-12].

The general formula for the distribution function (dependence on r).
f=fEr®,§®)

3f _ 9 XL 801

¢ lr=const = 50 TN S

By construction § (r; - 1) - depends on t only through the r; (t) - r(t). Here n is number molecules in elementary
volume, N — in full volume.

A more complex option when there are time-dependent flows across the border

1.Without flow across the border

d8(r;-r
R, Thi8(ri-v)+ X At% YR8 -1)
L__Z_ - ==
F3 F, N:1 S(r;-m) + Z{v Ap 2o —T) 85(7'1 ) . Zi=1 §(r;-r)
"=15(T,-—T)+ Z?Atw + .. . Z?Atw + . ?:15(”_1,)
- ZiLi8(-1) T 8(0ri-1) L 6(i-1)
Z:l AtM + 0 ((At)z
N Zi=1 8(ri-1)
66(22 ) _ thus, when solving the Boltzmann equation, the time derivative of distribution function will indeed be

determined by the dependence through the macro parameters. This approximation, which is made in the theory of
rarefied gas in the construction of the Enskog-Chapman solution
2. If there is a flow across the border, depending only on time. The force is not.

66(1‘1 r)

a8 —
+21 5(TJ oA e (ajt r)+"' _ Zie, 8@
N 8Gri-n

Fy F, Zl 16(ri —7')+ZnAt

F3 Fy

66(1‘ r)

6(7'1, —T)+ZNAf +ij]6 (‘r] 'r)+21 ]AtM_'_...

Y ]-%6 (rj —r) = J, — J; —is a flow of fast molecules from neighboring cells. The first two terms correspond to

the number of molecules in the volume and their motion.Thus, for large gradients the role of flows across the border
is increasing. The distribution function can no give a correct contribution to the distribution of molecules. We need
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in large number particles in elementary volume. There remains the method of molecular dynamics with a very small
time step.
Most often, the kinetic Boltzmann equation is taken as the initial one, and one of the variants of the perturbation theory
in a small parameter is used to pass to the aeromechanical equations. As we can see, the Boltzmann equation,
depending on the problem, requires modifications, since it does not fulfill one of the laws of theoretical mechanics,
the conservation law of angular momentum. For the obtained equations, for example, for Navier-Stokes, additional
assumptions are made: discarding the rotational velocity component and using Pascal's law obtained for the
equilibrium case to nonequilibrium flows. As a result, the pressure becomes a scalar. Using the Boltzmann equation,
we obtain an equation for the internal stress tensor. Here, the gas-dynamic functions p,u, T are the moments of the
velocity v or the deviation of the velocity from its mean value: v = v —u.
P;j(r,t) = mn [ §v; 6v;f (r, p, t)dp,
(g—z;+ uk;—i+§ 3%:)51-1- +p (a—u"+a—uz—35--ﬂ) = mn [ 8v; §v;lz(r, p,t)dp,
Pij(r' t) = 5ijp(r, t) + nij

Pascal's formula does not follow from the formula and pressure is not defined as 1/3 of the sum of the pressures
on the coordinate pads. An interesting feature of the all research is the emphasis on the openness of the considered
elementary volumes and, despite the "openness”, the use of conservation laws for closed volumes. For example, the
law of conservation of energy. We have already shown that the distribution function gives an idea of a probabilistic
state in an elementary volume without the influence of boundaries and, therefore, information about flows across the
boundary is lost. In addition, information about the "rearrangement” of the arrangement of molecules due to the
influence of the motion of the center of inertia is lost. These collective effects should be taken into account when
writing kinetic equations and for equations of a continuous medium. "A unified description of Kinetic and
hydrodynamic processes" [3] requires the same correction. In this case, there is no contradiction between the kinetic
equations, the equations for fluctuations, the Fokker-Planck equation, and the Landau damping in plasma. It is
essential that these terms are not included in the collision integral. Formally, the equation is without dissipation and
is reversible, but in fact the diffusion flows have dissipative properties. It should be recalled that to satisfy Hilbert's
hypothesis, one should take the macroparameters of the modified Navier-Stokes equation in the solution for the locally
equilibrium function, but not Euler to match the orders of approximation in the Chapman-Enskiy solution. In addition,
the definition of pressure must be changed and a torque gradient must be entered. Then the nonequilibrium
Chapman-Enskiy solution implies the existence of a vector distribution function, which is observed in numerical
calculations when solving the Boltzmann equation [10], the proof of this is the different temperature values along the
coordinate axes
Recall that the stress tensor is not symmetric and the symmetry condition for the stress tensor is one of the
conditions for closing the problem; to fulfill the condition, it is required to discard the rotation of the elementary
volume. For numerical calculation, the latter simplifies programming only slightly. The classic Chapman-Ensky
solution is given below.

m -mu 2
nf(r, b t) = (27r7:I£bT)3/2 p [_ (sztmkb)T

] y [1 4 T;’_Z mév;8v; m(éviq) (m(6v)2 _ )]_

3kpT pkpT 3kpT

Changes in the values will be in the macroparameters of the local equilibrium distribution function, the collision
integral will not change. In kinetic theory, when considering the role of delay for rarefied gas, one must understand
the question of what is measured in the experiment: instantaneous values or averages. If the experiment deals with
average values, then it is important to choose the time and scale of averaging. At the agreed times, in this case, it is
not necessary to take into account the delay, except for the cases of commensurability of the relaxation and retardation
times.

3. Damping of longitudinal oscillations of an electron plasma (Landau damping), Kinetic
equations of Langevin and Fokker-Planck

Let us consider oscillations in a plasma without collisions, that is, let us proceed to the study of waves propagating in
a plasma, the frequency of which is high in comparison with the frequency of pair collisions of electrons and ions. In
this case, there are several options to consider. Landau collisional damping for large Knudsen numbers; for small
Knudsen numbers in unbounded plasma; for small Knudsen numbers in a confined plasma. They differ from each
other. When studying oscillations, we will consider small deviations from equilibrium [3,13-18].

Since we are interested in wave attenuation, we need to consider the plasma dielectric constant €, which is determined
by the attenuation coefficient y. First, let's trace the waves in the "cold" isotropic plasma. The variant corresponds to
the "collisionless” wave approximation. In this case, the Maxwell distribution functions

fe(o) = ;exp (— p ), f; (@) = &(p). rTD < % <1,

T (2mmekyT)3/2 2mekpT

the damping is determined by diffusion, but not by the Landau damping. The influence of the thermal motion of
plasma particles on such oscillations is always small [3].
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Herefe(o) is the equilibrium distribution function, [ is the mean free path r;, is the Debye radius, A is the wavelength,
the rest of the notation is generally accepted. Consider an unbounded plasma for small Knudsen numbers [ «< A.
Diffusion works here as well. Let us consider the dispersion and damping of longitudinal oscillations of an electron
plasma under the influence of the thermal motion of plasma particles. Let us investigate a variant of a limited plasma,
a free-molecular flow with a region of wavelengths (values of wave numbers) for which the contribution
corresponding to Landau damping is the main one.

I L(A>»L), Ky KL Jrpl (p K LK)

We must use the Vlasov kinetic equations [18] with a self-consistent field. Since we are interested in high-frequency
oscillations, for which wt > 1, where 7 is the average time between pair collisions of particles, we can ignore the
integrals of particle collisions in the kinetic equations. Longitudinal oscillations of an electron plasma in the
classical case are described by the following two equations (collisionless case, Vlasov equation)

osf  a5f ofy

ot +v ar + edE p =0,

div 86E = 4n [ dpSf .

5f(p.7,to)

w— kv

el(w,k)efdpSf(p,k, w) = ifdre‘“"efdp

Suggested variant is

as5f  0of of, 05Mof, o o5f
ot Vo YOkt o TP T

div 6E = 4 [ dpSf .

0’

g(w,k)e [ dpsf(p,k,w) =i [dre *e [dp —Mfi;i(’) +i[dre ™" {dp _51\1(_;;’,;1:) Z—j;’.

Qualitatively, we can say that for this case, diffusion plays a small role and, since part of the energy is converted into
rotational motions (the action of the moment), the reversible operator will act as a dissipative one. Note that at the
initial moment, the distributed moment of force also exists and concentrates a certain amount of energy. For
monochromatic waves of large amplitude, the action can lead to the formation of a vertical velocity component,
forming complex plane flows. Despite the collisionless nature of the movement binary collisions exist, as follows
from the table of mean free paths presented in the introduction. They create additional dissipation. It should be noted
that the generalized equation for a unified description of kinetic and gas-dynamic processes is suitable for "weak"
interactions. As before, the contribution of the angular momentums in the motion of molecules is not taken into
account. Most likely, the difference between the most probable and average values is due precisely to the lack of
taking into account the rotational movements for which the moment is responsible. Similar effects will be essential
for Brownian motion. The theory of Brownian motion is one of the main branches of the statistical theory of open
systems. Fluctuation (from Latin fluctuatio - fluctuation) - any random deviation of any value. In mechanics, a
deviation from the mean value of a random variable characterizing a system of a large number of chaotically
interacting particles. In the theory of Brownian motion elementary objects are small particles, while in Kinetic theory,
the main objects are molecules. Both models are macromodels, but the level of description of the structure of the
environment is different. Fluctuations exist both in nonequilibrium states and in unsteady processes; in their absence,
relaxation would be a "smooth" process and they could be described by single-valued functions of time. The presence
of thermal fluctuations causes random deviations of real processes from such a "smooth" flow. The kinetic equation
corresponds to a more detailed description. We believe that the environment is in equilibrium. We will consider two
approaches to solving problems: the equation for a single particle and for an ensemble of particles (the Fokker-Planck
equation) To take into account the atomic structure of a liquid, Langevin introduced an additional force into the
equations of motion
6ma
F,=My@®, F=-Myv, y=—=-n  n=pv.

Equations

dar

il Z—f + yp = Fy+ My(t), F, = —gradU. F, — external force.

<yi(t) >, <y (1), y;(t") >=2D5;;(t — t'), the coefficient D was determined by Einstein.
First, about a single particle. Let us repeat the reasoning performed in [3,19], but replace y (t) with the moment of
force M; calculated for a given period of time. It can be calculated using the operation algorithm. As before, we

assume that the characteristic correlation time of the values of the Langevin force is 75, < T,, = % As aresult, we

arrive at an expression for two time moments;
< M;(t) >=0,< M;(t)M;(t") >= 2D5;;(t —t").
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D= y% — - Einstein's coefficient, parenthesis means a function from a function (functional)

When using the kinetic description of Brownian motion, it is necessary to introduce an ensemble of noninteracting
Brownian particles — the corresponding Gibbs ensemble. In this case, we represent the ensemble of Brownian
particles as a continuous medium. However, the difference lies in the use of the "Hamiltonian™ formalism for moving
particles; for a continuous medium, in this case, the Langevin equation is used. The Kinetic classical Fokker-Planck
equation has the form [18,19]

of aof 1 auaf o’y 0

ot Ve Marav Dot aw O

The equation of A. Vlasova

{%+vg—£+ e(E +% [vB])(f—p}F(r,P:f) =0.

Here E, B are the total electric and magnetic fields, which are composed of external and self-consistent fields
generated by plasma particles. They satisfy Maxwell's equations.

In the classical case, equilibrium is possible between Brownian particles and the medium; the particles can be
distributed evenly [20]. However, such an assumption can be considered unlikely due to the distribution of particles
over velocities and the formation of new moments for individual particles due to the motion of the center of inertia.
The fact is that in this case the action of the moment creates a force that distributes the particles not only in terms of
velocities, but also in coordinates. The proposed modified Fokker-Planck equation has the form:

af of 1 0Udf 1 oMof o’y 0

— v —— —— ———= =D+ — .

3t T Var marav i Mara Lot aw )
Thus, in the kinetic theory for a gas, for the Landau damping and the motion of Brownian particles, the nonuniform
distribution of particles in velocities and coordinates is supported by the angular momentum and creates fluctuations
in physical quantities that must be taken into account. Consider the consequences associated with taking into account
the moment in the mechanics of a continuous medium.

4.The influence of the angular momentum in the equations of continuum mechanics.

Conservation laws were obtained experimentally and therefore were originally written in integral form.
Differential laws are obtained in two ways: using the finite volume method for an elementary volume and using the
Ostrogradsky Gauss theorem by replacing the surface integral to the volume integral, that is, taking the integral by
parts with further use of the theorems on the conditions Integral turning in zero. Usually the derivation of conservation
laws is analyzed using the Ostrogradsky-Gauss theorem for a fixed volume without moving. The theorem is a
consequence of the application of the integration in parts at the spatial case. In reality, in mechanics and physics gas
and liquid move and not only progressively, but also rotate. Let us consider the consequences that arise from the
generally accepted conservation laws in the mechanics of a continuous medium and which do not correspond to
classical theoretical mechanics and mathematics. The speeds of various processes at the time of writing the equations
were relatively small compared to modern ones. In further studies, the scope of the theory developed for potential
flows to flows with significant gradients of physical parameters was expanded. It was based on the laws of balance of
forces, the law of conservation of moment was considered as a consequence of the fulfillment of the law of balance
of forces. Allocating the rotational velocity component and ignoring it leads to a symmetric stress tensor. The
symmetric tensor is obtained only if the rotational velocity component is neglected. However, this variant of closing
the problem is one of the possible variants of solving the system of three equations in the plane case for four unknowns
[9-11]. A similar conclusion can be made for the three-dimensional case. For modern computer technology, it is
possible to solve the complete equations of fluid mechanics, rather than truncated ones (like Navier-Stokes). From the
definition of pressure, both from the classical Boltzmann equation and the modified one, it does not follow that the
hydrostatic pressure is one third of the sum of the pressures on the coordinate areas. Using Pascal's law for equilibrium,
the pressure is chosen equal to one third of the pressure on the coordinate pads. However, the theory remains the same
when determining the different pressure on each of the sites, i.e. py, py, p,. The use of one pressure is possible under
equilibrium conditions (Pascal's law), but for nonequilibrium conditions the fact is not obvious. Neglecting outside
the integral term when taking integrals by parts (the Ostrogradsky-Gauss theorem) is possible only for slow laminar
flows. Writing out separately the law of equilibrium for forces and separately for moments of forces without taking
into account the mutual influence, although the moment creates an additional force, we come to the conclusion about
the symmetry of the stress tensor. If we consider different pressures in different directions, we lose a moment of force,
but the pressure gradient is a force. The proposed modified equations of continuum mechanics include the action of
the moment and are given in [9-11] and new equations:
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Here all designations are standard, fy, , fu,, fu, forces created by the moment, My, M,, M, are
external moments.

+ pfo)+ 0y — 0y ++ M, =0.

5. Conclusion

The paper proposes to take into account the influence of the angular momentum (force) in kinetic equations and in
stochastic processes. The definitions of a material point in mathematics and physics are different. As a result, some of
the collective effects in mechanics are not taken into account. The main laws in physics and mechanics are the laws
of conservation of mass, momentum, energy, angular momentum, charge, and some others. In the article it is shown
that not all of the forces are enter for a complete description of the interacting particles. Any redistribution of particles
is accompanied by the emergence of collective effects, which is associated with the action of the angular momentum
and, consequently, with the action of an additional force. The effect always manifests itself, regardless of the branch
of science: the formation of fluctuations, structures, quantum mechanics and some others. When constructing a theory,
it is impossible to restrict oneself to potential forces that depend only on the distance between particles, since when
the particles move, the center of inertia shifts, forming an angular momentum. In continuum mechanics, for example,
the stress tensor loses its symmetry for this reason. Some modification of the theory is suggested.
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Abstract. Circuit of the non-autonomous two channel chaotic generator that contains two
operational amplifiers, four capacitors, two resistors and two sinusoidal voltage sources
is presented. Regimes of chaotic behavior was modeled by using NI’s software
MultiSim. Analysis of chaotic attractor, time series and spectra are shown. The layout
and 3D model of realization of the non-autonomous two channel chaotic generator was
designed by using software Proteus 8.

Keywords: Non-autonomous, Chaotic Generator, Two-Channel, MultiSim, Proteus.

1 Introduction

Chaos has great potential and useful in many different engineering areas, such
as computer and information sciences, biomedical systems, optics, power
systems, robotics, memristors, telecommunications, and cyber security [1-16].
Nonlinear theory is the most interdisciplinary areas; it includes nonlinear
phenomena and complex analysis that have been intensively studied and regard
in many different areas ranging from mathematics and engineering to natural
sciences (biology, ecology, economy) [17-22].

Some nonlinear systems were realized using Arduino and FPGA boards [23-26].
There are many different scheme-technical realizations of chaotic generators
[27-32]. Great interest are non-autonomous generators that demonstrate chaotic
behavior.

In this paper, we present a new non-autonomous chaotic generator that was built
as two channel generator. Chaotic behavior was detected due to the frequency
ratio of the two sinusoidal generators.

The paper is organized as follows. In Sect. 2, computer modelling of the circuit,
main information properties such as chaotic attractor, time series and spectrum
using software MultiSim are presented. In the following section, the practical
realization, i.e. layout and 3D model using Proteus 8 are presented. The
conclusionsare summarized in the last section.
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2  Computer Modelling of the Non-Autonomous Chaotic
Generator

Figure 1 shows proposed electrical scheme that realize non-autonomous two
channel chaotic generator. This circuit was realized around two operational
amplifiers, namely TL082. The elements used and their values were: capacitors
C1=C2=1uF, C3=C4 =100 nF, resistors R1 = R2 = 100 Q. The circuit was
powered by a symmetrical power source of £ 9 V. Also, for realize chaotic
behavior was used two sinusoidal generators with next parameters: GB1
(amplitude Uy = 5V, frequency f = 500 Hz) and GB2 (amplitude U, = 5 V,
frequency f = 1000 Hz).

Simulations of the circuit behavior were carried out by using NI’s MultiSim
platform.

Fig. 1. Non-autonomous two channel chaotic generator

In Figure 2 the generated phase portrait namely “heart scroll” based on the
circuit’s chaotic signals is presented on the platform’s virtual oscilloscope. The
x-axis corresponds to the voltage of capacitor C3 (Ucs), which will be called the
x-signal; while the y-axis corresponds to the voltage of capacitor C4 (Uca),
which will be called the y-signal. It is noted that the channels’ settings were for
channel A, 5 V/div and channel B, U, = 5 V/div. The chaotic nature of the
produced attractor, as this comes out of the its complex structure, is evident.
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Fig. 2. The simulated chaotic attractor of the new non-autonomous chaotic
oscillator

In Figure 3 the timeseries of both x- and y-signals appear. Their non-periodic
nature is evident. Fig. 3 shows time dependences of the coordinates X (top) and
Y (bottom) respectively (the channels’ settings were for channel A, 10 V/div
and for channel B, 10 V/div. Timescale 2 ms/div.
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Fig. 3. The x-signal (upper) and the y-'si.grial (lower) timeseries
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Finally, in Figure 4 and Figure 5 the power spectrum for each of the two signals
appears. Apparently, the power spectra of the produced signals are broadband,
typical of chaotic signals. They span to a frequency range that goes beyond
5 kHz. The peak of the frequency spectrum was measured to be at 0.6 kHz, and
it corresponds to a prevailing frequency of the implementing oscillating loop.
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Fig. 4. The spectral distribution of the x-signal, typical of chaotic signals
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Fig. 5. The spectral distribution of the y-signal, typical of chaotic signals

3 Practical Realization of the New Non-autonomous Chaotic
Generator

For engineers is important a practical realization. In this Section we present

designed layout (Figure 6) and 3D model (Figure 7) using Proteus 8. Layout
sizes are 45*30 mm.
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Fig. 7. 3D model of the new non-autonomous chaotic generator

Conclusions

Designed new two channel non-autonomous chaotic generator is presented.
Computer modelling results of the circuit realization and main information properties
are shown. For demonstrate of these properties was using MultiSim software. Also,
layout and 3D model of the new two channel non-autonomous chaotic generator
using software Proteus are presented. This non-autonomous generator can be used as
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a one of the main portable part of the modern communication system for masking and
decrypt of the information.
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Abstract. We perform numerical simulation of the dynamics of a multiplex network
consisting of two unidirectionally coupled rings of FitzHugh-Nagumo neurons with
nonlocal interaction. When uncoupled, one ring demonstrates solitary state regimes
and the other one exhibits chimera states. We explore in detail how the synchro-
nization degree between the layers depends on the type of unidirectional interlayer
coupling (via fast or slow variables) and on the structures in the driver layer. It is
shown that the structure in the response layer can be suppressed and is replaced by
the driver layer structure. However, the degree of external synchronization is higher
in the case when the driver layer demonstrates solitary states and when the unidirec-
tional coupling is executed via the fast variables. In the case of coupling via the slow
variables, external synchronization of neither solitary states nor chimeras cannot be
achieved in the considered network.

Keywords: synchronization, FitzHugh-Nagumo neuron, multiplex network, chimera
state, solitary state.

1 Introduction

Exploring various properties of cooperative dynamics of multicomponent sys-
tems, as well as the effects observing in such systems and synchronization
between their elements is one of the main part of nonlinear dynamics [1-6].
This is inextricably linked to the fact that most systems in the world are com-
plex networks with various individual elements and types of coupling between
them. There is a plenty of works devoted to synchronization phenomena in sys-
tems of completely different nature, such as physics [7—10], chemistry [11,12],
neuroscience [13-18], sociology [19-21], etc., as well as in real-world systems,
for instance, communication systems [22], power grids [23,24], transportation
networks [25].

Dynamics of ensembles of nonlocally coupled elements, when each node is
coupled with a finite number of its nearest neighbors, has recently attracted
much interest due to the discovery of a new spatiotemporal structure, later
called ”chimera state” [26,27]. This structure is a striking example of clus-
ter synchronization when a network dynamics spontaneously splits into coher-
ent (synchronous behavior) and incoherent (desynchronized dynamics) clusters
with well-defined boundaries in the network space. Although these structures
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have been found in networks with different individual elements [26-32], with
different types of coupling between them [28,33-37], as well as in real exper-
iments [7-11,38,39], greater interest in these structures was caused by their
connection with natural and man-made dynamics [14,17,22-25].

Solitary states are another example of partial synchronization [40]. With
this type of synchronization, solitary nodes appear on the coherent profile of
the system and are evenly distributed over the entire ensemble. Oscillators
in the solitary state regime fundamentally differ in their dynamics from the
other oscillators of the network. This kind of pattern has been observed in
networks of the Kuramoto models [40-42], the discrete-time systems [43], the
FitzHugh-Nagumo systems [44-46], and others. They have also been detected
in experiments with mechanical pendulums [39]. Later, solitary state chimeras
were revealed when an incoherent cluster includes several solitary states and
coexists with coherent clusters [46,47].

Studying interaction between different spatiotemporal structures is an im-
porant task in the numerical simulation of collective dynamics of complex sys-
tems. It was shown in [30] that chimera states can be observed in a ring of
nonlocally coupled FitzHugh-Nagumo oscillators. Later, these studies were
expanded in [46] and it was found out that this network can also demon-
strate solitary states. The interaction between chimeras and solitary states
was explored for the first time in [48] where two rings of nonlocally coupled
FitzHugh-Nagumo oscillators were bidirectionally coupled either via fast or
slow variables. The objective of the present paper is to study the peculiari-
ties of external synchronization of chimeras and solitary states in a two-layer
network of unidirectionally coupled rings of FitzHugh-Nagumo oscillators de-
pending on the type of interlayer coupling (via activators or inhibitors) and of
the spatiotemporal structures in a driver and a response layer. The identity of
synchronous structures in the considered network is quantified using a global
interlayer synchronization error.

2 Model under study

The model under study represents a multiplex network consisting of two unidi-
rectionally coupled layers. Each layer is given by a ring of nonlocally coupled
FitzHugh-Nagumo oscillators [49,50]. The network is governed by the following
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system of equations:

duy; us, o jany
dth = up; — % — vy + ﬁj:zi;)[buu(ulj — 1) + by (V1 — v13)] + (U2 — u14)1)
dvy; o (Ani
dtlz =ui; +a+ 5P Z [bou(u1j — u1i) + by (V1 — v13)] + " (v2i — v14),
j=i—P
dug; ul, o o
dt?l = Ug; — % —vitop Z [buu (U2 — ugi) + buy(v2; — vai)] + " (U1 — ug;),
j=i—P
dvg; o “r
djz =ug; +a-+ 5p j;P[bvu(Uzj - Uzi) + bvv(v2j - Um‘)] + 8" (v1; — Uzi)~

Dynamical variables u;; correspond to the activators or the fast variables, and
vy; are the inhibitors or the slow variables in each ring, where [ = 1, 2 is the layer
number, and i = 1,2, ..., N = 300 is the node number in each ring (all indices
are modulo N). Individual FitzHugh-Nagumo oscillators can demonstrate ei-
ther excitable (Ja| > 1) or oscillatory (Ja| < 1) regimes, which depend on the
excitability threshold parameter a. In the present study, all the FitzHugh-
Nagumo oscillators in the network (1) operate in the oscillatory regime at
a = 0.5 and the time-scale separation parameter is also fixed ¢ = 0.05 for all
the network nodes.

The nonlocal intralayer coupling in each layer is given by the coupling
strength ¢ and the coupling range P which denotes the number of nearest
neighbors of the ith node from both sides in each layer. In our numerical
simulation we choose ¢ = 0.3 and P = 105 in both rings. The intralayer inter-
action of the FitzHugh-Nagumo neurons in the system (1) has not only direct
couplings between activator (u) and inhibitor (v) variables but also cross ones
which are executed according to a rotational coupling matrix:

buw buy cos¢ sin ¢

B<bw bw>(—sin¢cos¢> ’ (2)
where ¢ € [—m;7). In the work [30] this type of coupling was used for the
first time and it has been shown that chimera states can be observed in the
ring of nonlocally coupled FitzHugh-Nagumo neurons at ¢ = 7/2 — 0.1. This
research was expanded in the paper [46] where the effect of parameter ¢ on the
regimes observed in the FitzHugh-Nagumo ring was explored in detail. It was
particularly shown that this ensemble can demonstrate not only chimera states
but also solitary states. In the present research the parameter ¢; (I = 1,2)
values are set in such a way to observe a solitary state regime in the first ring
and chimera states in the second one.

The interlayer coupling in the network (1) is organized to be unidirectional
with coefficients c*, ¢V, s*, and s*. Therefore, when the first layer affects the
second one (solitary states affect chimeras) we have ¢* = 0, ¢V = 0, s* #
0, s¥ # 0, where the superscripts correspond to the coupling via the fast (u)
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or the slow (v) variables. Vice versa, when the first layer is subjected to the
second one (chimeras affect solitary states), the interlayer coupling is defined
by ¢* # 0, ¢ # 0, s* = 0, s = 0. In our simulations, initial conditions
are chosen to be randomly distributed on circle u? + v? < 22. The layers are
coupled from the initial time ¢ = 0, and the equations (1) are integrated using
the Runge-Kutta—Fehlberg method with step h = 0.02.
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Fig. 1. Dynamics of uncoupled rings (¢* = 0, ¢¥ = 0, s* = 0, s* = 0): the solitary
states in the first ring (a)-(c) and the chimera state in the second ring (d)-(f). Snap-
shots of variables u1; and ug; (upper row), mean phase velocity profiles (middle row,
w1i, w2i) and phase portraits for all elements of the rings (lower row, (ui, v1) and
(u2, v2)). Black lines on the phase portraits correspond to elements in the coherent
mode, red curves to the solitary nodes, and green ones to the incoherent cluster of
the chimera state. Parameters: o = 0.3, P = 105, ¢1 = 7/2 — 0.2, ¢ = 7/2 — 0.04,
e =0.05, a = 0.5, and N = 300. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

Figure 1 shows typical spatiotemporal structures which can be observed in
uncoupled FitzHugh-Nagumo rings for the chosen intralayer coupling param-
eter values. The first layer demonstrates the solitary states (Fig. 1,a-c), and
the second layer exhibits the chimera state (Fig. 1,d-f). As can be seen from
Fig. 1,a, the solitary nodes are evenly distributed along the coherent profile,
while the mean phase velocity profile is rather flat (Fig. 1,b) (this parameter is
calculated with the formula wj;; = QZJ\T@, where M; is the number of complete
rotations around the origin performed by the ith oscillator during the time
interval AT [30], I = 1,2 is the layer number). Differences in the dynamics of
the solitary nodes and the oscillators from the coherent part can be observed in
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the (u1,v1) phase plane (Fig. 1,c), where the attracting set with a large radius
(black dots) corresponds to the oscillators from the coherent region, and the
small cycle (red dots) to the solitary nodes. In the case of chimera states, the
snapshot of the second ring dynamics splits into two clusters (Fig. 1,d): one
includes elements 150 < ¢ < 250 with coherent dynamics, and the other one
consists of nodes 1 < ¢ < 149 and 251 < ¢ < 300 which behave incoherently.
In the mean phase velocity profile (Fig. 1,e), the coherent domain is charac-
terized by a smooth distribution, while an arc-like dependence is characteristic
for the nodes from the incoherent cluster. There are also two intersecting sets
in the (ug,v2) phase plane (Fig.1,f): the green attractor reflects the dynamics
of the elements from the incoherent cluster of the chimera state and the black
set refers to the nodes from the coherent domain. As can be seen from the
phase portraits, the green attracting set is essentially thick if compared with a
limit cycle for a single FitzHugh-Nagumo system [49,50], and unlike the solitary
states, these sets are overlapping.

To analyze the degree of synchronous behavior (or identity of synchronous
structures) of the coupled layers we apply a global interlayer synchronization
error:

§= Jifi (t2 itl /tQ (u1; — u2i)dt) ; (3)

i=1 t

where N = 300. Since the coupled FitzHugh-Nagumo rings (1) are not iden-
tical, the external interlayer synchronization can be considered in its effective
sense. In our numerical studies, imposing certain quantitative conditions for
the global interlayer synchronization error we can distinguish effective external
synchronization if 0.001 < ¢ < 0.01 and full (complete) external synchroniza-
tion when § < 0.001.

3 Unidirectional interlayer coupling via fast variables

We study numerically the case when the FitzHugh-Nagumo rings (1) are unidi-
rectionally coupled via the fast variables, i.e., ¢* # 0, s* # 0 and ¢ =0, s¥ =
0. It was shown in [48] that in the presence of this type of the interlayer cou-
pling in a system of two symmetrically coupled rings, first chimera states are
formed in both rings, then with an increase in the coupling strength, the rings
are completely synchronized and their dynamics correspond to coherent spa-
tial profiles. However, at certain values of the interlayer coupling strength, the
regime of solitary states can also be observed in both rings.

3.1 Impact of solitary states on chimera

Let us first consider the possibility of suppressing the chimera structure in the
second ring and the establishment of solitary states under the unidirectional
influence of the first ring which demonstrates the solitary states. In this case
the first FitzHugh-Nagumo ring is a driver (¢* = 0, ¢’ = 0), while the second
one is a response (s* # 0, s¥ = 0). Figure 2 illustrates the dependence of
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Fig. 2. Unidirectional impact of the first ring (solitary states) on the second one
(chimera) via the fast variables: s # 0, s” = 0, ¢* = 0, ¢’ = 0 in the network
(1). (a) Dependence of § (3) on the interlayer coupling strength s* plotted for 5
different sets of random initial conditions in each ring (marked by different colors).
(b-g) Dynamics of the second ring for increasing s“: 0.035 (b,c), 0.13 (d,e), 0.35
(f,g). (b,d,f) Snapshots of variables wuz;, (c,e,g) mean phase velocity profiles ws; and
phase portraits for all ring elements (insets (u2, v2)): black lines indicate the coherent
dynamics, red curves correspond to the solitary nodes. Other parameters: o = 0.3,
P =105, ¢1 =7/2—-0.2, ¢p2 = 7/2 — 0.04, ¢ = 0.05, a = 0.5, and N = 300. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

the global interlayer synchronization error and the evolution of the second ring
dynamics when the interlayer coupling strength s* grows. As can see from
Fig. 2,b, already for a sufficiently weak coupling, the chimera state in the
second ring completely disappears and is replaced by the regime of solitary
states. However, the observed structure is not synchronous with that one in
the driver (see Fig. 1,a and Fig. 2,b): the frequency of the solitary nodes is
not equal to that of the elements from the coherent part of the ring (Fig.2,c),
and the corresponding attracting set (red points) in the phase plane (inset in
Fig.2,c) is wider than that shown in Fig. 1,c. As follows from Fig. 2,a, when the
interlayer coupling is sufficiently weak (s* < 0.15), the synchronization error &
does not satisfy the effective synchronization condition.

Even when s* slightly increases, the observed solitary state regime in the
second ring is still not synchronous to the mode in the first ring (Fig. 2,d,e).
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However, as can be seen from the phase portrait in Fig. 2,e, the set correspond-
ing to the solitary nodes (red points) is separated from the oscillators from the
coherent profile (black line). Starting from the region where the dependence
d(s™) becomes smooth (s* > 0.33 in Fig. 2,a), the solitary nodes in the second
ring begin to correspond to the solitary nodes in the first ring (Fig. 1,¢). In
this case we have a smooth frequency profile and two phase portraits clearly
separated in the phase space (Fig. 2,f,g). On the other hand, already starting
from s* > [0.15;0.28] (the exact value depends on the initial conditions) the
global interlayer synchronization error becomes less than 0.01 and we can talk
about effective synchronization. Only when s* > 0.67 (Fig. 2,a), complete
external synchronization (6 < 0.001) occurs in the network (1).
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Fig. 3. Unidirectional impact of the second ring (chimera) on the first ring (solitary
states) via the fast variables: ¢" # 0, s* =0, s =0, ¢’ = 0 in the network (1). (a)
Dependence of ¢ (3) on the interlayer coupling strength ¢* plotted for 5 different sets
of random initial conditions in each ring (marked by different colors). (b-g) Dynamics
of the first ring in (1) for increasing ¢*: 0.014 (b,c), 0.06 (d,c), 0.235 (f,g). (b,d,f)
Snapshots of variables w14, (c,e,g) mean phase velocity profiles wi; and phase portraits
for all ring elements (insets (u1, v1)): black lines indicate the coherent dynamics, red
curves correspond to the solitary nodes. Other parameters are as in Fig. 2. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)
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3.2 Impact of chimera on solitary states

When the second ring exhibiting the chimera state is the driver, the global
synchronization error § demonstrates a smooth dependence on the interlayer
coupling strength c* over the entire interval of its variation (Fig. 3,a). This can
be explained by the fact that there is no need to synchronize individual elements
(solitary nodes) which introduce deviations into dependence §(c*). In this case,
the solitary states in the first ring also quickly disappear, and the snapshot
splits into coherent and incoherent clusters (Fig. 3,c). However, the arc-like
dependence does not immediately appear on the frequency profile (Fig. 3,c).
Increasing c* leads to the appearance of the arc in the frequency profile, which
at first looks a bit noisy (Fig. 3,e). Only when ¢* grows ( ¢* > 0.1), the
frequency profile becomes smooth (Fig. 3,g). As follows from the snapshots
(Fig. 3,d and f) and the phase portraits (insets in Fig .3,e and g), already at
a very weak interlayer coupling c¢*, the first ring (response) starts behaving
similarly to the second ring (driver) (see Fig. 1,d,f and Fig. 3,d,e).

In contrast to the previously considered case, in this situation the global
interlayer synchronization error does not fall below the 0.001 level even for a
rather strong unidirectional interlayer coupling (Fig.3,a). This means that only
effective external synchronization of the chimera state takes place.

4 Unidirectional interlayer coupling via slow variables

We now turn to the case when the two rings (1) are unidirectionally coupled
via the slow variables, i.e., ¢V # 0, s¥ # 0, while there is no coupling via the
fast variables, ¢* = 0, s* = 0. Our previous studies [48] showed that with
this type of coupling in a system of two bidirectionally coupled rings, firstly
the chimera states in the second ring disappear and are replaced by uniformly
distributed solitary nodes, but they are not synchronous with the solitary nodes
in the first ring. At the same time, the solitary nodes in the first ring gradually
disappear. A further increase of the coupling strength between the layers leads
to a coherent regime in the first ring and the solitary state chimera in the second
ring. By increasing the coupling strength, we can observe the classical chimera
states in both rings, which behave quite synchronously. With a further increase
in the coupling strength the dynamics of the two-layer network is similar to
the dynamics of the rings which are coupled through the fast variables. The
rings are completely synchronized and their behavior corresponds to coherent
spatial profiles. Moreover, at certain values of the interlayer coupling strength
(more than 1.0), the solitary state mode can be observed in both rings.

4.1 Impact of solitary states on chimera

Consider the case when the second ring in the chimera state is driven via the
slow variables by the first ring in the solitary state regime. In this case the
chimera state also quickly disappears and is replaced by the solitary nodes
(Fig. 4,b-e). However, the solitary nodes are distributed throughout the whole
ring and their location does not coincide with that in the driver layer (see
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Fig. 4. Numerical results for the case when the first ring (solitary states) is unidirec-
tionally coupled with the second one (chimera state) via the slow variables: s” # 0,
s* =0, c* =0, c” =0. (a) Dependence of 6 (3) on the interlayer coupling strength
s” plotted for 5 different sets of random initial conditions in each ring (marked by
different colors). (b-g) Dynamics of the second ring for increasing s¥: 0.025 (b,c),
0.062 (d,c), 0.5 (f,g). (b,d,f) Snapshots of variables u2;, (c,e,g) mean phase velocity
profiles we; and phase portraits for all ring elements (insets (u2, v2)): black lines
indicate the coherent dynamics, red curves correspond to the solitary nodes. Other
parameters: o = 0.3, P = 105, ¢1 = 7/2 — 0.2, ¢p2 = /2 — 0.04, € = 0.05, a = 0.5,
and N = 300. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)
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Fig. 5. Dynamics of the second ring under the unidirectional impact from the first
ring at s¥ = 1.446 (s* = 0, ¢* = 0, ¢ = 0). (a) Snapshots of variables uz;, (b)
mean phase velocity profiles wo; and phase portraits for all ring elements (insets (u2,
v2)): black lines indicate the coherent dynamics, red curves correspond to the solitary
nodes. Other parameters are as in Fig. 4. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 1,a and Fig. 4,d). It is also evident that the frequencies of several solitary
nodes are not equal to the frequency of the other oscillators, as it should be
(Fig. 4,e). Moreover, in the phase portrait, the trajectories of some solitary
nodes do not lie separately from the phase portrait of the oscillators from the
coherent domain, i.e., there is an intersection of the red and black sets (inset
in Fig. 4,¢). When the interlayer coupling increases, the most part of the
solitary nodes disappears but the remaining nodes are not synchronized with
those in the first ring (Fig. 4,f,g). A further increase in s¥ does not lead to the
observation of a more synchronous mode of oscillations of the second ring with
the first one, but, on the contrary, leads to the fact that the phase portraits of
the elements change greatly and the rings are never synchronized (for example,
Fig. 5).

Let us pay attention to the change in the global interlayer synchroniza-
tion error § as sV increases (Fig. 4,a). Within the interval s € [0;0.2], the
dependence has several minima and maxima and does not smoothly decrease
when s¥ grows. This is due to the fact that initially, under the influence of
the first ring, the chimera state in the second ring is gradually destroyed (the
first minimum is at s” & 0.04). Then a lot of solitary nodes appear in the
second ring, which do not correspond to the solitary nodes in the first ring and
are not synchronized with them (maximum is at s¥ ~ 0.055) (see Fig.1,a and
Fig.4,d). Afterwards, the solitary nodes gradually disappear with increasing
coupling strength (minimum is at s¥ & 0.11). Finally, the solitary nodes in the
second ring correspond to the same oscillators as in the first ring (maximum
is at s¥ &~ 0.2) (see Fig. 1,a and Fig. 4,f), and the rings are partially synchro-
nized with a further increase of the coupling strength s”. However, even for
a rather strong coupling strength sV, even effective external synchronization is
not observed in the network (1) since § > 0.01.

4.2 Impact of chimera on solitary states

Finally, we explore the network (1) dynamics when the driver layer (the second
ring) exhibits the chimera state. In this case, the network dynamics is similar
to that which is observed when the unidirectional coupling is executed via the
fast variables. The solitary nodes in the first ring gradually disappear as the
coupling strength ¢’ increases (Fig. 6,b,c), and the snapshots of the first ring
dynamics (Fig.6,d,e) consist of incoherent and coherent parts, that is related
to the chimera state. However, even with a strong coupling, in the presence of
a well-developed chimera state in the first layer, the frequency profile demon-
strates only a barely noticeable arc-like structure (Fig. 6,f,g). Synchronization
between the rings is not achieved even for a very strong interlayer coupling:
the global interlayer synchronization error never goes below 0.1 (see Fig. 6,a).
However, for certain sets of random initial conditions in each ring, the values
of § can be lower than for the other sets (see the blue line in Fig. 6,a).
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Fig. 6. Numerical results for the case when the first ring (solitary states) in the
network (1) is driven by the second ring (chimera) via the slow variables: ¢” # 0,
s =0, s* =0, c* =0. (a) Dependence of ¢ (3) on the interlayer coupling strength
c* plotted for 5 different sets of random initial conditions in each ring (marked by
different colors). (b-g) Dynamics of the first ring in (1) for increasing ¢*: 0.025 (b,c),
0.223 (d,c), 1.6 (f,g). (b,d,f) Snapshots of variables u1;, (c,e,g) mean phase velocity
profiles wi; and phase portraits for all ring elements (insets (w1, v1)): black lines
indicate the coherent dynamics, red curves correspond to the solitary nodes. Other
parameters are as in Fig. 4. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

5 Conclusion

In this paper we have presented results of numerical simulation of a two-layer
multiplex network of unidirectionally coupled rings of FitzHugh-Nagumo oscil-
lators. Our studies have shown that in the case of unidirectional coupling via
the fast variables (activators), it is possible to suppress both chimera states
and solitary states and establish a different spatiotemporal regime. However,
with external synchronization of solitary states, the global interlayer synchro-
nization error shows a stronger similarity between the rings than in the case of
synchronization of chimera states. This fact is easily explained by the structure
of these states. Since the oscillators in the coherent cluster are synchronized
more easily, it is natural to assume that the solitary states will demonstrate a
higher degree of synchronization.

In the case of unidirectional coupling between the FitzHugh-Nagumo rings
via the slow variables (inhibitors), although the initial structure of the ring is

403



rapidly destroyed under external influence, the structure of the driver layer can
be only partially reproduced in the response layer. This fact is confirmed by
the global interlayer synchronization error which does not fall below 0.01.

Thus, our studies have shown that both solitary states and chimera states
can be suppressed when the two layers are unidirectionally coupled via both the
fast and the slow variables. The response layer reproduces the structure of the
driver layer instead of its own. However, the effect of external synchronization
(both effective and complete) is observed only when the layers are coupled via
the activators. These studies can be useful in practical applications when it is
needed to suppress one of the structures and establish another one. Thus, one
can control the dynamics of multilayer networks.
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Abstract. In this article, the authors investigate the dynamics of an oligopoly game in
which, they consider a nonlinear Cournot-type duopoly game with homogeneous goods
and heterogeneous expectations. The authors investigate the case, where managers have a
variety of attitudes toward relative performance that are indexed by their type. In this
game they suppose a linear demand and quadratic cost functions. The game is modeled
with a system of two difference equations. Existence and stability of equilibriua of the
system are studied. The authors show that the models gives more complex, chaotic and
unpredictable trajectories, as a consequence of change in the parameter k of speed of the
player’s adjustment, the parameter d of the horizontal product differentiation and the
relative profit parameter p. The chaotic features are justified numerically via computing
Lyapunov numbers and sensitive dependence on initial conditions.

Keywords: Cournot duopoly game; Relative profit maximization; Discrete dynamical
system; Nash equilibrium; Stability; Bifurcation diagrams; Lyapunov numbers; Strange
attractors; Chaotic Behavior.

1. Introduction

Oligopoly is a market structure between monopoly and perfect competition in
which there are only a few number of firms producing homogeneous products.
The dynamic of an oligopoly game is more complex because the players
(sellers) must consider not only the consumers’ behavior but also, the
competitors’ reactions, i.e., their expectations concerned in how their rivals will
act. In 1838 Antoine Augustin Cournot was the first that introduced a formal
theory of oligopoly. Joseph Louis Francois Bertrand, the French mathematician
in 1883 modified Cournot’s game suggesting that the players (sellers) actually
choose prices rather the quantities. Cournot and Bertrand models originally were
based on the premise that all players take decisions by naive way, so that in
every step, each player assumes the last values were taken by the competitors
without an estimation of their future reactions. However, under the conditions of
real market, such an assumption is very unlikely since not all players share
naive beliefs. Different approaches to firm behavior were proposed. Some of the
authors considered duopolies under homogeneous expectations and found a
variety of complex dynamics in their games, such as appearance of strange
attractors (Agiza 1999; Agiza et al. 2002; Agliari et al. 2005, 2006; Bischi and
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Kopel 2001; Kopel 1996; Puu 1998, 2005; Sarafopoulos 2015a,b; Zhang et al.
2009). Also, models with heterogeneous agents were studied (Agiza and
Elsadany 2003, 2004; Agiza et al. 2002; Den Haan 2001; Hommes 2006; Fanti
and Gori 2012; Gao 2009; Sarafopoulos and Papadopoulos 2017, 2019, 2020;
Tramontana 2010; Zhang et al. 2007; Wu et al. 2010).

In real market, producers do not know the entire demand function, though it is
possible that they have a perfect knowledge of technology, represented by the
cost function. Here it is more likely that firms employ some local estimate of the
demand. This issue has been previously analyzed (Baumol and Quandt 1964;
Singh Vives 1984; Puu 1991, 1995; Westerhoff 2006; Naimzada and Ricchiuti
2008; Askar 2013, 2014). Bounded rational players (sellers) update their
strategies based on discrete time periods and by using a local estimate of the
marginal profit. With such local adjustment mechanism, the players are not
requested to have a complete knowledge of the demand and the cost functions
(Agiza and Elsadany 2004; Elsadany 2017; Naimzada and Sbragia 2006; Zhang
et al. 2007; Askar 2014).

In this paper the concept of generalized relative profit in a Cournot — type
duopoly game with homogeneous goods, linear demand and quadratic cost
functions is introduced. The paper is organized as follows: In Section 2, the
dynamics of the Cournot duopoly game with homogeneous goods and
generalized relative profit maximization for two players are analyzed.
Heterogeneous expectations, linear demand and quadratic cost functions are
supposed. The existence and local stability of the equilibrium points are also
analyzed. In Section 3 numerical simulations are used to show complex
dynamics via computing Lyapunov numbers, bifurcations diagrams, strange
attractors and sensitive dependence on initial conditions. Finally, the paper is
concluded in Section 4.

2. The game

2.1 The construction of the game

Two firms offer their products at discrete-time periods (t = 0, 1, 2...) on a
common market. A simple Cournot-type duopoly market where firms (players)
produce homogeneous goods and their production decisions are taken at
discrete-time periods is considered. This study contains heterogeneous players
and more specifically, the first firm chooses its production quantity in a rational
way following an adjustment mechanism (bounded rational player) and the
second firm decides by naive way choosing this production quantity that
maximizes its utility function (naive player). At each period t, every firm must
form an expectation of the rival’s output in the next time period in order to
determine the corresponding profit-maximizing quantities for period t+1. The
variablesq;, g, are the production quantities of each firm, and the inverse
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demand function (as a function of quantities) for each i firm is given by the
following equation:
pi=a—-Q ,with i=1,2 (1)

where p; is the product price of firm i, Q =0, +0, and a is a positive

parameter which expresses the market size.
Specifically, for each firm the inverse demand functions are given by the
following equations:

pp=a-0q—-d; and P2=0a-02—-q1 (2
In this duopoly game quadratic cost functions are supposed:
C(g,)=c-q;, with i=1,2 (3)

where ¢ > 0, is the same cost parameter for two firms.
With these assumptions the profits of the firms are given by:

I,(0,,9,) = P06, —C(a,) = p.0, —ca; =[a—(g, +0,)Ja, —ca;  (4)
and

M, (0,.0,) =P, ~C(d,) =p,4, —cd; = [a—(a, +0,)]a, ~ca;  (5)
Potential managers take on a continuum of attitudes toward relative
performance which is captured by their type pi. The utility function of a
manager of type pi puts weight of (1- ui) on own profits and a weight pi on the
difference between own profits and the profits of the firm’s rival. This is
equivalent to putting unit weight on own profits and weight - pi on the rival’s
profit. Hence we can write the objective function of a type pi manager working
for firm i as:

Ui = A=) - TT; +p; - (IT; - TT5)

=00 = - 11 ©

i i,j=12 , i#]

The parameter p, € [0,1] is formed by the profile of each player i and the higher
(lower) value of pi, the more (less) the player i takes into account the profit of
player j. To make our calculations easier it supposed that p = pi, which means
that the two player have the same profile in their utility function.

Then the marginal utilities are given by:

ouU
—1:00—2(1“‘0)(11_(1_“)(12 O
0oqy
and
ouU
—Z=a-2(1+c)q, —(1-p)q, (8)
oq,

It is supposed that the first firm decides to increase its level of adaptation if it
has a positive marginal utility, or decreases its level if the marginal utility is
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negative (bounded rational player). If k > 0 the dynamical equation of player i
is:

Q1(t+1)_Q1(t):k.% (9)

G (t) 001

k > 0 the speed of adjustment of player 1, it is a positive parameter which gives
the extent of production variation of the firm following a given profit signal.
Moreover it captures the fact that relative effort variations are proportional to
the marginal utility.

On the other hand the second firm decides by naive way choosing a production
that maximizes its profits (naive player):
gp (t+1)=argmax U, (g (t),02(t)) (10)
y

The dynamical system of the players is described by:

G (t+1)=a, (t)+k %(t)z_l;j a
4y (t+1) 0”(;(;13(;?1(0

The dynamics of this system focus on the parameter k (first player’s speed of
adjustment) and the parameter p (relative profit parameter).

2.2 Dynamical analysis

2.2.1 The equilibriums of the game

The equilibriums of the dynamical system (11) are obtained as nonnegative
solutions of the algebraic system:

* 6U
a it S
(12)

which obtained by the following settings: q;(t+1)=0q,;(t)=0q; and
G2 (t+1)=02(t) =03 .
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e If g, =0, and v, =0, then it gives q; = and the equilibrium

aq, 2(1+c
position is:
(00
(0715 w
o 1f Y :%zo, then it gives g, =q, = % and the
oq, 0q, 2(1+¢)+(1-p)

Nash equilibrium is:

E*=(qI,QZ)=(2(1+C)0:L(1_“)'2(1+c)0-t+(1—u)j -

The effect of the parameter k (speed of adjustment) and the parameter p
(relative profit parameter) on the dynamics of this system is investigated.

2.2.2 Stability of equilibriums

To study the stability of game’s equilibriums, the Jacobian matrix is used. The
Jacobian matrix J(q;,0, ) along the variable strategy (q;,9, ) is:

f(h sz
-
gﬂh ng
where:
ou
f(01.0p) =0y +k-q-—= (16)
0oy
and
Q)= — 17
The Jacobian matrix becomes as:
2
1+k'[%+q?aagl} k-(n-1)-0y
* * q
J(Qla%): ! % (18)
p-1 0

2(1+c)
For the E, the Jacobian matrix becomes as:
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a(20+1+ u)

1+k- 2(1 c)
+
J(Eg)= (19)
p—-1
2(1+c)
with Tr=1+k~M and Det=0.
2(1+c)
The characteristic equation of J(E, ), gives the nonnegative eigenvalue:
2c+1
rl =Tr=1+k M
2(1+c)
it’s clearly seems that |r,|>1 and the E, equilibrium is unstable.
For the E. the Jacobian matrix becomes as:
1-2k-(1+c)-q, —k-(1-p)-q;
J(Ex)= n-1 0 (20)
2(1+c¢)
with
. 1-u) .
Tr=1-2k-(1+c)-q, and Det :—k-( 1) -0y (21)

2(1+c)
To study the stability of Nash equilibrium the method of three conditions is used

and the equilibrium position is locally asymptotically stable when they are
satisfied simultaneously:

(i) 1-Det>0
(i) 1-Tr+Det>0 (22)
(iii) 1+Tr+Det>0

The first condition (i) gives:

2
1_ *
1 Det>0 o 14k oW 0 >0 (23)

2(1+c)

which is always satisfied.
The second condition (ii) gives:

1-Tr+Det>0 « k{4(L+c) ~(1-p)° |-q;>0 (24)

and it’s always satisfied because 4(1+C)2—(M—1)2 >0, for ¢ > 0 and
L € [O,l] .
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Finally, the condition (iii) becomes as:

o[ 4(tre) +(1-n) ]
2(1+c)-[2(1+c)+(1—u)]
and it gives the stability condition of Nash Equilibrium E...

1+Tr+Det>0 < 2-k >0 (25)

Proposition:
The Nash equilibrium of the discrete dynamical system Eq.(11) is locally
asymptotically stable if:

o 4(t+e) +(1-n)’ |

2k 2(1+c)-[2(1+c)+(1-p)]

>0

3. Numerical simulations

3.1 Stability space

At first the stability space (Fig.1) is made including the main two parameters
that the dynamical analysis focuses on, the parameters k (speed of adjustment)
and p (relative profit parameter). This two-dimensional space is obtained by the
stability condition that is described above in Proposition, setting specific values
for the other parameters oo =5 and ¢ = 0.20.

= = Y
k
Figure 1: Region of stability between k (horizontal axis) and p (vertical axis)
fora=5and ¢ =0.20.
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3.2 Focusing on the parameter k (speed of adjustment)

In this section various numerical results focusing on the parameter k, including
bifurcation diagrams, strange attractors, Lyapunov numbers and sensitive
dependence on initial conditions (Kulenovic, M. and Merino, O.) are presented.
Focusing on the parameter k the stability condition becomes as:

4(1+c)-[2(1+c)+(1-p)]
o[ 4(1+c)f +(1-n) |
Choosing the specific values of the parameters: o =5, ¢ = 0.20 and p = 0.50 the

coordinates of Equilibrium position can be calculated as: g; = q, 0 1.72 and the
stability space for the parameter is described as:

0<k<0.48

O<k<

(26)

It is verified by the bifurcation diagrams of the parameter k against the variables
qI (left) and q; (right) that are shown in Fig.2 and Fig.3. These two figures

show that the equilibrium undergoes a flip bifurcation at k = 0.48. Then a
further increase in speed of adjustment implies that a stable two-period cycle
emerges for 0.48 < k < 0.58. As long as the parameter k reduces a four-period
cycle, cycles of highly periodicity and a cascade of flip bifurcations that
ultimately lead to unpredictable (chaotic) motions are observed when k is larger
than 0.62.

" Pp—
135
152 A | 4
1e5f
18

I

L%

L&

et

Fig.2: Bifurcation diagrams with respect to the parameter k against the variables q, (left)
and q, (right) with 400 iterations of the map Eq.(11) for a =5, ¢ =0.20 and p = 0.50.
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Figure 3: Two bifurcation diagrams of Fig.2 are plotted in one.

This unpredictable (chaotic) behavior of the system Eq.(11) is visualized in Fig.
4 (left) with the strange attractor for k =0.65. This is the graph of the orbit of
(0.1,0.1) with 8000 iterations of the map Eq.(11) for o =5, ¢ = 0.20, u = 0.50
and k = 0.65. Also, we use the useful tool of Lyapunov numbers (Fig.4 (right))
(i.e. the natural logarithm of Lyapunov exponents) as a function of the
parameter of interest. Figure 4 (right) shows the Lyapunov numbers of the same
orbit. It is known that if the Lyapunov number is greater than 1, one has
evidence for chaos.

12F
" ¥

ey AvE 4 ‘ 1ol
5

L s L L Loy g Y P
50 100 150 200

Fig. 4: Phase portrait (strange attractor) (left) and Lyapunov numbers (right) of the orbit
of (0.1,0.1) with 8000 iterations of the map Eq.(11)
fora =5, ¢=0.20, n=0.50 and k = 0.65.

Another characteristic of deterministic chaos is the sensitivity dependence on
initial conditions. In order to show the sensitivity dependence on initial
conditions of the system Eq.(11), we have computed two orbits with initial
points (0.1,0.1) and (0.101,0.1) respectively. Figure 5 shows the sensitivity
dependence on initial conditions for g; — coordinate of the two orbits, for the
system Eq.(11), plotted against the time with the parameter values o = 5, ¢ =
0.20, p = 050 and k = 0.65. At the beginning the time series are
indistinguishable; but after a number of iterations, the difference between them
builds up rapidly. From these numerical results when all parameters are fixed
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and only k is varied the structure of the game becomes complicated through
period doubling bifurcations, more complex bounded attractors are created
which are aperiodic cycles of higher order or chaotic attractors.

135 — e 5y —— oy
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»
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Fig. 5: Sensitive dependence on initial conditions for g, -coordinate plotted against the

time: the orbit of (0.1,0.1) (left) and the orbit of (0.101,0.1) (right) of the system Eq.(11)
fora=5,¢=0.20, n=0.50 and k = 0.65.

3.3 Focusing on the parameter p (relative profit maximization)

As it seems the Nash Equilibrium Eq.(14) is independent of the parameter k (the
speed of adjustment) but it depends on the values of the other parameters. As a
result when the values of the parameters o , ¢ and k remain constant and only
the parameter p varies, this makes the Nash Equilibrium not to be constant, but
it changes for each different value of the parameter p. Focusing on the
parameter p the stability condition becomes as:

kow? +[4(1+¢)—2ka Jp + ko —4(L+ ) +4(1+c) (ka—2) <0 (27)

with
A, =16(1+c)” - (1+ 2ko—K?a?) (28)
The inequality (27) can be satisfied if;
A, > 0= —k%0? +2ka+1>0 (29)
and
—2(1+c)+2(1+c)v1+ 2ka — k?a?
pe(pgmy), where py, = (tre)22( ki +1  (30)
The Eq.(29) becomes true if:
k e (—o0,k; )uU(k, + 0
(k) (kg +0) "
k>0 =0<k<
a
o 12
12 —
(04
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Finally, the stability condition Eq.(27) is satisfied if:

e (pg,py) ne(0u,) 0<M<2(1+C)\/1+2ka k“a -1

M>0 = 1+\/§ = ko

O0<k<

1+\/§ a 0<k<1+\/E

O<k<—— o
o

+1

Setting the specific values of the parameters: o =5, ¢ = 0.20 and k = 0.475 it
gives that the stability space focusing on the parameter p becomes as:

0<p<0.32

Using the stability space (Fig.1) when a =5, ¢ = 0.20 and k = 0.475, it can be
verified that there is a stable equilibrium for p e (0,0.32) and it is also verified

by the bifurcation diagrams of p against g; (left) and q, (right) (Fig.6). Also,
the chaotic behavior for the system Eq.(11) appears only for values of the
parameter p (relative profit parameter) larger than 1 so if k=0.475 in this
market the parameter p cannot make the system unpredictable. Finally, the
stability space between the main parameters k and p (Fig.1) gives the useful
result that for small values of the parameter k, the Nash Equilibrium remain
stable for every value of the parameter p and in this area the parameter p cannot
destabilize the economy.

—~— v

1 -’{f_,’ o _ ”;l}._A /\_
ek / < X Raa = O

-~ { ts

' .Fig. 6 -Bifurcétion diégrams With resf;ect to the parameter p against the variables
g, (left) and g, (right) with 400 iterations of the map Eq.(11) for
a=5¢c=0.20and k=0.475 .
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Figure 10: Two bifurcation diagrams of Fig.9 are plotted in one.

Now, if the other parameter take the values: o = 5, ¢ = 0.20 and k = 0.60, it
seems that first a fixed period 2 trajectory is created and then it enters a period
doubling and as the parameter p takes higher values the system enters a chaotic
orbit and becomes unpredictable. (Fig.11-12). The larger the values of the
parameter p more Strange attractors and Lyapunov numbers larger than 1
(Fig.13) are appeared for the same values of the paramaters o, ¢ and k. Also, the
system becomes sensitive on initial condition (Fig.14) for these large values of
the parameter p (outside the stability space of p).

P R e s ¥ B e ap e gt T T —

A' - I '} 1
o8 2 [ 04 o as

Fig. 11: Bifurcation diagrams with respect to't'he paraffneter p against fhe variables
q, (left)and q, (right) with 400 iterations of the map Eq.(11)
foroa =5, c=0.20 and k = 0.60.
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Figure 12: Two bifurcation diagrams of Fig.11 are plotted in one.
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Fig. 13: Phase portrait (strange attractor) (left) and Lyapunov numbers (right) of the orbit
of (0.1,0.1) with 8000 iterations of the map Eq.(11)
fora=5,¢=0.20, k=0.60 and pn = 0.80.
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Flgure 14 Sensitive dependence on |n|t|al condltlons for gy - coordlnate plotted against

the time: the orbit of (0.1,0.1) (left) and the orbit of (0.101,0.1) (right) of the system
Eq.(11) for a =5, ¢ =0.20, k = 0.60 and p = 0.80.

4. Conclusions

In this paper the dynamics of a differentiated Cournot duopoly with
heterogeneous expectations, linear demand and quadratic cost functions are
analyzed. By assuming that at each time period each firm maximizes its
expected relative profit function U under bounded rationality expectation, a
discrete dynamic system was obtained. Existence and stability of equilibrium of
this system are studied. It is numerically shown that the model gives chaotic and
unpredictable trajectories. The main result is that higher values of the speed of
adjustment and relative profit parameter may destabilize the Cournot—Nash
equilibrium. Finally, it is proved that for lower values of the speed of adjustment
the equilibrium is stable for every value of the relative profit parameter.
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1 Introduction

An Oligopoly is a market structure between monopoly and perfect competition,
where there are only a few number of firms in the market producing
homogeneous products. The dynamic of an oligopoly game is more complex
because firms must consider not only the behaviors of the consumers, but also
the reactions of the competitors i.e. they form expectations concerning how their
rivals will act. Cournot, in 1838 has introduced the first formal theory of
oligopoly. In 1883 another French mathematician Joseph Louis Francois
Bertrand modified Cournot game suggesting that firms actually choose prices
rather than quantities. Originally Cournot and Bertrand models were based on
the premise that all players follow naive expectations, so that in every step, each
player (firm) assumes the last values that were taken by the competitors without
estimation of their future reactions. However, in real market conditions such an
assumption is very unlikely since not all players share naive beliefs. Therefore,
different approaches to firm behavior were proposed. Some authors considered
duopolies with homogeneous expectations and found a variety of complex
dynamics in their games, such as appearance of strange attractors (Agiza, 1999,
Agiza et al., 2002, Agliari et al., 2005, 2006, Bischi, Kopel, 2001, Kopel, 1996,
Puu, 1998, Sarafopoulos, 2015, Zhang , 2009). Also models with heterogeneous
agents were studied (Agiza, Elsadany , 2003, 2004, Agiza et al., 2002, Den
Haan , 20013, Fanti, Gori, 2012, Tramontana, 2010, Zhang , 2007).

In the real market producers do not know the entire demand function, though

it is possible that they have a perfect knowledge of technology, represented by
the cost function. Hence, it is more likely that firms employ some local estimate
of the demand. This issue has been previously analyzed by Baumol and Quandt,
1964, Puu 1995, Naimzada and Ricchiuti, 2008, Askar, 2013, Askar, 2014.
Bounded rational players (firms) update their strategies based on discrete time
periods and by using a local estimate of the marginal profit. With such local
adjustment mechanism, the players are not requested to have a complete
knowledge of the demand and the cost functions (Agiza, Elsadany, 2004,
Naimzada, Sbragia, 2006, Zhang et al, 2007, Askar, 2014).
In this paper we study the dynamics of a Bertrand- type duopoly with
differentiated goods where each firm behaves with homogeneous expectations.
We show that the model gives more complex chaotic and unpredictable
trajectories as a consequence of change of the speed of players’ adjustment
(parameter k). The paper is organized as follows: In Section 2, the dynamics of
the duopoly game with homogeneous expectations, linear demand and
asymmetric cost functions for two players are analyzed. We set both players as
bounded rational. The existence and local stability of the equilibrium points are
also analyzed. In Section 3 numerical simulations are used to verify the
algebraic results of Section 2 plotting the bifurcation diagrams of the game’s
system and to show the complex dynamics via computing Lyapunov numbers,
and sensitive dependence on initial conditions. Finally, in section 4 the
application of d-Backtest in this duopoly game is presented as an attempt to
control the chaotic of the discrete dynamical system that appears.
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2 The game

2.1  The construction of the game

In this study we consider homogeneous players and more specifically, we
consider that both firms choose their products’ prices in a rational way,
following an adjustment mechanism (bounded rational players). We consider a
simple Bertrand-type duopoly market where firms (players) produce
differentiated goods and offer them at discrete-time periods on a common
market. Price decisions are taken at discrete time periods t = 0, 1, 2,... At each
period t, every firm must form an expectation of the rival’s strategy in the next
time period in order to determine the corresponding profit-maximizing prices
for period t+1. We suppose that qi, gz are the production quantities of each firm.
Also, we consider that the preferences of consumers represented by the
equation;

1
U(0y,02) = ox(ay +01,) — (o +05 +2day0, )

where o is a positive parameter (a > 0), which expresses the market size and
d e (—11) is the parameter that reveals the differentiation degree of products.

For example, if d =0 then both products are independently and each firm
participates in a monopoly. But, if d =1 then one product is a substitute for the
other, since the products are homogeneous. It is understood that for positive
values of the parameter d the larger the value, the less diversification we have in
both products. On the other hand negative values of the parameter d are
described that the two products are complementary and when d = -1 then we
have the phenomenon of full competition between the two companies. The
inverse demand functions (as functions of quantities) coming from the
maximizing of (1) are given by the following equations:

P1( 0 dz2) =0 —0; —day and P2(01,02)=0a—0x—dg; (2
The direct demand functions (as functions of prices):
o(1-d)—p; +dp,

1-d?

a(l-d)—p,+dp,
1-d?

A (P1,p2) = and gz (p1,p2)= 3

In this work, data were collected from the financial reports of two companies.
The data related to sales quantities in thousands of metric tons (k MT) and total
revenue in millions of euro (m €) for each quarter of the years from 2011 to
2020. With this data and using regression analysis we tried to approach the form
of the cost function of each company. According to this analysis we can assume
that the cost function of the first player is quadratic and of the second player is
linear?.

2 The coefficients of determination of the regressions are relatively small 0.51 and 0.39
respectively. This is due to the fact that the cost functions of the companies depend on
many unpublished factors.
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We suppose that the cost function of the first player (Motor Oil Group) is:
Ci(qu)=ci-0f +Cp-0G1 +C3 4)
with ¢; >0, ¢, >0, ¢, >0 and c3 <4-c, -c; (quadratic cost’s conditions).

and the cost function of the second player (Hellenic Petroleum Group) is
linear:

Co(Uz2)=Cs-0Gp+Cs ()
where ¢, >0 and c; >0 (linear cost function’s conditions).

With these assumptions the profits of the firms are given by:

a(l-d)—p; +dp, [a(lfd)*PlerpzT 6
_C . —C
l—d2 1 l—d2 3 ( )

Iy (P P2)=Pa —Co () =(PL—C2)-

and

o(l-d)-p, +d
HZ(plva):quZ_CZ(qZ):(pZ_C4)'( 1)—d22 pl—Cs )

Then the marginal profits at the point of the strategy space are given by:

%1:11 - (1_22)2 [a(l—d)(l—dz +20,)+¢, (1-0?)~2(1-d? +c;)-py +d(L-d? +.2¢;)- pz] (8)
and

o, o(l-d)+c,—2p,+dp; ©)
p, 1-d?
Both players are characterized as bounded rational players. According to the
existing literature it means that they decide their prices following a mechanism
that is described by the equation:

Ptr)-pi(t) o (10)

pi () op;
Through this mechanism the player i, increases his level of adaptation when his
marginal profit is positive or decreases his level when his marginal profit is
negative, where K is the speed of adjustment of player, it is a positive parameter
(k > 0), which gives the extend variation of price of the Hellenic Petroleum and
Motor Oil Groups, following a given utility signal.
The dynamical system of the players is described by:

oIl
pu(t+1)=py (t)+k-py(t)-—
opy

o (12)
P2 (t+1)=p, (1) +k-py (1) —=
P,
We will focus on the dynamics of this system to the parameter k.
2.2 Dynamical analysis

The dynamical analysis of the discrete dynamical system involves finding

equilibrium positions and studying them for stability. The ultimate goal of this
algebraic study is to formulate a proposition that will be the stability condition
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of the Nash Equilibrium position. Finally, these algebraic results are verified
and visualized doing some numerical simulations using the program of
Mathematica.

2.2.1 The equilibrium positions

The equilibriums of the dynamical system (11) are obtained as the nonnegative
solutions of the algebraic system:

« Ol
Py El =0
i (12)
. T,
2= —=0
P,
which is obtained by setting : p, (t+1)=p;(t)=p; and p, (t+1)=p,(t)=p;.
. If p, =p, =0 then the equilibrium position is the point:
E, =(0,0) (13)
J If p, =0 and 58“_2: 0 then: p, :u and the equilibrium
P2
position is the point:
1-d
E1=[0,°°( )+°4j (14)
2
o(1-d)(1-d*+2¢, ) +c, (1-d?
. If p, =0 and M 0 then: P = ( )( 1) 2( )

op, 2(1—d2 +cl)
and the equilibrium position is the point:
a(1-d)(1-d* +2¢, )+, (1-d?)

F2o 2(1-d +c,) . o

L _ oy
opy  Opy
m(l—d)(l—dZ + 201)+c2 (1—d2)—2(1—d2 +c1)~pI +d(1—d2 + ch)- p,=0

. If =0 then the following system is obtained:

o (16)
a(l-d)+c,—2p, +dp, =0

and the nonnegative solution of this algebraic system gives the Nash
Equilibrium position E.. :(pf,p;) where:

(1-d® +2¢;)-[o(1-d)(2+d) +dc, |+ 2c, (1-d°)

P e 4(1-d? +e;)-d? (1-d7 +2¢,) ()
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and

;e 2(1-d? +¢)-[a(t-d)+c, ]+ d(1-d)-[a(1-d? + 26, )+, (1+) -
4(1-d? +;)-d (1-d° + 2,

From the three equilibrium positions E,, E, and E. the following conditions
arise:

a(l-d)+c, >0 (19)
a(1-d)(1-d? +2¢;}+c, (1-d°) >0 (20)
2(1—d2+cl)>0 (1)

2(1—d2 +C1).[0L(1—d)+C4]+d(l—d)-[(x(l—d2 +2c1)+c2 (1+d)} >0 (22)

4(1—d2+cl)—d2(1—d2+2c1)>0 (23)

2.2.2 Stability of equilibrium points

To study the stability of the equilibrium positions we need the Jacobian matrix
of the dynamical system Eq.(11) which is the matrix:
* * f a3 f o
Wprpz)=| * F (24)
9, Yp,
where:
orl
f(pl,pz):pl+k~pl-¥l
. (25)

oIl
, = k-p, —2
9(p1.p2)=p, +k-p, 0,

and as a result the Jacobian matrix of game’s discrete dynamical system Eq.(11)
is the following matrix:

2 2
1+ k- %4_‘);61_2[1 k- Ianl
J(pl,p2)= ) ) (26)
« 0TI, o1, « 0°I1,
3 e e
Op,0p; P2 op;
For the E, the Jacobian matrix becomes as:
1+k- T (g,) 0 ALk THE) Ao
P o
I(Eo) = 1 - = {0 B} (27)
0 1+k-—2(Ey) B:l+k~‘znz(E0)
op, P2
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with
Tr=A+B and Det=A-B.
The characteristic equation of J(E,) is the following:

r? —Tr)(Eg) r+Det)(Ey) =0 <
<P~ (A+B)r+A-B=0s(r-A)(r-B)=0
The eigenvalues of J(E,) are:
a(1-d)(1-d* +2c;)
(e
As it is clearly seems|r|,|r,| >1, because of Eq. (19) and Eq. (20). It means that

the equilibrium position E, can be characterized as unstable.
For the position E; the Jacobian matrix becomes as:

a(l-d)+c,
1-d?

L=A=1+k and r,=B=1+k

1+ k-a—?(El) 0 C:1+k»€l:1(El) c o
9Py
AB)= 621"11 o211 = {E D} (@)
Py - 2 (E,) 1+k-py -—=2(E kg O
P2 6p28p1( 1) P2 8p§ ( 1)| D=tekp; p

with Tr=C+D and Det=C-D.

From the characteristic equation of J(E;), the nonnegative eigenvalue are

found as:
r1=(:=1+k.(12)2[a(1d)(ld2+2c1)+c2(1d2)+d(1d2+2c1).pﬂ

1-d

and

a(l-d)+c,
1-d?

Since, Eq. (20) it’s clearly seems that |r|>1 and the E; equilibrium is unstable.

r,=B=1-k

For the position E, the Jacobian matrix becomes as:

2 2 2
« O°I1 ~  OTL . 0%,
1+k-p-——HE,) kepy- (E,) | Fttkenr op? (B
op; 0p10p, 1 F H
J(E,)= — 29
2 oIl oIl 0 G
0 1+k-—2(E2) G=1+k-—2(E,)
op, P

with Tr=F+G and Det=F-G.
From the characteristic equation of J(E,), the nonnegative eigenvalue are
found as:

ﬁ:c:1—k-@_dzf[aa—d)@—dz+2q)+c41—dﬁ—2@fd2+cﬁ~ﬁ}

and
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a(1-d)+c, +dp;

1-d?
Since, Eq. (19) it’s clearly seems that |r,|>1 and the E, equilibrium is
unstable.

r,=B=1+k

For the E. the Jacobian matrix becomes as:

« 0°11 « 01
brlep T kB oy
IE)= ) . (30)
k.pz. +k- 5 >
0p,0py op3
with
« 01 « 01
Tr=2+k-p;-—+k-p, - —~ (31)
opy op3
and

2 2 2 2
Det:[“k'pi'%J(“k'p?aanz}kz-p’;-p’; CAUSNCATIC)

1 § 0p10P,  OPL0py

To study the stability of Nash equilibrium we use three conditions that the
equilibrium position is locally asymptotically stable when they are satisfied
simultaneously:
(i) 1-Det>0
(i) 1-Tr+Det>0 (33)
(iii) 1+Tr+Det>0
It’s easy to find that the first condition (i) becomes as:

1-Det>0 <

2 42
¢3[4@—d2+q)—d2(1—d2+2cﬁ}-k—2@—d2ﬂ(l iﬁ+q)+(1p;)]<o (34)

Also, the condition (ii) gives:
1-Tr+Det>0 <

42 _ 2. 42
c>k-p§¢£~4(l d” +cy)-d 51 d +2cJ:>0 5
(t-a%)

and it’s always satisfied because of Eq. (23).

Finally, the condition (iii) becomes as:
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1+Tr+Det >0 <

B e DL e s |
(1-d?) (1-¢?)

(36)

Proposition:
The Nash equilibrium of the discrete dynamical system Eq.(11) is locally
asymptotically stable if:

[4(1-d+c,) - .(1_d2+2c1)]k_2(1_d2)[(1—d2+°1)+(1—d2)]<0

P n
and
kz.pz.pz[4(17d2+cl)fd2-glfdz+201)}_4.k'[pz-(17d2+cl)+|;);-(1fd2)}+4>o
(1412) (1—d2)
where
. (1-d?+2¢,)-[a(1-d)(2+d)+de, ]+ 2c, (1-d?)
P = 2 2 2
4(1-0% +¢;)-d* (1-d* +2c, )
and
N 2(1—d2+cl).[a(1—d)+04]+d(1—d).[a(l—d2+2c1)+cz(l+d)J
P2 = 2 2 2
4(1-d +c,)—d?(1-d* +2c, )
3 Numerical simulations

3.1  Focusing on the parameter k

In this section some numerical simulation including bifurcation diagrams,
strange attractors, Lyapunov numbers graph and Sensitive dependence on initial
conditions are presented focusing on the parameter k when the other parameters
are fixed taking the values: o =5, ¢c1=1,¢c,=0.5,c3=04,¢c4=1, ¢s =03 and
d = 0.50. At first, the Nash Equilibrium for the values of these parameters
becomes as:

p;03.06 and p,0251 = E*(p;,p;) =E.(3.06,2.51) (37)

and for the stability conditions (proposition 1) it means that the parameter k
must take values into the interval:

ke (0,0.10) (38)
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This algebraic result is verified by the bifurcation diagrams of pI (Fig.1) and

p, (Fig.2) with respect to the parameter k. As it seems there is a locally
asymptotically stable orbit until the value of 0.10 for the parameter k and after
this value doubling period bifurcations are appeared and finally, for higher
values of the parameter k the system’s behavior becomes chaotic and
unpredictable.

Fig. 1. Bifurcation diagram with respect to
the parameter k against the variable pf

with 400 iterations of the map Eq.(11) for
a=5c=1,=0503=04,c=1,
¢s = 0.3 and d = 0.50.

Fig. 2. Bifurcation diagram with respect to
the parameter k against the variable p;

with 400 iterations of the map Eq.(11) for
a=5c=1,=05c3=04,c1=1,
¢s = 0.3 and d = 0.50.

a

4

v v v

ion diagrarﬁs of ﬁg.l z;nd Fig.2 in one.

Fig.3. The twc')'.prev.ic';us b'ifurce{t

This chaotic trajectory can create strange attractors (Fig.4) for a higher value of
the parameter k like 0.147, outside the stability space. Also, computing the
Lyapunov numbers (Fig.5) for this value of the parameter k and setting the same
fixed values for the other parameters a, €1, Cz, C3, C4, Cs and d, it seems that they
are getting over the value of 1 as an evidence for the chaotic trajectory.
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Fig. 4. Phase portrait (strange attractor) of
the orbit of (0.1,0.1) with 8000 iterations
of the map Eq.(11) fora =5, ¢c1 =1,
c2=05,¢c3=04,ca=1, ¢c5=0.3,
d=0.50 and k = 0.147.

Flg 5. Lyapunov numbers of the orbit of
(0.1,0.1) with 8000 iterations of the map
Eq.(11) fora=5,c1=1,¢c2=0.5,c3 =04,
cs=1, ¢s=0.3,d=0.50 and k =0.147.

This chaotic trajectory makes the system sensitive on initial conditions, which
means that only a small change on a coordinate may change completely the
system’s behavior. For example, choosing two different initial conditions
(0.1,0.1) (Fig.6) and (0.101,0.1) (Fig.7) with a small change at the

pI—coordinate and plotting the time series of system it seems that at the

beginning the time series are indistinguishable, but after a number of iterations,
the difference between them builds up rapidly.

Il h"'” |',

”l (“" | |‘ I (

it l"i|"!l|,.|.'_
T

; P. RARRALAA,

L

Fig. 6. Sensitive dependence on initie{I
conditions for p; -coordinate plotted
against the time: the orbit of (0.1,0.1) of
the system Eq.(11) for a =5, c1 = 1,
c2=05,c3=04,c4=1, cs=0.3,
d=0.50 and k = 0.147.

Fi-g. 7. Sensitive-dependence on initial
conditions for p; -coordinate plotted
against the time: the orbit of (0.101,0.1) of
the system Eq.(11) for a =5, c1 = 1,
c2=05,c3=04,c4=1, cs=0.3,
d=0.50 and k = 0.147.

e
s
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Fig.8. The two previous bifurcation diagrams of Fig.6 and Fig.7 in one.
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4 Chaos control applying the d-Backtest method

4.1  The application of the d-Backtest method

The d-Backtest parameters’ optimization method is a method developed for
financial predictions, Vezeris et al. (2018). It works by determining the optimal
backtesting period that should be consulted when selecting parameters for a
trading system that will trade over a next period. The method uses verification
periods of various lengths in order to evaluate backtesting periods using various
methods that look into average profits, minimum profit factors and other
metrics. It also uses validation periods of fixed length in order to evaluate the
methods used for the verification periods. After selecting the most promising
method it uses it in order to suggest a backtesting period. The system can then
be examined over that backtesting period in order to determine the optimal
parameters that can then be used over the next period. The method has
undergone many iterations and improvements through the last years from using
weeks instead of months as the measure of periods to introducing additional
methods and measures for the evaluation of verification periods, Vezeris et al.
(2019), Vezeris et al. (2020). In our research, the method was used in order to
determine dynamic values for k, for each player.

The d-Backtest method was combined with the duopoly game by using it to
determine dynamic k values for each player. More specifically each player,
instead of using a constant value for k to determine their next price with
system’s difference equations, used the d-Backtest method to determine a new
value for k for each step, feeding all the data from the past steps to the d-
Backtest method. Each player used the d-Backtest method separately from the
other with the goal of the method being to determine k values that would result
in less fluctuations in prices and a more stable system. Because of the dynamic
nature of k the price values determined by the difference equations had to have a
lower bound of 0.001 so that no negative numbers would appear as price values.
In order to use the d-Backtest method in the context of the duopoly game, it had
to undergo a few changes. The first change was the calculation of periods in
steps instead of weeks or months. The next change was the selection of an
appropriate measurement that would give a value for the variability of prices
over a period, since the d-Backtest method is used with a goal of minimizing the
fluctuations of the prices. We used a simple root mean square deviation
calculated over the whole period:

n —\2
Zizl(xi _X)

n-1
In close connection to the above are the changes in the methods used to sort the
verification periods. Since variability is the only measure we extract from the
backtesting periods, we used two groups of methods, a simple average
variability method group and an exponential variability method group. Each
method group has the same variations as the original d-Backtest methods apart

RMSD = (39)
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from the simple averages, namely the restrictions that the verification periods
have to be bigger than 1 and 2 steps, the use of the most backtesting occurrences
in the verification periods and the combinations of the two aforementioned.
Another very important change is the calculations on the backtesting periods.
The number of the backtesting periods examined in each step was 30, as was the
case with the financial data. In the financial applications of the d-Backtest
method, the backtesting calculations could safely assume that the actions of the
trader could not meaningfully change the prices on the market and the outcome
of the test depended solely on the trader, so it is easy to determine what could
have happened in the past for the different values of the system's parameters. In
the case of the duopoly, the prices of each player in each step are a combination
of both players' prices in the previous steps recursively. In order to calculate the
prices that could have been in a past period for different values of k, each player
takes the other's historic prices as a given and calculates only their own prices
for a k value and then computes the variability measure for that k with these
prices.

Each player has to separately do the calculations for the backtests and apply the
d-Backtest method in each step, in order to determine a backtesting period that
can then be used to determine the best k value to use in the calculation of their
price in the next step. The d-Backtest method needs an amount of past data in
order to have enough data points to calculate the metrics for the verification
methods. For this reason, each player starts with an initial price of 0.1 and a
constant value for k for the first 10 steps and after that the d-Backtesting method
takes over.

4.2 The d-Backtest method’s results

Experiments with various initial values for k were run. The plots below show
the price values, the k values and the backtesting periods for three different
experiments with k values of 0.147, 0.3 and 0.7.

AR

) UL TRt A e
Fig.9. Price values of each player for Fig.10. k values selected by the d-Backtest
initial k=0.147 method for each player for initial k=0.147
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Fig.11. Backtesting periods chosen by the d-Backtest method
for each player for initial k=0.147

L i A

Fig.12. Price values of each player for
initial k=0.30

Fig.13. k values selected by the d-Backtest
method for each player for initial k=0.30

Backtesting periods
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Fig.14. Backtesting periods chosen by the d-Backtest method
for each player for initial k=0.30

” I MLM AL

Fig.15. Price values of each player for
initial k=0.70

Fig.16. kvalues selected by the d-Backtest

method for each player for initial k=0.70
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Fig.17. Backtesting periods chosen by the d-Backtest method
for each player for initial k=0.70

It can be seen that, in all three experiments, the price values end up around the
system's equilibrium values with some small deviations after some initial
fluctuations. This happens regardless of the fact that the initial k values were
outside the stable range of (0, 0.1).

The k values selected by the d-Backtest method in all three experiments show
significant variations for the second player and less so for the first player. The
prevalence of 0.5 values is an artifact of the d-Backtesting method when it has
to choose from a range of k values that have the same (and best) outcome (this
usually happens for small period backtests) so it chooses the middle value. For
the second player there are also many values around 0.15, just outside the stable
range for k. The first player chooses k values much lower that the second player
in order to achieve stability, which can be explained by the bigger parameters
that affect their price changes.

The backtesting periods chosen by the d-Backtest method for both players are
small on average, usually 1 or 2 backtesting periods. This happens because the
variability metric used by the d-Backtest method has more chances of being
small in small periods.

Although the d-Backtest method selects different k values in the duration of the
experiments, many of which are not in the stable range of k, it still manages to
reach its goal of small price variability and drive the system to its equilibrium
point.

5 Conclusions

In this paper the dynamics of a differentiated Bertrand duopoly with
homogeneous expectations, linear demand and asymmetric cost functions
(regression analysis) are analyzed. By assuming that at each time period each
firm maximizes its expected profit function IT under bounded rationality
expectation, a discrete dynamic system was obtained. Existence and stability of
equilibrium of this system are studied. It is numerically shown that the model
gives chaotic and unpredictable trajectories. The main result is that higher
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values of the speed of adjustment may destabilize the Bertrand—Nash
equilibrium. Finally, in cases where the players choose these values of the
parameter k for which, as algebraically and graphically proved, the discrete
dynamical system of Bertrand-type model behaves chaotically, the d-Backtest
method was applied, giving dynamic values for the k parameter to each player
for each time period, through which the system returns in locally asymptotically
stable Nash Equilibrium.
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Abstract

In recent years, thermoelectric materials and energy converters have attracted considera-
ble attention, especially as a part of advanced “green” energy and space technologies. One
of the most promising ways of obtaining high values of the thermoelectric figure of merit is
the formation of nanostructured 3D materials with nanoparticles of phase-separating al-
loys. In this chapter, using the example of low-temperature thermoelectric Bi; -Sb, alloys
for the application in space engineering, we have shown how nanoscale effects on phase
equilibria in nanoparticles influence on their thermoelectric properties. Such effects consist
in nonlinear changes in mutual solubilities of components at a given temperature, phase
transition temperatures and even the total suppression of the phase separation depending
on the morphology of a nanoparticle as well as on some other factors. The combination of
thermodynamic and ab initio approaches has been used while the nanoparticle shape has
been determined using the methods of fractal geometry. A method has been suggested in
order to calculate the optimal morphology of nanoparticles, at which their equilibrium
phase composition leads to a dramatic reduction of the phonon thermal conductivity, favor-
ing the growth of the thermoelectric figure of merit. A decrease in the phonon thermal con-
ductivity in nanoparticles of a pure substance depending on their morphology as well as an
approach of calculating the equilibrium size and shape distribution within a nanoparticle
ensemble have also been discussed.
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2.1 Introduction

Thermoelectric materials and energy converters on their basis have been
an object of considerable interest among researchers in recent years [1]. The ex-
panding field of their application includes energy generators which operate in ex-
treme conditions (e.g. radioisotope thermoelectric generators for VVoyager-2 and
other space modules [1]), thermoelectric converters for utilizing the waste heat
dispersed into environment [2], cooling and temperature-control facilities based on
the Peltier effect etc [3]. Despite the intensive development of multiple approaches
to obtain thermoelectric materials with promising properties based on low-
dimension structures (nanofilms [4,5], quantum wires [6] etc), highly-effective
and low-cost thermoelectrics can be produced on the basis of 3D nanocrystalline
structures [7,8].

The key characteristic parameter determining the materials thermoelectric
efficiency is the dimensionless figure of merit, ZT, which can be expressed as a
function of thermal conductivity «, electrical conductivity o and Seebeck coeffi-

cient a: ZT =a’cT / x where T is the average temperature between the “hot”

and “cold” sides of a thermoelectric converter and & ~ kg, + 1k, [1,2,7]. Here,

Kk, and K, are the contributions of charge carriers (electrons, holes) and pho-

nons to the thermal conductivity, respectively (several other contributions, e.g. the
ones of excitons or spin-orbit coupling, are neglected, being much lower). In every
single material, as a rule, electrical conductivity ¢ and the contribution of carriers

to the total thermal conductivity, x_, , cannot be varied separately, and optimal
thermoelectric properties can be obtained primarily through the reduction of the

phonon contribution « . In nanostructured polycrystalline materials, «, is gen-

erally decreased through formation of multiple interfaces (grain boundaries) which
scatter thermal phonons [9], add to this, the energy filtration of charge carriers at
grain boundaries, which reduces the contribution of low-energy carriers to trans-
port properties, results in an additional increase in the Seebeck coefficient [2]. Na-
nostructured polycrystalline thermoelectric materials can be produced using vari-
ous technologies of up-to-date powder metallurgy, e.g. spark plasma sintering,
selective laser sintering, selective laser melting etc [7,8].

It is necessary to take into account that several specific properties of na-
noscale particles provide an additional “knob” which can be used to tune the func-
tional properties of a nanostructured material. On the one hand, promising ther-
moelectric properties are associated with nanoparticles of bi- and polycomponent
solutions (e.g., Si-Ge, Bi-Sh, Bi-Sbh-Te, Bi-Te-Se etc) while ab-initio calculations
demonstrate in many cases a dramatic decrease in phonon thermal conductivity

k., With an increase in the concentration of a dopant [10]. In several systems in-

ph
cluding the Biy4-Shy alloy (which is considered to be one of the most efficient
low-temperature thermoelectric materials [10] with multiple possible applications,
for example, in space engineering), however, the solid solutions with high dopant
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concentrations are thermodynamically unstable at the operation temperatures, ac-
cording to the available reference data for macroscopic phases, and undergo the
phase separation. On the other hand, all characteristics of phase equilibria includ-
ing the thermodynamical stability of solid solutions with high dopant concentra-
tions as well as phase transition temperatures become morphology-dependent at
the nanoscale [11-18]. In the case of stratifying solid solutions, such effects ma-
nifest themselves in dramatic changes solubility limits, temperature ranges of the
thermodynamical stability of various heterogeneous and homogeneous states in-
cluding the value of the upper critical dissolution temperature (UCDT) depending
of the geometric characteristics of a nanoparticle under consideration, its external
environment [19] and some other factors [20-22]. These effects are interpreted as
the realization of several mechanisms reducing the free energy of a nanoscale sys-
tem, which can also be competing in several cases leading to specific non-
monotonous dependences of phase equilibria characteristics [15,23]. Being ob-
served experimentally [24], at the particle sizes appropriate for the additive tech-
nologies, the mentioned effects can be simulated using the thermodynamical ap-
proach (the size limits for the thermodynamics applicability have been discussed
in [25]). For much smaller particles, the molecular dynamics approach can be ap-
plied which demonstrate a perfect accordance with the thermodynamically ob-
tained results [26].

In this chapter, we present and summarize the brand-new findings on the
realization of nanoscale phase equilibria effects in nanostructured thermoelectric
materials and their possible influence on the thermoelectric characteristics. The
materials morphology has been determined using the methods of fractal geometry
which allows to express the materials geometric characteristics in the most general
form while the fractal characteristics of nanoparticles can be measured experimen-
tally [27].

2.2 How to simulate phase equilibria at the nanos-
cale: mathematical formulations

As the object of modeling below, we consider differently shaped nano-
particles of the Biy-Shy system with various atomic fractions of Sh ( x ). The vo-

lume of such a particle is set by its effective diameter d_, - diameter of the sphere

whose volume is equal to the volume of the particle. We assume that, at the phase
equilibrium in the temperature range below the upper critical dissolution tempera-
ture (UCDT), such a particle contains a spherical inclusion of a solid solution
(core-phase) surrounded by a layer of a solid solution with a different composition
(shell-phase). In a closed binary system with a core-shell configuration, the vo-

lume of a particle, total amount n of the matter in the system, numbers n, of
moles of each component (subscripts i=1, 2 refer to Sb and Bi, respectively), and
concentrations X, of components i in phases j (subscripts j=c, s correspond to

core- and shell-phases, respectively) are interrelated through the conservation
conditions of matter:
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ndeﬁ/6zzvj’ n =xnn,+n =n,n, :Znij’vj :Znijvi’ X; :nij/znij'
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Here, V, is the volume of phase j while V, stands for the molar volume of com-

ponent i. The molar volumes are V,=18.4 cm*mol and V,=21.3 cm*/mol [28,29].
In order to describe the irregular morphology of real nanoparticles, it is
convenient to use the methods of fractal geometry. In the terms of the given ap-
proach, the phase of a nanoparticle is characterized by fractal dimension D which
correlates its volume V and surface area A : A =CV #° where C is the numeri-
cal coefficient which also matches units. For the sake of convenience, we assume
C =4n below (this assumption is not accompanied by any losses of generality).
For simple geometric structures, D =3.00 while for structures with a complicated
and irregular morphology, D <3.00 and can be non-integer. The examples of na-
noparticles with various fractal dimensions can be found in [30,31]. Fractal di-
mension D can also be related to so-called shape coefficient k which has been used
as a calculation parameter in some previous papers of us [23, 28-30] and other au-

thors [32]: k V,D :VZ/D/ 3V /4n ” The shape coefficient is equal to the ratio

between the surface areas of the particle under consideration and the sphere of the
same volume, for example, for nanoparticles with the effective diameter of 40 nm
and fractal dimensions of 2.60, 2.75 and 2.90, the shape coefficients are equal to
2.51,1.72 and 1.23, respectively.

Thus, the geometrical parameters of the core-shell structure can be de-

scribed as follows: A =4z 3V, /an ° A =C nd* /6 .

The criterion for an equilibrium state of the system is the minimum of
Gibbs function g including the energy contribution of all interfaces:

cs’s?

g:Z n,+n, G, x, T +c6A +c A
i
G, x, T =ATx, 1-x, +A T x,+A, T 1-x, + (1)
+RT x;Inx; + 1-x, In 1-x;,
where R is the universal gas constant, ¢, and o are the surface energies on the

outer (shell-) and inner (core-shell) interfaces. A T =6500-2.6T,

A T =-2645R 903.7-T , A, T =-2458R 544.6-T . Without any
losses of generality, the following approximation has been used to calculate the

s

values of o and o, (see also [33]): Gcs:0~520 X,
J
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o X, =6X,+06, 1-X, , o =0 +0, 1-x_  where c,=0.300 J/m",

5,=0.521 J/m?[19,28,29].

2.3 Nanoscale phase equilibria and lattice thermal
conductivity: specific phenomena

For a core-shell structure, Gibbs function (1) has two minima which cor-
respond to heterogeneous states with different mutual arrangements of co-existing
solid solutions. The state where the shell-phase is formed with a Bi-based solid so-
lution is hereinafter called state 1. In state 2, in turn, Sb prevails in the shell-
phase. In the case of a two-component system, simulation results and the main re-
gularities can be illustrated with the 6-diagrams for the Gibbs function. The exam-
ple of such diagrams is given in Fig. 1 where Gibbs function (1) is plotted using

dimensionless variables 6, =n_/n,, corresponding to the atomic fraction of com-
ponent i in the core-phase relative to the total amount of component i in the sys-
tem (0, € 0,1 ). The minima are indicated with a darker color.

In the heterogeneous state of a macroscopic system (Fig. 1a), the minima
of the Gibbs function are symmetric, have equal energies and correspond to the
equal compositions of co-existing phases which match the reference data (the mu-
tual arrangement of phases morphology of the system and its total composition
(x) have no influence on the phase composition at each temperature as well as on
the upper critical dissolution temperature i.e. the temperature value at which the
phase separation terminates and all the compositions of a particle become thermo-
dynamically stable). At the nanoscale, at the same time, a notable energy contribu-
tion of all the interfaces leads to shifts of the minima in comparison with a ma-
croscopic system while the energy of state 1 becomes somewhat higher than the
energy of another one and a high-energy metastable homogeneous state can also
emerge in the system (see Fig. 1b). As a result, the equilibrium compositions and
relative volumes of co-existing phases are different in states 1 and 2, differ from
the “macroscopic” values and depend on the system morphology.

In both states 1 and 2, a decrease in the particle size and/or a decrease in
its fractal dimension lead to a considerable reduction of the UCDT. However, the
UCDT values differ in different states, the upper critical dissolution temperature in
state 1 being always lower than the one in state 2. At the temperatures above the
UCDT for state 1, the heterogeneous state with a Bi-based shell-phase is replaced
with a homogeneous state which co-exists with the heterogeneous one with a Sh-
based shell (see Fig. 1c). Above the UCDT for state 2, the homogeneous state be-
comes the only one in the system. An example of the dependence of the UCDT on
the particle morphology is plotted in Fig. 2b for an equiatomic particle of des=40
nm in state 1. At D<2.74 the UCTD of such a particle is reduced below 100 K
while for a particle of the same volume in state 2 this takes place at D<2.57.

The dependences of the phonon contribution to the thermal conductivity
coefficient exhibit its dramatic jumpwise reduction at high concentrations of do-
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pants (an example of those dependences is plotted in Fig. 2b for two crystallo-
graphic directions in the Bi-Sbh crystal lattice at T=100 K. At other temperatures,
the characteristic view of such dependences is expected to remain the same). A
decrease in the UCDT down to the low operating temperatures leads to the ther-
modynamical stabilization of phases with equiatomic or near-equiatomic composi-
tions with significantly (by more than 50%) reduced phonon thermal conductivi-
ties (for example, in equiatomic nanoparticles of d.=40 nm in state 1, decreasing
the fractal dimension below 2.74 at T=100 K leads to a decrease in the phonon
thermal conductivity by 71% as compared to the value of the shell-phase of a
spherical 40-nm-diameter particle in the same thermodynamical conditions or
even by 88% as compared to the one of its core-phase).

0.8

0.6

0.4

Fig. 1. Examples of 6-diagrams: for a macroscopic structure (a), for a nanoscale
particle at “low” temperatures with both heterogeneous states and a highly metast-
able homogeneous one (b). for a nanoscale particle upper the UCDT for state 1
(c). The minima in the lower right corner and in the upper left one correspond to
states 1 and 2, respectively. The homogeneous state corresponds to the minimum
located in the lower left corner at 6,= 6,=0.

Morphology-dependent changes in the mutual solubilities below the
UCTD can lead to smooth variations of phonon thermal conductivity. The temper-
ature dependences of the solubilities in nanoparticles of the Bi-Sb alloy of differ-
ent volumes and shapes have been obtained in [19,28,29]. Such dependences re-
sult from the implementation of two mechanisms of lowering the free energy of a
nanoscale system. In the most general case, these mechanisms have been de-
scribed in [15,23] along with a specific case when the mechanisms (so-called
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“molar-volume-controlled segregation” and “surface-energy-controlled segrega-
tion”) are competitive. These results should be accompanied by the consideration
of one of the most interesting and non-trivial effects in small-volume structures —
the effect of the chemical composition. In macroscopic structures, a variation of
the chemical composition of the system leads to changes in the volume fraction of
co-existing phases (according to the lever rule) but does not affect the mutual so-
lubility of components, in small-volume systems the chemical composition of the
system determines not only the volume fractions of the phases, but also their equi-
librium composition (previously such effect has been considered in the case of
systems with the liquid-liquid phase separation [20] and nanoparticles above the
solidus temperature [21,22] and explained according to the abovementioned me-
chanisms of lowering the free energy). In a spherical 70-nm-diameter nanoparticle
containing 50 at. % Sb (x=0.5), for example, the solubility limits are ~1.01 at. %
for Bi in Sh, ~8.00 at. % for Sb in Bi (state 1), ~1.49 at. % for Bi in Sh, ~1.56 at.
% for Sb in Bi (state 2). But for x=0.3, we have: ~0.96 at. % for Bi in Sh, ~6.98 at.
% for Sb in Bi (state 1), ~1.13 at. % for Bi in Sh, ~1.59 at. % for Sb in Bi (state 2).
For x=0.6, it turn, the solubilities are: ~0.99 at. % for Bi in Sb, ~10.47 at. % for Sh
in Bi (state 1), ~1.82 at. % for Bi in Sh, ~1.53 at. % for Sb in Bi (state 2). Note
that despite the fact the term “nanoscale effects” is widely used, there is a broad
class of systems, especially polymeric ones with great molecular volumes and
masses, in which such effects manifest themselves at characteristic sizes even sev-
eral thousand times higher [16,20] (and such effects should probably be called
“small-amounts-of-matter effects”).

Bi Sh 4 pa

140 ; sl q -
Iy

Ho— PY oY T - i 3 4 " _
2.8 2.85 29 2.95% 3 i 02 0.4 e 08 0

UCDT. K

n Ty
Fig. 2. The dependence of the upper critical dissolution temperature (UCDT) on
the fractal dimension for a nanoparticle (de=40 nm) in state 1 (a) and the influ-
ence of the Sb content on the phonon thermal conductivity of Bi-Sb solid solutions
for binary (1) and trigonal (2) crystallographic directions (b). In the box, the crys-
talline structure of Bi and Sb. Angle o is 57°30” for Bi and 75°84” for Sb.

All the demonstrated regularities for individual nanoparticles are ex-
pected to be realized in nanoparticle-fabricated alloys where the role of interfaces
is played by grain boundaries. In such cases, however, some other geometrical
configurations of co-existing phases may be preferable (e.g. the nucleation and
growth of a new phase in a grain boundary) while the values of grain boundary
energies can be estimated using different approaches (see [34], for example)
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which may require minor changes in the presented mathematical formulations. In
polycrystalline structures, the further optimization of the materials thermoelectric
performance can be expected due to additional scattering of phonons at grain
boundaries, tunneling of carriers between nanograins and energy filtering of carri-
ers (see [29] and Refs. within). One of the models which describe the phenomenon
of grain boundary scattering can be found in [9].

2.4 Conclusions and additional remarks

The obtained results can be accompanied by the estimates which allow
predicting an additional decrease in the phonon thermal conductivity coefficients
in nanoparticles of a pure substance corresponding to the changes in phonon dy-
namics in nanoscale particles. In order to establish the morphology-based model to
calculate the corresponding changes in the lattice thermal conductivity parameters,
one of the possible approaches consists in using one of the models for the mor-
phology-dependent melting temperature as well as the Debye theory and the Lin-
demann criterion of melting which correlates the melting and Debye temperatures
of the crystal, estimating the changes in the average phonon velocity and phonon
mean-free path on the basis of the size-dependent Debye temperature, and in ap-
plying one of the models which describes phonon scattering effects. An attempt of
such calculations is presented in [35] where the expression of G. Guisbiers for the
melting temperature of nanoscale structures has been used, and the obtained re-
sults demonstrate a good agreement with the experimental data for pure Si and
GaAs nanostructures (especially, nanorods and nanofilms). For nanoparticles,
however, we suggest using the more convenient model of W.H. Qi and M.P.
Wang (experimentally justified, for example, for pure Bi nanoscale structures
[32]) for the nanoparticle melting behavior combined with the fractal geometry
approach. The Qi-Wang model is based on the correlation between the melting
temperature and the cohesive energy of the crystal (note that the cohesive energy
is also related to the temperatures of several other types of first-order and second-
order phase transitions including the magnetic ones [36]) and leads to the follow-

ing equation: T™ =T™ 1-6kr,/d, where T™ and T are the melting

temperatures of a nanoparticle and the bulk material, respectively, r_ is the atomic

at

radius and k and d_, are the shape coefficient and the effective diameter of a na-

noparticle as they have been introduced above. All these considerations allow ex-
pressing the morphology-dependent phonon contribution to the thermal conductiv-
ity as follows:

2/ _2
K =new 1-1,/d, 1-C x/6 Nd T [,
where pre-term mexp 1-1,/d,, s included as a quite simplified approach to

take into account the phonon scattering which increases with a decrease in the vo-
lume of a particle, an increase in the surface-to-volume ratio and surface rough-

ness [35]. ne 0,1 represents the surface roughness parameter while 1,/d, is
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the Knudsen number, |, is the bulk phonon mean-free path value [35]. Coefficient
C which matches the units has been introduced above. The larger the value of 1

is, the smoother the surface of the particle is. Note that the correlation between the
surface roughness and fractal dimension of the nanoparticle is not unique (the
fractal dimension value is associated with the surface-to-volume ratio while the
surface roughness corresponds primarily to the number of edges). Several notes on
the dependence of fractal dimension on the surface roughness are given in [37]
(see also their graphical representation in Fig. 2 of [37]).

In the case of nanoparticle ensembles, the average phase composition and
functional properties depend on the size and shape distributions in an ensemble. In
[31], we have suggested a method for calculating such distributions based on the
combined usage of number theory, fractal geometry and statistical thermodynam-
ics. For example, the equilibrium size distributions for nanoparticles with fractal
dimension D in a free-dispersed system can be expressed as follows:

BT

Here, ¢, = d, /dat *is the number of atoms in a nanoparticle, o is the lattice

6A D +RTlan
Sp p f —
p

f, ¢p,D,N [exp(— -

packing density, N is the total number of atoms in the system, A~ D is the spe-

cific surface area of the ensemble. The presented estimates are in perfect accor-
dance with the experimental data (see [31] and Refs. within) and make it possible
to model the thermodynamical conditions for the realization of optimal average
characteristics of nanoparticles (equilibrium compositions, phase transition tem-
peratures, thermoelectric properties etc) as well to predict the degree at which
such characteristic are “blurred” in an ensemble.
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Abstract. Some nonideal hydrodynamic systems of the type ”tank with fluid - source
of excitation of oscillation” are considered. New types of limit sets of such systems,
so called maximal attractors, have been discovered and described. It was found that
the maximal attractors can be both regular and chaotic. Main characteristics of the
described maximal attractors are analyzed in details. Transitions to deterministic
chaos in such systems are considered. Despite the fact that maximal attractors are
not attractors in the traditional sense of this term, it is shown that the transition
from regular maximal attractors to chaotic maximal attractors can occur by known
before scenarios transition to chaos for ”usual” attractors.

Keywords: nonideal hydrodynamic systems, maximal attractors, scenarios of tran-
sition to chaos..

1 Introduction

Many modern machines, mechanisms and technical devices as structural ele-
ments contain cylindrical tanks partially filled with fluid. Therefore, the study
of oscillations free surface of fluid in cylindrical tanks over the past decades has
been attracting close attention (Narimanov et al.[1], Ibrahim[2], Lukovsky][3],
Raynovskyy and Timokha[4]).

Since the end of 70’s years of the last century, there have been the so-
called ”low-dimensional” mathematical models describing such oscillations
(Miles[5],[6], Meron and Procaccia[7], Miles and Henderson[8]). These models
allow us to describe oscillations of the free surface of the liquid in the tank using
nonlinear systems of ordinary differential equations instead of partial differen-
tial equations that arise when describing the problem in the general setting.
”Low-dimensional” models allow you to get a fairly adequate description of
the problem in cases where the power produced by of the source of excita-
tion of oscillations significantly exceeds the power consumed by the oscillating
load (cylindrical tank with fluid). These cases are called ideal by Sommerfeld—
Kononenko. However, in practice, most often there are cases in which the power
source of excitation of oscillations is comparable to the power consumed by the
oscillatory load. Such cases are called nonideal. In these cases, it is imperative
to take into account the interaction between the source of excitation of oscilla-
tions and the oscillatory load, which leads to essential refinement of the math-
ematical models used in ideal cases. The neglect of the interaction between the
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excitation source and the oscillatory load leads to gross errors in the descrip-
tion of the dynamics of the studied systems (Sommerfeld[9], Kononenko[10],
Frolov and Krasnopolskaya[l11], Krasnopolskaya[12],[13], Krasnopolskaya and
Shvets[14]-[17]).

2 Evolution equation

Consider dynamic system, the layout of which is shown in Fig. 1. The electric
motor shaft is connected to the platform through the crank mechanism, on
which a rigid cylindrical tank of radius R is fixed, partially filled with liquid.
When the crank a rotates through an angle ¥, the platform makes a vertical

|

:

i

:
&

Fig. 1. Scheme of system.

movement of the form v(t) = acos¥(t). To describe the vibrations of the free
surface of a liquid, we introduce a cylindrical coordinate system Ozrf with
origin in the tank axis, on the undisturbed fluid surface. The relief equation
of free surface of the fluid we write down in the form x = n(r,6,t). Suppose
liquid inviscid and incompressible with density p and fills a cylindrical tank of
cross-section S section to the depth z = —d.
We will find function of the relief of surface of liquid in the form of an
eigenmode expansion:
n(r,0,t) = > _[g;(t)kij (r) cos i + g (t)ki; (r) sin if]. (1)
12}
Then we write the kinetic energy of the total system in the form (Krasnopol-
skaya and Shvets[15,16]):
1_. 1 1 o8 eps
T = 5]![/2 + 5’n’LO'U2 + ipS Z @ijmnd;; Gpm- (2)

2,7,m,n

456



Here I is the moment of inertia of the motor shaft; my — mass of the liquid
tank; a;jmn — nonlinear functions of ¢;;°(t), g5, (2)-

In turn, the potential energy of movements of the free surface of the liquid
is ( Krasnopolskaya and Shvets[15,16])

n
. 1 . c,8 _c,S
V=p//d5/(g+v)wdw= ipS(ngv)Zqij 4 (3)
S 0 ]

where g is the acceleration of gravity.
Therefore, the Lagrangian of the system takes the form

1 . 1 . 1 ;
L= §I!P2 + §m0agw2 sin? ¥ + EpSijZmnaijmndfj’-sQﬁ%‘f'
1 Ir2 T o c,s cs,7 71 c,s _C,S <4)
+§p5a(!1/ cos¥ + ¥sin¥) Z 4G5 a0 — ipSg Z 4 a5 -
0] i
As a result, for ¥(t) we obtain the following evolution equation
IV = —2mya®¥? sinW cos ¥ — m0a2¢ sin® ¥ + ap5(¢'2 sinW—
(5)

—W cos W) Z 4774 — 2apSW cos ¥ Z 4:;;°4;; + (W) — H(¥).
J i,j
The last two terms on the right side of the equation (5) are the driving moment
and the moment internal forces of resistance of the electric motor.

Suppose that the speed of rotation of the shaft ¥(t) in steady state condi-
tions of the engine is close to 2wy, where wy is natural frequency of main tone of
oscillations of the free surface, which corresponds to the modes ¢§; (t)k11(r) cos 0
and ¢§; (t)k11(r) sin 6.

Let us introduce into consideration a small positive parameter

g:wl\/j (6)

WI — 20)1 = 52(,016. (7)

The oscillations of the free surface of the liquid are approximated by oscil-
lations in the main and secondary modes, whose amplitudes are defined as
(Krasnopolskaya and Shvets[15,16])

Also assume that

v v
i (t) = ev {pl(T) cos o + q1(7) sin 2] ;

4 '
qi1(t) = ev {pg (1) cos 3 + g2(T) sin 2] :

qo1 (t) =%y l:AOl(T) cos¥ + BOl(T) sin¥ + Cy (T):| ;

HOES v |:A;’15<7’) cos¥ + By’ (1) sin¥ + 05’15(7')} .
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Here 7 is slow time, 7 = ie%, v = 1.Eg%‘canh %d . Having deter-
mined the dimensionless amplitudes A7;*(7), B;;*(1), C{7°(7) secondary modes
by Miles method (Miles[5], [6], Miles and Henderson[8]) through the ampli-
tudes p1(7),q1(7),p2(7),q2(7) and applying the procedure of averaging the
Lagrangian over the explicitly entering fast time ¥(t), for the amplitudes of
dominant modes, we obtain the following system of equations (Krasnopolskaya

and Shvets[15,16]):

dp A
d—; = ap1 — {5 + 50+ a4 i+ qg)} a1 + B(praz — p2a1)p2 + 2q1;
dq A
d—Tl = aq + [ﬁ + 501 +ai 5+ q%)]pl + B(p1g2 — p2q1)a2 + 2p1;
ap
o= = Na NS+ (pry + P22 (9)
dp A
2 =aps - {ﬂ +5 @i +a +pi+ QS)} @2 — B(p1g2 — paq1)p1 + 2433
dg A
d—: = ags + [ﬁ + E(pf +q +p5+ q%)]pz — B(p1g2 — p2q1)q1 + 2p2.
: . Lo d
In the system of equations (9), we have the following designations: o = ——
w1

— reduced factor of damping, Ny, N7 — constants of linear static Chazracteristic
) 1 pSUR

of the electric motor, N3 = o <N0 + 2N1w1> s = (L8412)2(2] & moa®)o?’

A and B — constants ranging from the diameter of the tank and filling it

with liquid. The system of evolutionary equations (9) is used as the main

mathematical model for study the dynamics of oscillations of a tank with a

liquid, excited by an electric motor of limited power.

The main aim of the research is to study the possible types of limit sets
of the system (9). Since this system is a rather complex nonlinear system of
equations of the fifth order, then for constructing its limit sets, a whole complex
of numerical methods and algorithms were used. The technique for carrying
out such numerical calculations for system with limited excitation is described
in detail in Shvets[18] and Krasnopolskaya and Shvets[16].

3 Numerical studies of steady-state regimes of
oscillations

Initially, we define the conditions under which the system is dissipative. Let
us denote by F' the vector field generated by the system of equations (9).
Accordingly, by F1, Fs, F3, Fy, F5 we denote the components of this vector field,
that is, the right-hand sides of the system of equations (9). Then the divergence
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of this vector field can be found by the formula
8F1 aFQ 8F3 8F4 aFS

divF=——+4 =4 >+ —+_—=a-A B
o o T8 T op oy, T TRt
+Ap1qy — Bpaga + N1 + o — Apags + Bprqy + a + Apaga — Bpigy = (10)
:4OZ+N1.

So the divergence of the vector field F' is constant. The dissipativity condition
for the system of equations has the form,

4o+ Ny < 0. (11)

The quantities included formula (11), a (coeflicient of damping) and N; (angle
of inclination of the static characteristic of electricmotor) are always negative.
Therefore, the divergence of the vector field generated by the system of equa-
tions (9) will always be negative. Thus, this system will always be dissipative.

We will begin the study of the dynamics of the system (9) by finding its
equilibrium positions. Obviously, that

p1:07Q1:076:7%3p2:03q2:0 (12)
1

is one of those equilibrium position. This equilibrium position is isolated one.
The conditions of the asymptotic stability of this equilibrium position may be
obtained by using Liénard-Chipart theorem (Liénard and Chipart[19]).

In addition to the isolated equilibrium position (12), there is an infinite
number of non-isolated equilibrium positions. These equilibrium positions form
a family of non-isolated equilibrium positions, which exists in a form of some
closed line. These equilibrium positions can be found only using numerical
methods, for example, Newton’s method. In Fig. 2, an example of such family
of equilibrium positions for one concrete values of parameters of the system (9)
is shown. Conditions for the stability of such family can be obtained using the
Liénard-Chipart theorem. True, these conditions are extremely cumbersome.
Their analysis can be carried out in reality only by using computers. Note
that all equilibrium positions shown in Fig. 2 may be stable, but can not be
asymptotically stable. In the case of stability of these non-isolated equilibrium
positions, each of them belongs to the limit set of system (9), but is not an
attractor in the traditional sense of this term. We will give a description of the
attractive properties of this family below.

There are sufficiently large regions in space of parameters of the system
(9), in which all equilibrium positions are unstable. In these areas, extremely
interesting limit sets of this system arise, which can be as regular, and as
chaotic.

Limit sets of the first type may be periodic. In this case they form family
of an infinite number of closed trajectories (cycles), all of which exists simul-
taneously. Any cycle neighbourhood contains other cycles of the family, that
is, they are not isolated. However, such cycles do not have tangency or inter-
section points. Each such closed trajectory is itself a limit set. This is due to
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Fig. 2. Family of equilibrium positions .

fact that almost any trajectory that starts in some large area of phase space
tends to one of the cycles of the family. But none of cycles is an attractor in
the traditional sense of this term. So, each of these cycles is not limit cycle.
Moreover, every single cycle has same period, same Lyapunov’s characteristic
exponents and similar Poincare sections. It is worth noting that the cardinality
of this family is equal to continuum.

In Fig. 3 regular periodic limit sets of system (9) are constructed at o =
—0.8,A =1.12,B = —1.531, N; = —1.25, N3 = 2, u; = —5.15. Each cycle is
plotted in different color. There are four cycles in total, each of which is a
representative of the infinite family of cycles. We emphasize once again that
each of the cycles forming the family is not an attractor in the traditional sense
of this concept. In our opinion, the most suitable term for describing such
family is the concept of maximal attractor.
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Fig. 3. Four representatives of maximal regular attractor.

A clear definition of the concept of maximal attractor is given by Milnor[20],
by Anischenko and Vadivasova[21], as well as by Sharkovsky[22]. Thus, two
different families that are shown in Fig. 2 and Fig. 3, are essentially two
different types of regular maximal attractors.

With an increase in the value of the parameter pq, family of chaotic tra-
jectories arises in the system. The arising family includes an infinite number
of chaotic trajectories. It is known that the ”traditional” chaotic attractor
consists of an infinite number of unstable trajectories. The resulting family, at
first glance, is a union of an infinite number of chaotic attractors. However,
each member of this family is not an attractor in the ”traditional” sense. Here,
as before, to define such union, the concept of maximal attractor can be pro-
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posed. All trajectories of the chaotic maximal attractor have same spectrum
of Lyapunov’s characteristic exponents, including positive one. The Poincare
sections of each of the trajectories of the family are structurally similar chaotic
sets consisted of an infinite number of points.

In Fig. 4 for the values a = —0.8, A =1.12, B = —1.531, N; = —1.25, N5 =
2, p1 = —4.6463 limit sets of second type of the system (9) is constructed. Each
represenative of the chaotic maximal attractor is plotted in its own color. In

total, there are three chaotic trajectories of the family are presented in the
Fig. 4.

Fig. 4. Three representatives of maximal chaotic attractor of first kind.
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In Fig. 5 three representatives of another kind of chaotic maximal attractor,
constructed at pu; = —4.6462, are shown. On the whole, the chaotic maximal
attractor of the second kind are characterized by a much denser filling of the lo-
calization region with trajectories. This two kinds of chaotic maximal attractor
are typical for system (9).

Fig. 5. Three representatives of maximal chaotic attractor of second kind.

We note one more feature of the constructed maximal attractors, both reg-
ular and chaotic. Some trajectories of those families are localized in the three-
dimensional subspace of the five-dimensional phase space of system (9). So the
trajectories shown in red in Fig. 3, 4 and 5 are localized in three-dimensional
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space. This means that the coordinates ps and ¢y of the "red” trajectories are
equal to zero. That is, there are no oscillations in the second dominant mode.

Shortly we underscore one more interesting feature of the maximal at-
tractors of the system (9). Although these attractors are not attractors in
the traditional sense, the transition from regular to chaotic regimes and the
”chaos-chaos” transitions follow the scenarios inherent in such transitions for
traditional attractors. Thus transitions according to the Feigenbaum sce-
nario (Feigenbaum[23,24]), Manneville—Pomeau scenario were found (Man-
neville and Pomeau [25,26]) along with various scenarios of generalized in-
termittency (Krasnopolskaya and Shvets[16,17], Shvets and Sirenko[27,28]).

Let us briefly consider the features of the transition to chaos according to
the Feigenbaum and Manneville-Pomeau scenarios for maximal attractors. One
of the possible scenarios is the transition from regular regime to a chaotic one
is a cascade of bifurcations of period doubling of the cycles. At the same value
of the bifurcation parameter the period of all cycles, that form the maximal
attractor, is doubled. Then, at the next bifurcation point, the period of all
cycles of the maximal attractor is again doubled, and so on. This endless
process of period doubling bifurcations ends with the emergence of a chaotic
maximal attractor. That is, the transition from a periodic limit set to a chaotic
limit set is realized according to the classical Feigenbaum’s scenario.

The transition to chaos through intermittency (the Manneville-Pomeau sce-
nario) for the maximal attractors occurs as follows. The system has a maximal
attractor consisting of an infinite set of simultaneously existing cycles. More-
over, all the trajectories of the family have the same period. When passing
through the bifurcation point, all cycles of the family disappear and a chaotic
maximal attractor arises in the system. The movement along the trajectories of
all representatives of this maximum attractor consists of two phases - laminar
and turbulent. That is, for all representatives of the family of cycles, there is
a simultaneous transition to chaos, through one rigid bifurcation.

In conclusion, let us illustrate the transition from the maximal chaotic at-
tractor of one type to the maximal chaotic attractor of another type through
generalized intermittency. In Fig. 6a the distribution of the invariant measure
over the phase portrait projection of the representative of the chaotic max-
imal attractors of the system (9) constructed at « = —0.8,A = 1.12,B =
—1.531, Ny = —1.25, N3 = 2, 43 = —4.6463 is shown. At p; = —4.6462 (other
parameters unchanged) maximal attractor disappears and chaotic maximal at-
tractor of new type is born in the system. The distribution of the invariant
measure over the projection of the phase portrait of the representative of the
new chaotic maximal attractor is shown in Fig. 6b. The transition from one
type of chaotic maximal attractor to the chaotic maximal attractor of another
type occurs according to the scenario of generalized intermittency, which was
described for attractors in the traditional sense of this term. At such tran-
sition, the scenario of generalized intermittency is simultaneously fulfilled for
all representatives of chaotic maximal attractor that presented in Fig. 4. For
each representative of the new chaotic maximal attractor, the motion along
the trajectory consists of two alternating phases, namely rough-laminar phase
and turbulent phase. In the rough-laminar phase, the trajectory makes chaotic
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a b

Fig. 6. Distribution of invariant measure over projections of maximal attractors

movements in the neighborhood of the trajectories of the representative of the
disappeared chaotic maximal attractor. Then, at an unpredictable moment of
time, the trajectory leaves the localization region of the representative of the
disappeared maximal attractor and moves to distant regions of the phase space.
Rough-laminar phase corresponds to the much blacker areas in fig in Fig. 6.
These areas in Fig. 6a are nearly the same as the distribution of the invariant
measure from in Fig. 6b. In turn, turbulent phase corresponds to much less
darkened areas in Fig. 6b. After some time, the movement of the trajectory re-
turns to the rough-laminar phase again. Then, trajectories switch to turbulent
phase again. Such transitions are repeated an infinite number of times. Note
that the duration of both rough-laminar and turbulent phases is unpredictable
as are the moments of times of transition from one phase to another.
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Abstract. Universal nature of Boltzmann statistical mechanics, generalized
thermodynamics, quantum mechanics, spacetime, black hole mechanics, Shannon
information theory, Faraday lines of force, and Banach-Tarski paradox (BTP) are
studied. The nature of matter and Dirac anti-matter are described in terms of states of
compression and rarefaction of physical space, Aristotle fifth element, or Casimir
vacuum identified as a compressible tachyonic fluid. The model is in harmony with
perceptions of Plato who believed that the world was formed from a formless primordial
medium that was initially in a state of total chaos or “Tohu Vavohu [109]. Hierarchies
of statistical fields from photonic to cosmic scales lead to universal scale-invariant
Schrédinger equation thus allowing for new perspectives regarding connections between
classical mechanics, quantum mechanics, and chaos theory. The nature of external
physical time and its connections to internal thermodynamics time and Rovelli thermal
time are described. Finally, some implications of renormalized Planck distribution
function to economic systems are examined.

1 Introduction

The universal nature of turbulence and mathematical similarities amongst
transport laws shared by stochastic quantum fields [1-17] and -classical
hydrodynamic fields [18-30] resulted in introduction of a scale-invariant model
of Boltzmann statistical mechanics and its applications to the fields of
thermodynamics [31,32], fluid mechanics [33,34], and quantum mechanics [35-
37] at intermediate, large, and small scales.

The present study begins with a brief description of invariant model of
Boltzmann statistical mechanics and the invariant forms of conservation
equations. Next, generalized thermodynamics and Helmholtz decomposition of
energy and momentum, and definitions of dark-energy, dark-matter, and dark-
momentum are discussed. The concept of internal spacetime versus external
independent space and time and their connection to Rovelli thermal time are
presented. Invariant Schrddinger equation recently derived from invariant
Bernoulli equation [37] and some of its implications to a new paradigm for
physical foundation of quantum mechanics are described next. In particular, the
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nature of wave function, wave-particle duality, and hierarchies of quantum
mechanics wave functions and particles as de Broglie wave-packets [3] are
studied. Also, the implication of the model to entropy and the problem of
information loss in black hole is addressed. A universal hydrodynamic model of
Faraday line of force applicable from very small scale of stochastic
chromodynamics to the exceedingly large cosmic scale is presented. Finally,
some implications of the model to Banach-Tarski paradox are examined.

2 Scale-Invariant Model of Boltzmann Statistical Mechanics

The scale-invariant model of statistical mechanics for equilibrium galactic-,
planetary-, hydro-system-, fluid-element-, eddy-, cluster-, molecular-, atomic-,
subatomic-, kromo-, and tachyon-dynamics corresponding to the scale B =g, p,
h, f,e,c, m, a s, k, and t is schematically shown on the left hand side of Fig. 1.

UNIVERSE

LGD @ +112)
— 1., ‘;/\ GALACTIC CLUSTER
= =

GALACTIC CLUSTER

GALAXY JI=—— 1. —l

EPD (J+4)
PLANET
EHD (J +3)

LPD (J+972)
GALAXY

LHD (J +772)
PLANET

LFD (J +5/2)

HYDRO-SYSTEM
EFD (J +2)
FLUID ELEMENT
EED (J+1)

EDDY
ECD (J)
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LED (J +3/2)
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LMD (J - 172)
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LAD (J-372)
MO LECULE

LSD (J-512)
ATOM
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EMD (J -1)
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EAD (J -2)
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ESD (J -3)
SUB-PARTICLE
EKD (J-4)
SUB-PARTICLE
LTD (J-972)
PHOTON

PHOTON
ETD (J -5)
TACHYON

Fig. 1. A scale-invariant model of statistical mechanics. Equilibrium-f-Dynamics on the
left-hand-side and non-equilibrium Laminar-B-Dynamics on the right-hand-side for
scales B =g, p, h, f, e, ¢, m, a s k, and t as defined in [36]. Characteristic lengths of

(system, element, “atom”) are (LB’ Z’B A B) and Ag is the mean-free-path.

For each statistical field, one defines particles that form the background fluid
and are viewed as point-mass or "atom" of the field. Next, the elements of the
field are defined as finite-sized composite entities composed of an ensemble of
"atoms". Finally, ensemble of a large number of "elements” is defined as the
statistical "system" at that particular scale. The most-probable element of scale 8
defines the “atom” (system) of the next higher p+1 (lower f—1) scale.

Following the classical methods [19, 38-42], the invariant definitions of the
density Py and the velocity of atom Ups element Ve, and system Wi at the scale

[ are given as [36]
Pp = DMy = mﬁjfﬁduﬁ ’ u, =v )

-1
Vv, =p, My J' u,fdu; , W, =V, (2
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Similarly, the invariant definitions of the peculiar and diffusion velocities are
introduced as

Vi=u-v, , V=v-w , V.=V (3)

A magnified view of part of hierarchy of statistical fields in Fig. 1 is shown in
Fig. 2 where atomic, element, and system velocities of stochastic fields are
better revealed.

HYDRODYNAMIC FLUD
SYSTEM ELEMENT EDDIES

@ +32)
LED
ELEMENT EDDY  CLUSTERS

FLUID
ELEMENT EDDY CLUSTERS

@+12)
L

EDDY CLUSTER MO LECULES

@ -112)
LMD

CLUSTER MOLECU LE PARTICLES

-1
EMD

@-32)
LAD

Fig. 2 Hierarchy of embedded statistical fields from LAD to LED scales with
atom u, element v, and system w, velocity.

Following the classical methods [19, 38-40], the scale-invariant forms of
mass, thermal energy, linear and angular momentum conservation equations at
scale B are given as [33, 34]

Py v oy = )

ot PV ip
B

O€.

FIB +V.(g,v,) =0 (5)
B

op.

% +V.(p,Vv,) =-V.P, (6)
B

Or.

—L 4 V.(r,V,) = pyo, -VV, (7)

o,

involving the volumetric density of thermal energy siﬁzpiﬁhis, linear

momentum p, =p, V., and angular momentum T, = PO, (since Mpa =1).
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Also, R, is the chemical reaction rate and ﬁiB :ﬁiﬁlmﬁ is the absolute

enthalpy [36]. It is noted that the time coordinates in Egs. (4-7) also have a scale
subscript B.

3 Generalized Thermodynamics, Helmholtz Decomposition of
Thermal Energy and Momentum

To arrive at scale-invariant model of Boltzmann statistical mechanics with (atom,
element, system) velocities (u,, v, ,w, ), one requires a stable “atom” stabilized

ip?
by an external pressure acting as Poincaré stress [35,36]. Next, atoms with
different energy g = hvj are grouped in atomic-clusters or elements (energy

levels) of various sizes. Atoms of various energy are under constant motion and
allowed to make transition between elements by emitting/absorbing sub-particles.
The question is, given the total number of atoms N of an ideal gas and the total

energy H, with mean atomic enthalpy ﬁw =4KT hence H =4NKT [32], what

distribution of element sizes corresponding to various atomic energy, speed, and
momenta leads to stochastically stationary field. Such state of thermodynamic
equilibrium corresponds to energy, speed, and velocity of particles being
governed by invariant Planck, Maxwell-Boltzmann, and Gauss (Maxwell)
distribution functions [36].

sBdNB _ 8rh vV,

dv (8)
V u[&; thB/kT _1 B
N m s
W _ A (—B)3I2U§ e ™ BIZkTBdUB )
N 27tkTB
m —m,u?
f(v,) = ()" e ™ (10)
2nkT

B

Also, due to the closure of the gap between photon gas in Planck equilibrium
radiation theory and ideal gas in Boltzmann kinetic theory, just like photon gas,
the potential and internal energy of ideal gas are related as [37]

U,  3NKT,
PV, =— = = NKT, (11)
3 3

Hence, Sommerfeld [44] “total thermal energy” or enthalpy H, for an ideal gas
is the sum of internal energy and potential energy [32]
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HB=Uﬁ+pﬁVB:Uﬁ+UB/3=§UB:4NBkTﬁ (12)

By equations (11)-(12), enthalpy could also be expressed as

H, =U +ﬁ—u +i—u +1(u +U—ﬁ)—

i p 3 p 4 p 4 p 3
=U (1+1+i+i+ )—ﬂu (13)
B 4 42 43 _3 B

involving Archimedes [45] theorem on the area under a parabolic segment

11 1 =1 4
e (14)
4 4 4 =43

With frequency made dimensionless through division by the most probable
or Wien frequency ww, re-normalized Planck [46] distributions at two adjacent
scales appear as shown in Fig. 3

. PV = (DTS = NET
E v/ va) /}‘“ U = (3/OT S=3INET

PV LT
i

Epia) | LR i -|.‘nrra~—.l‘il.'l
B,
|/ e
| f ;
:

O 1 2 3 4
I
I

|
wl—

[ a F2 3
L™

Fig. 3 Re-normalized Planck energy distributions as a function of v /v,,.

It is known that precisely 3/4 and 1/4 of the total thermal energy under Planck
distribution curve in Fig. 3 fall on v>y and v<y, sides of Wien

frequencyv,, [32]. In his pioneering study, Helmholtz [43] decomposed the
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total thermal energy or enthalpy H into what he called free-heat and latent-heat
that were recently identified as internal energy U and potential energy pV [32]

Hy =Ug + BV, (15)
Hence, the result in Eg. (14) is in exact agreement with the pioneering

prediction by Hasenohrl [47,48] of the relation between total energy and
electromagnetic energy or dark-energy expressed as

4
2 2
H, =M. =§MEMC (16)
such that total mass relates to electro-magnetic mass by [37]

4
Mt = E M EM (17)

Since in equilibrium radiation within enclosures photons are at “stationary
state”, their speed is Wien speed

2 2

2 _ _ 92
Vie = Vi TV = 2Viws (18)

that is related to the root-mean square speed by [32]

2 2 2
c”=cCy =3V, (19)

Therefore, Lorentz [49] relativistic mass also leads to prediction of Hasendhrl
[47,48]

MEM

Vi, 1, 4
v, ey~ M) SMen () =g Mar 60
kw

As discussed in [31], if potential energy is identified as dark-matter or
gravitational mass

2 1 2 1 2
PVy =My, C :gMEMﬁC :ZM%C = NgKT, (21)

total mass becomes the sum of dark energy or electromagnetic mass Mgwm, and
dark matter or gravitational mass Mem [31,50-53]

3 1
MtB:MEMB+MDMB:ZMtﬁ+ZMtﬁ (22)
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It is most interesting to note that, as discussed in [31], Helmholtz [43]
decomposition of system thermal energy at thermodynamic equilibrium in Eq.
(19) also extends to cosmological scale (Fig. 1) and is in accordance with
predictions of general theory of relativity [54,55] as described by Pauli [55]

The energy of a spatially finite universe is three- quarters
electromagnetic and one-quarter gravitational in origin”

In addition, predicted fractions 3/4 and 1/4 for dark energy and dark matter in
Eq. 19 are in good agreement with recent cosmological observations [56-59].

On the other hand, according to Planck [46] energy distribution (Fig. 3) and
Eq. (18), dark matter of scale j is the total energy or enthalpy of the next lower
scale p—1.

(Dark Matter)s = (Total Energy)p-1

Also, it is known that when particles form “cooper pairs” and behave as
composite bosons [60, 61], one can derive Schrodinger equation from invariant
Bernoulli equation for potential incompressible flow [37]. Hence, following
classical methods [62, 63], quantum mechanics wave function may be
expressed as products of translational, rotational, vibrational, and potential
(internal) wave functions as [61]

EEE TR T TRES A T TR (23)

At cosmological scale ¥y, the wave-particle duality of galaxies is evidenced

by their observed quantized red-shifts [64]. Therefore, the scale-invariance of
the model (Fig. 1) and Eq. (23) lead to hierarchy of embedded statistical fields
with translational TKE, rotational RKE, vibrational VKE kinetic energy (dark
energy) and potential energy PE (dark matter) resulting in energy cascade
from cosmic to photonic scales shown in Fig. 4.

TKE
RKE
COSMOLOGY
—E
PE .
| e
REKE
ASTROPHYSICS VKE
—re
— TKE
;— REKE
MOLECULARDYNAMICS iy
o TKE
ELECTRODYNAMICS F s
VEE
FE
TKE
RKE
CHROMODYNAMICS VKE
PE

Fig. 4. Cascades of kinetic energy TKE, RKE, VKE (dark energy), and
potential energy PE (dark matter) from cosmic to photonic scales.
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Following Helmholtz [43], one can consider decomposition of momentum
in Normalized Maxwell-Boltzmann (NMB) distribution as a function of
dimensionless speed with respect to the most-probable or Wien speed

v/v,, =A, /A shown inFig.5.

Py ;" .
;/ ‘.\\
/ %
/ -\ SCALE P
v
/ "~
o L 5 o |
. _’ -—-; (g hpg p
Bp lp “p i
]
; ;
¥ }
|
Ppa '
T i
ff A i SCALE B-1
4 b
Fs b v
LSt (R i / l'l'lr.i, js_ EL
0 1o, 2., 3,.

Fig. 5 Normalized Maxwell-Boltzmann distribution as a function of
dimensionless speed v/v, =4,/ [36].

As compared with (3/4, 1/4) division of energy in Planck curve in Fig. 3, the
division of momentum on either side of Wien speed in Fig. 5 is (2/3, 1/3). In
view of the equality of translation kinetic and potential energy due to

Boltzmann equipartition principle, mﬁva,XJrﬁ_1 = mﬁvx’é [37], three components

of momentum are equal due to what is called principle of equipartition of
translational momenta

p.=mv.=p_=mv, =p, =mV, (24a)

Therefore, for an ideal gas, of the total dimensionless translational momentum
P = (P, +P,- +P,)/ Py, =3 under NMB curve in Fig. 5, 2/3 ison v > v,,
side of the Wien speed and is associated with root-mean-square momenta due to
atomic translational velocity in (x, ,x_) directions, and 1/3 is on v < v, side of
the Wien speed and is associated with peculiar translational momentum hence,

P (24b)
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Parallel to the concept of dark-matter in Helmholtz energy decomposition, for
decomposition of momentum the second part of Eq. (24b) may be referred to as
dark-momentum.

As discussed in a recent study [65], once physical variables are made
dimensionless, particular problems of physics become universal problems of
mathematics and the nature of the specific physical entities being studied no
longer matters. As an example, the distribution of annual personal income in
economic systems is considered. In a recent study by Roper [66], it is suggested
that the log-Verhulst distribution function fits the data better than does the
lognormal distribution function. In view of random nature of economic systems,
in some economic literature Gauss normal distribution is considered as “ideal”
or optimal income distribution. However, typical data of annual personal
income distribution [67] shown in Fig. 6 clearly indicate the non-Gaussian
character of actual income distribution.

The changing shape of US income distribution
Hiousehold incame in 200 dollars (% of adulre)

r— 2015

One in 10
Americans is

—— !
1971 — 4 \'\\
Fy = either 0T
‘ ar wery rich i
Illl“ “lll‘lllllllIIIIIIII'II]IIIIIIII

Fig. 6 Comparison between annual income distributions in 1971 and 2015 [67].

If the income in Fig. 6 is made dimensionless by division with the most
probable income Imp, the distribution will become similar to Planck energy
distribution since I/lyp is in the range (1-4) in Fig. 3 rather than the range (1-3)
in Fig. 5. Hence, with dimensionless personal annual income (I/1mp) viewed as
dimensionless frequency (v/vw), renormalized Planck distribution could be
considered as the optimum or “ideal” income distribution because it
corresponds to an equilibrium i.e., maximum entropy state as discussed below.
It is reasonable to anticipate that Gauss normal distribution will govern the
vector field corresponding to “velocity” of money flow between various income
levels (energy levels), in analogy to kinetic theory of ideal gas [36]. Rather than
individuals, at larger scales of companies (corporations), one expects similar
normalized Planck distribution of income (like Fig. 3) with thousands (millions)
of dollars instead of dollars as “atomic” units exchanging between various
income-levels of companies (corporations).

As discussed in [31,32,36,37], in accordance with Boltzmann Kinetic theory
of ideal gas and Planck theory of photon gas [46], one asks the question: given a
total amount of money M and total number of income earners N, what is the
distribution of number of income earners N; with income | that results in
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stochastically stationary i.e., equilibrium economic system. On the other hand,
entropy of an ideal gas was recently identified [31,32] as the maximum number
of Heisenberg-Kramers [68] virtual oscillators S = 4Nk, given the total system
energy or Hamiltonian i.e., enthalpy TS = H = 4NKT. Therefore, maximization
of entropy in Planck [46] distribution ensures that the total energy (total
monitory wealth) is distributed amongst maximum number of oscillators
(income levels). In such quantum mechanical economic model, the transfer of
energy (money) between different energy levels (income levels) will be
governed by Schrddinger equation such that at equilibrium all income levels
will be in “stationary states”.

In Fig. 6, one notes the shifting of income from middle-class to upper-class
from 1971 to 2015 that constitutes a departure from equilibrium thus having a
destabilizing effect on the socio-economic system. The unfortunate delta
function at the maximum income level in Fig. 6 is even more embarrassing
departure from Planck optimal distribution thus further enhancing economic
instabilities that may lead to future revolutionary (quantum) change in the socio-
economic system.

4 Thermodynamic Definition of Spacetime and the Nature of
Rovelli Thermal Time

Since Aristotle [69] and St Augustine [70], the nature of physical time has
remained a mysterious problem of physics. The central insight of Aristotle
namely “the concept of time without change is meaningless”, although correct
remained puzzling and circular since the concept of change itself involves the
notion of time. The hierarchy of time durations encountered from cosmic to
photonic scales (Fig. 1) is described in an excellent recent book by ‘t Hooft and
Vandoren [71]. Although the pioneering insights of Poincaré [72-75], Lorentz
[49], Einstein [76], and Minkowski [77] resulted in introduction of the concept
of spacetime as a 4-dimentional manifold, the exact physical nature of such
mathematical concept remained obscure. Also, even though Einstein [78]
general theory of relativity (GTR) attributed a dynamic character to spacetime,
the very notion of existence of time was questioned in what is known as the
“time problem” of GTR [79-90].

In a recent study [91], the nature of physical space and time was investigated
and the concepts of internal spacetime versus external space and time were
introduced. Assuming that a statistical field at scale B is in thermodynamic
equilibrium with the physical space at scale (f —1) within which it resides, both

fields will have a homogenous constant temperature T, =T, , defined in terms of
Wien wavelength of particle thermal oscillations as [32]

2 2
MU =My 4Vyg 4 = kTB—l = k}\‘wﬁ—l (25)
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Hence, by definition of  most-probable or Wien speed
Vis =MV =As 1 T
(extension, duration)

ws» one can define constant internal measures of

ws (26)

T Internal measure of duration

ws

{k Internal measure of extension

to every “point” or “atom” of space in a universe at constant temperature
TB = T[H. Next, external space and time that are independent of each other are

defined in terms of the internal spacetime in Eq. (26). For example, at cosmic
scale =g, one employs internal (ruler, clock) of the lower scale of

astrophysics B = s to define external space and time coordinates defined as [91]
(X[}’yﬁizp) = (Nx[}’ NyB’ Nz[})x‘wxﬁ—l ! tB = NtBTWB—l (27)

with the four numbers (N ,N_,N_,N_ ) being independent numbers.

Whereas internal spacetime in Eq. (26) provides local structure of spacetime,
the external space and time in Eq. (27) describe global dynamics of the system
and are irreversible. Also, according to Egs. (26-27) both internal and external

space and time are quantized. The four dimensions (XB,yB,zB,tﬁ) with three

real space and one imaginary time coordinates represent Poincaré [74] and
Minkowski [77] four-dimensional spacetime manifold.

Recently, the author became aware of a number of wonderful books and
articles by Rovelli [92-96] and consequently learned about his much earlier
pioneering contributions to the understanding of the nature of time in general
and what he called thermal time in particular. Clearly, the definition of
spacetime in Eq. (26) is in accordance with the perceptions of Rovelli [95]

“The theory seems to indicate that there is no explanation for the
peculiar properties of the time variable at the mechanical level. We
suggest that such an explanation should be searched at the
thermodynamical level. We propose the idea that the very concept
of time is meaningful only in the thermodynamic context”

It is emphasized that the definition of internal spacetime in Eq. (26) is based on
thermodynamic equilibrium corresponding to stochastically stationary thus
time-reversible state. The objective is to define what the variable called
physical time represents as noted by Rovelli [95]

“It may seem strange that time is determined by an equilibrium
state, since in an equilibrium state the system loses track of the
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direction (the versus, the arrow) of time. However, we are not
concern here with versus of the time flow: we are concerned with
definition of a variable that represents time, which is a very
different problem.”

Therefore, the external or physical time quantitatively defined in Eq. (27) is
called Rovelli thermal time. Of course, because entropy generation due to
various dissipations in all real systems lead to change in temperature, the
internal measures of spacetime in Eq. (26) will also change. For example, in
cosmology, the internal measure of spacetime change extremely slowly (eons)
due to dissipations and the expansion of universe.

In another recent investigation by Rovelli [96] concerning general
relativistic statistical mechanics, thermodynamic temperature was related to the
ratio between the thermal time t and physical time t as

T
T=-
t (28)

Since dimension of absolute temperature is metersT =2, , Eq. (28) appears to

be dimensionally non-homogeneous. To reveal the nature of dimensional
equality in Eq. (28) we consider the velocity ratio

\ x/t T

Vv :kwlrw

w

X
-~ —=N (29)
t A,
When the external spatial extension or length is defined as x = N¢, m, Eq.
(29) simplifies as

T_W=N7‘W=N7‘W=7‘—W:AW:T (30)
t x N,

X

Equation (30) that is dimensionally homogeneous becomes identical to Eq. (28)
because of the choice of the metric or unit of length ¢/, =1 m. Therefore, Eq.
(30) in effect requires that the unit of length (say meters) for external spatial
coordinate x be identical to the internal unit employed to express absolute
temperature T =2, m.

According to Eq (27), external (ruler, clock) = (xs, tg) at scale B within the
hierarchy (Fig. 1) are always defined in terms of internal (ruler, clock) = (Awp-1,
Twp-1) at the next lower scale B—1, the definition of (extension, duration) =
(space, time) could be relegated to lower scales ad infinitum. This is because
infinite divisibility of both extension and duration must follow the philosophy of
Anaxagoras [97]
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“Neither is there a smallest part of what is small, but there is
always a smaller, for it is impossible that what is should ever cease
to be”

Therefore, both absolute zero and absolute infinite (extension, duration) are
singularities as ideal Aristotle potential limits never actualized as discussed in
[65]. The fundamental and quantum nature of both space and time and their role
in constitution of matter in quantum field theory and GTR will be further
discussed in the following section.

5 Universality of Quantum Mechanics and the Nature of
Wave-Particle Duality

The fact that Boltzmann anticipated quantum mechanics by about three decades
is evidenced by the following quotation taken from his pioneering and often
neglected 1872 paper [98]

“We wish to replace the continuous variable x by a series of
discrete values ¢, 2¢, 3¢ ... pe. Hence, we must assume that our
molecules are not able to take up a continuous series of Kinetic
energy values, but rather only values that are multiples of a certain
qguantity . Otherwise, we shall treat exactly the same problem as
before. We have many gas molecules in a space R. They are able to
have only the following kinetic energies:

€, 2¢, 3¢, 4, ... pe

No molecule may have an intermediate or greater energy. When
two molecules collide, they can change their kinetic energies in
many different ways. However, after the collision the kinetic energy
of each molecule must always be a multiple of . | certainly do not
need to remark that for the moment we are not concerned with a
real physical problem. It would be difficult to imagine an
apparatus that could regulate the collisions of two bodies in such a
way that their kinetic energies after a collision are always multiples
of €. That is not a question here. ”

Although more recent theoretical understanding of quantum mechanics based
on fundamental contributions of its founders Planck [46,99], Einstein [100],
Bohr [101], de Broglie [1-3], Heisenberg [102], Dirac [103], Schrédinger [104],
Pauli [101], and Born [105] is fully established, its physical and intuitive
understanding encounter difficulties due to abstract nature of its mathematical
foundation. As a result, the theory confronts many problems associated with its
physical interpretation such as

1. The nature of wave function and its probabilistic interpretation.
2. Wave-particle-duality.
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3. Particle-particle entanglement.

4. Double-slit experiment.

5. EPR and problem of action-at-a-distance.
6. Quantum-jumps and trajectory problems.
7. Schrédinger cat.

among others.

The problem of lack of intuitive understanding of quantum mechanics
mentioned above extends to Newton [106] law of gravitation, Einstein [78]
general theory of relativity, and Dirac [107] equation of quantum field theory.
This is because, similar to quantum mechanics, such mathematical theories
were based on certain desired mathematical properties, such as the inverse
square law, the equivalence principle, or relativistic wave equation with positive
probability, rather than derivation from the first principles. As a result, in spite
of excellent predictive power of the theories, the exact connection between
abstract mathematical models and the physical phenomena they aim to reveal
remain obscure.

Recent investigations [35, 36] were focused on connections between
energy spectrum of photon gas given by Planck [99] distribution and both
energy and dissipation spectrum of isotropic stationary turbulence. Thus, the
gap between the problems of gquantum mechanics and hydrodynamics was
closed through connections between Cauchy, Euler, Bernoulli equations of
hydrodynamics, Hamilton-Jacobi equation of classical mechanics, and finally
Schradinger equation of quantum mechanics. This resulted in recent derivation
of invariant time-independent and time-dependent Schrddinger equations from
invariant Bernoulli equation for potential incompressible flow [37]

2

h L
- Vi +(H, -V,)w, =0 (28)
i
ih ki) —hé VY, V., =0 (29)
i + - =
p efp " VpTp
oty 2mg

The quantum mechanics wave function is defined as [37]

—iHt,/n

¥ (&) =p @) (g.0) = p*2 et e (30)

such that ‘Pﬁ‘{’; =p, accounts for particle localization in accordance with

classical results [108]. The velocity potential @[; of peculiar velocity that is

complex accounts for normalization and hence the success of Born [105]
probabilistic interpretation of ¥, . In the following, some implications of the
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model to the resolution of problems in the list (1-7) above concerning
interpretation of quantum mechanics will be briefly examined.

According to the invariant model of Boltzmann statistical mechanics, each
equilibrium statistical field (Fig. 1) is composed of a spectrum of cluster or
wave-packet sizes containing “atoms” with velocity, speed, and energy
respectively following Gauss, Maxwell-Boltzmann, and Planck distribution
functions. As discussed in [37], the conventional field of fluid dynamics does
not correspond to equilibrium molecular dynamics EMD 3 = m but rather to the
next higher scale of equilibrium cluster-dynamics ECD B = c¢. Hence, in
stationary fluid at ECD scale, Maxwell-Boltzmann distribution function governs
the spectrum of cluster sizes that are stochastically stationary. Random motion
of clusters accounts for the Brownian motion of small suspensions that is
known to be a non-dissipative stationary phenomenon [35]. Transition of a
cluster from a small fast-oscillating “eddy” (high energy-level-j) to a large
slowly-oscillating “eddy” (low energy-level-i) results in emission of a “sub-
particle” that is a molecule to carry away the excess energy in harmony with

Bohr [101] frequency formulaAe,, =h(v, —v,)as schematically shown in
Fig. 7a.

cluster molecule subparticle
ji mji Sji

(@) (b)

Fig. 7 (a) Transition of cluster c;j from eddy-j to eddy-i leading to emission of
molecule mi;. (b) Electron transitions with emission of photon ;i [37].

Similarly, but at the much smaller scale of ESD B = s or stochastic
electrodynamics (SED), transition of an electron from high to low energy atoms
lead to emission of a sub-particle namely photon y;i as shown in Fig. 7b.

As described in [37], derivation of invariant Schrédinger equation from
invariant Bernoulli equation results in a new paradigm of physical foundation of
quantum mechanics. Considering the case of stationary fluid or equilibrium

cluster-dynamics ECD f = c, the quantum mechanics wave function ‘¥, relates

to the velocity potential of particle peculiar velocity. However, particle or
“atom” of ECD field namely cluster is the most-probable molecular cluster by

definition u, = v, in Eq. (1). Therefore, particle of scale f is identified as the
most probable wave-packet of the lower scale B-1. Hence, each statistical field
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will have a quantum mechanics wave function ¥y and particle Ps that is
stationary wave-packet of the lower scale

¥, = (Wave Function) = WF,

: (1)

P, = (Particle), = (Wave Packet), , = WP, ,
In harmony with de Broglie [1-3] picture of quantum mechanics, motion of
“particle” Pg as local singularity identified as wave-packet = WPp-1 of lower

scale is guided by a global external quantum mechanics wave function ¥, as

schematically shown in Fig. 8.

We

EDDY
CLUSTERX ¥Ym
s CAAPNATODS

MOLECULE Y,
ATOM 4

Fig. 8 Macroscopic wave functions ‘g or de Broglie guidance waves at (ECD), (EMD),
and (EAD) scales that guide particles identified as wave-packets (WP) g_; or de Broglie
matter-waves [37].

Hence, at any scale within the hierarchy of statistical fields in Fig.1, the solution
of Schrddinger equation gives the energy spectrum of “atomic™ clusters that
represent Bohr [101] stationary states or energy levels of the field.

When one moves to the next lower scale of equilibrium molecular dynamics
EMD B = m, derivation of Schrédinger equation [37] involves a stationary

coordinate moving with velocity v, sincev, =u,, —&V, =v,, —€V, by
equations (1-2). Because by Eq. (30) ‘¥, relates to the velocity potential of

[
m?

molecular peculiar velocity V., under thermodynamic equilibriumv,, =u,

will also be related to V,, thus connecting ‘¥,, with Pc. As a result, particle Pp
of the upper scale is identified as quantum mechanics wave function of the
lower scale ‘¥, ; and one arrives at a hierarchy of embedded wave functions

expressed as
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P, =¥, = (Wave Function), , = WF,

" (32)
Pﬁfl = (Wave Packet)H = WFH

According to Eq. (32) and Figs. 1 and 6, the universe is composed of hierarchies
of embedded waves suggesting that the entire universe was formed when the
Almighty decided to make some waves!

The results in equations (27-32) and Fig. 8 may help in the understanding of
the first and second problems in the list 1-7 above. The wave-particle duality

problem is understood in terms of wave function ¥ that globally guides motion

of particles identified as wave-packet of lower scale in accordance with the
perceptions of de Broglie [3]. New perspectives provided by the results in Egs.
(27-32) and Fig. 8 concerning problems 1-2 are also expected to facilitate the
resolution of the remaining problems 3-7. For example, problem number 6
namely absence of particle trajectories in quantum mechanics becomes
understandable because as shown in Fig. 7, any particle from cluster j can make
a transition to cluster i through any arbitrary trajectory with exactly the same
final results, thus accounting for success of Feynman method of sum-over-
paths. Regarding number 7 problem concerning Schrodinger cat, in view of

probabilistic aspect of q5[; hence ¥, by Eq. (30), it is clear that any interference

with the field due to a measuring instrument will disturb the velocity potential
thus leading to collapse of the wave function ¥, -

Schrédinger cat problem is more challenging since it involves the
phenomenon of life and death that are not understood. Since as discussed in
[109] all living systems are composed of living elements, and living elements
are in turn composed of living cells, one may speculate if such infinite
regression leads to an “atom of life” or Leibniz “living Monad™! Although at
present such questions are metaphysical and hence outside of jurisdiction of
science, some aspects of the problem may be considered within the framework
of quantum mechanics.

To introduce the required concepts, we need to consider an example from
cosmology. It is well known that sometimes around 380, 000 years after the
explosion of Lemaitre [110] “atom” of our universe, the Big Bang, there was
decoupling of radiation field from the baryonic matter field and the present
Penzias-Wilson [111] cosmic background microwave radiation temperature of
2.73 [m] is remnant of the cooling of Casimir [112] vacuum. It is also
reasonable to anticipate that a living system will involve complex dynamics at
EMD, EAD, ESD, EKD, END, ETD, ... scales (Fig.1) with END denoting
equilibrium-neutrino-dynamics at scale p = n (not shown in Fig. 1). By
invariant Schrodinger equation (29) and Eq. (32), hierarchies of wave functions
and particles will be associated with such fields. Therefore, due to the well-
known decoupling of radiation from matter field in cosmology, one cannot rule
out possible decoupling of some fields say neutrino-dynamics (END) or lower
scale of tachyon-dynamics (ETD) from the baryonic field of molecular-
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dynamics of living systems at the moment of death t = t;. In view of the
hierarchies of wave functions in Eq. (23), there will be a critical sub-photonic

decoupling scale p = B, at which the cascade of wave functions in Eq. (23) will
be broken

Vo g Vpgn = =¥V Vo, (32.5)

Such an event may correspond to what Hegel referred to as the moment in
which the spirit transcends temporality [94]. It is ironic that according to such
a model, death or decoupling of Schrédinger cat corresponds to the collapse of
wave function of cat’s life! Of course, strictly speaking, according to the present
model (Fig. 1), complete decoupling hence total isolation of any part of the
universe from the rest should be impossible as noted by Boltzmann [36].

Interestingly, Feynman [113] suggested that Schrédinger equation might in
fact explain life

“Often people in some unjustified fear of physics say you cannot
write an equation for life. Well, perhaps we can. As a matter of
fact, we very possibly already have the equation to a sufficient
approximation when we write the equation of quantum mechanics:

gy - 1Y

i ot
Although decoupling of sub-photonic statistical fields from living system at
molecular-dynamic scale is plausible, regarding its connection to the mind-body
problem of Descartes or Hegel’s transcendence of spirit from corporal
temporality, | respond by borrowing a quotation from Rovelli [94] about Plato’s
account of a statement by Socrates: "I am not sure".

At the important scale of LKD (Fig. 1) physical space or Casimir vacuum
[112] is identified as a compressible fluid, Planck compressible ether [114], as
discussed in [115]. A schematic diagram of physical space as states of a
compressible fluid from infinite rarefaction (white hole WH) to infinite
compression (black hole BH) is shown in Fig. 9.

Fig. 9 Different degrees of rarefaction and compression of Casimir vacuum identified as
a compressible fluid. (-3) White hole p,,,, =0 (-2, -1) Anti-matter p,,, <p, (0)

Casimir vacuum p = p (1, 2) Matter p,,, > p,, (3) Black hole pg,, = oo [37].
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Compressibility of physical space was recently shown [116] to account for
relativistic effects when Michelson number Mi = v/c approaches unity thus
revealing the causal [55] nature of Lorentz-FitzGerald contraction in accordance
with Poincaré-Lorentz dynamic theory of relativity as opposed to Einstein
kinematic theory of relativity in harmony with ideas of Darrigol [117] and
Galison [118].

When physical space or Casimir [112] vacuum is identified as superfluid
photon or Bose-Einstein condensate, it is reasonable to anticipate that when

heated to a critical vaporization or boiling temperatureT, , the vacuum or space

will nucleate what could be called photon gas bubbles that following Dirac
could be also referred to as holes or anti-matter particles. Similarly, if space or

Casimir vacuum cools below certain critical fusion or melting temperature T

liquid photon undergoes phase transition and becomes solidified thus forming
solid-light that was defined as black hole [119]. Therefore, in such a model,
Hawking evaporation of BH will instead correspond to Hawking melting or
sublimation of BH. Loss of mass due to melting of black hole could be caused
by heating due to absorption of photon gas bubbles, anti-matter particles, that
give their excess energy to melt part of BH and convert it to Casimir vacuum,
i.e, space. This is in accordance with absorption of negative curvature energy in
classical model of quantum gravity described by ‘t Hooft [120]

“When a black hole loses energy, it is primarily because it
absorbs negative amounts of ‘curvature energy’. Clearly, our
primordial model must allow for the presence of negative amounts
of energy. Actually, this is obviously true for quantum mechanical,
because, after diagonalization, the total Hamiltonian has zero
eigenvalue. Prior to diagonalization of the total H, the Hamiltonian
density HH (x) must have negative eigenstates. We now see that,
since the black hole must lose weight, the primordial model must
also have local fluctuations with negative ‘curvature energy’.
Black holes absorb negative amounts of energy, allowing positive
energy to scape to infinity.

It is due to the postulated thermodynamical stability that the
fluctuations surviving at spatial infinity may only have positive
energy. Since the total energy balances out, the black hole will
therefore receive net amounts of negative energy falling in. Hence
it loses weight and decays.”

It is reasonable to expect two surfaces of event-horizon (BHH, WHH) to
surround (BH, WH) with the corresponding surface temperatures (T, .T,).
Under such a paradigm of physical space, Casimir vacuum with constant density
p = p, Will correspond to constant measure (zero curvature) Euclidean space,

colder and denser p > p, regions correspond to matter (positive curvature)
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called Riemannian space, and finally hotter and lighter p,, <p, regions

correspond to Dirac anti-matter (negative curvature) and called Lobachevskian
space [37].

The new perspectives concerning the nature of physical space described in
Fig. 9 as well and the identification of dimension of absolute thermodynamic
temperature as length [m] associated with Wien wavelength of thermal
oscillation will have a major impact on cosmology in general and physical
interpretation of Einstein [78] GTR in particular. Compressible nature of

physical space (Fig. 9) with “atomic” or quantum volume V¥ =T3= va may

facilitate bridging the gap between QM and GTR since it is harmonious with
modern paradigms of quantum gravity [120-122]. For example, it is reasonable
to anticipate that gravitational forces will be associated with gradient of Casimir
[112] vacuum density (scalar curvature) hence pressure of physical space.

In a recent study [32] it was shown that entropy of black hole is S = 4Nk in
exact agreement with prediction of Major and Setter [123]. The entropy of black
hole according to Rovelli and Vidotto [124] is

4 |n°L°E®

S=Kk—4——= (33)
3\ 15(ch)

However, one notes that the power of four in the expression

N = LB’
15(0751)3
is due to the four degrees of freedom per oscillator associated with its

translational, rotational, vibrational, and potential energy such that the actual
number of oscillators is

’L°E?
15(ch)’

From a recent study [36] on closure of the gap between photon gas in Planck
equilibrium radiation and Boltzmann kinetic theory of ideal monatomic gas, the
number of photons in volume V of Casimir [112] vacuum is

(34)

N = (35)

8’V (ij3 nL® ( E T
N = — | = — (36)
45 \ hc 45 \ ch
The results in equations (33), (35), and (36) give
S =4Nk @7

in exact agreement with [32, 123].

486



21

The result (37) is also in agreement with application of global temperature
in general relativistic statistical mechanics of Rovelli [96]

S=—jrq3(slnp—|n2)=;35+|nz (38)

when mean value of energy

h=— jr Inp (39)
is identified as internal energy U that is related to Hamiltonian (enthalpy) H as

3
E:h:ZH:U:3NkT (40)

Substituting for B=1/kT =1/T, with the assumption k = 1 [96], the

translational partition function Z, = e and the mean energy E from Eq. (40)
into Eq. (38) gives the black hole entropy in Eq. (37).

Alternatively, the partition function Z in [96]

Z(B) = je‘ﬁ” =efF (41)

is the translational partition function Z, = e PP and F=—NKT is Helmholtz
free energy of ideal gas [31]. Inclusion of translational, rotational, and
vibrational degrees of freedom gives Z=2,Z 7 = e " =Y syuch that the
mean energy E [124]

1dinz

p dp

becomes the internal energy U = —3F = 3NKT as in Eq. (40). Therefore, result
in Eg. (37) is also in exact agreement with entropy given by Rovelli [96]
formula

S=BE-BF (43)
after substitution for #=1/T, F = —-NKT , and E=U = 3NKT from Eq. (42).

(42)

An outstanding problem regarding connection between thermodynamics and
black hole mechanics [125-131] concerns Shannon information theory [132]

| =—K> p;Inp, (44)
j

and what happens to the information as matter crosses the event horizon into a
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black hole. For ideal monatomic gas with four degrees of freedom namely

translational, rotational, vibrational, and potential, Z:ZrZrZVZp:e4N the

atomic, element, and system entropy relate to the number of Heisenberg-
Kramers [68] virtual oscillators as [32]

§=—klInp ,  p=e’ (45a)
s;=-k>Inp= -klnp, , p,=e" (45b)
i
S=>8=-+k>Inp, =-kinp , p=e* (42c)
i i
For a multicomponent mixture, the atomic mixture entropy is [109]
§.. :%:—kij Inp; (46)

Therefore, Shannon formula in Eq. (44) will become identical to Eq. (46) of
thermodynamics if one defines Shannon measure K in terms of Boltzmann
constant as K = Nk such that Eq. (44) becomes

P= =k Inp, (44)
j

With entropy identified as the number of Heisenberg-Kramers [68] virtual
oscillators, the problem of information loss in black hole is resolved since loss
of number of oscillators could be attributed to coarse-graining as photons freeze
from liquid to solid phase when they cross black hole event-horizon BHH. In
other words, as temperature decreases, atoms of space i.e., photons collect in
larger and larger clusters, thus decreasing the number of oscillators leading to
loss of entropy by Eq. (37) [109]. On the other hand, when anti-matter bubbles
enter the black hole, their excess thermal energy leads to melting of part of
black hole from solid into liquid photon at BHH increasing entropy and
producing more Casimir [112] vacuum that accounts for observed accelerative
expansion of the universe [56-59].

In view of the model of physical space in Fig. 9 and entropy of black hole
in Eq. (37), it is reasonable to assume that Lemaitre [110] primordial “atom” of
our universe was in a state of solid light extremely close to absolute zero
temperature hence having nearly zero entropy as Planck perfect crystal [46,99].
This is in harmony with perceptions of Plato who believed that the world was
formed from a formless state of total chaos or “Tohu Vavohu” [109]. Since
according to Fig. 9 matter and anti-matter annihilate each other leaving Casimir
[112] vacuum of a flat universe, in harmony with perceptions of Aristotle there
is no “void” except the singularity called white hole (Fig. 9).
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6 Universal Hydrodynamic Model of Faraday Line of Force
from Cosmic to Photonic Scales

Because of the scale-invariant nature of the model (Fig. 1) the physical insights
available at ordinary scales can help in the understanding of nature at much
larger or much smaller scales that are less accessible to ordinary human
intuition. For example, it is known that a rotating sphere in an otherwise
quiescent fluid causes polar inflow jets (1J) and equatorial outflowing disk (OD)
[133] as shown in Fig. 10.

Fig.10 Direct photograph of swirling equatorial disc outflow (DO) created by a rotating
rigid sphere in otherwise stationary silicon oil with aluminum powder illuminated by
laser sheet light [133].

However, if the rigid sphere is stationary but instead the surrounding fluid is
rotating, Huygens centrifugal forces will reverse direction resulting in accretion
by inflowing disk (ID) and polar outflowing jets (OJ). Occurrence of outflow
jets (OJ) from black holes is well established in cosmology.

The flow fields in otherwise stationary background fluid induced by rotating
spherical particles are shown in Fig. 11

(a) (b) (e)

Figure 11. Schematic model (a) flow near a spinning particle (b) locally conserved flow
streamlines (c) formation of Faraday line of force from a row of co-spinning particles and
the associated vortex field within the subquantum background fluid.

Because of finite available energy and momentum, such flows cannot extend to
infinity and instead form a finite spherical volume by outflowing equatorial disk
turning around and joining the inflowing polar jets as shown in Fig. 11b
resembling magnetic field lines in electrodynamics. When multiple spinning
spheres are present, the hydrodynamic forces cause spinning particles to form a
chain of alternating particle and “anti-particle” also called “hole” that is
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spherical regions of rarefaction, called hydrodynamic model of Faraday line of
force [115] schematically shown in Fig. 12.

FARADAY LINE
OF FORCE

Fig. 12 Faraday line of force as electron (black) and positron (white) string with inflow
jet (1J) of one matching the outflow jet (OJ) of its neighbor. Also shown are alternating
outflow (OD) and inflow discs (ID) [115].

In a pioneering study, Dirac [134] introduced the mathematical concept of
Faraday line of force as a directional line with an electron at one end and a
positron at the other,

“This leads us to a picture of discrete Faraday lines of force, each
associated with a charge, —e or +e. There is a direction attached to
each line, so that the ends of a line that has two ends are not the
same, and there is a charge — e at one end and a charge +e at the
other. We may have lines of force extending to infinity, of course,
and then there is no charge.”

The fluid or Casimir vacuum between two spinning spherical particles is
expected to cavitate, because of strong equatorial outflowing disks from
spinning particles (Figs. 11, 12), thus forming a spherical region of vapor called
“hole” or Dirac “anti-matter” particle. For example, the Faraday line of force in
stochastic electro-dynamics at ESD scale (Fig. 1) will be composed of an
alternating chain of electron-positron as shown in Fig. 12. The breakage of such
stable vortex lines is analogous to the following description of Dirac [134]
concerning the breaking of Faraday line of force:

“This process —-the breaking of the line of force- would be the
picture for creation of an electron (e-) and a positron (e+). It would
be quite a reasonable picture, and if one could develop it, it would
provide a theory in which e appears as a basic quantity. | have not
yet found any reasonable system of equations of motion for these
lines of force, and so | just put forward the idea as a possible
physical picture we might have in the future.”

Similarly, but at much smaller chromodynamics (SU3) or EKD scale, the

chromodynamic Faraday line of force will be identified as strings of quark-
antiquark as described by ‘t Hooft [135]
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“It took several years before it became clear that these are exactly
the expressions obtained if each of these mesons is viewed as being
a kind of rope with quark at one end and an antiquark at the other.
The ropes can be stretched ad infinitum, because stretching them
adds energy to them, which will be turned into more matter: that
is, more rope.”

At large hydrodynamic scales turbulent eddies are known to form vortex
tubes. By Kelvin circulation theorem, it is known that such vortex lines cannot
abruptly end within potential flows and instead must be either pinned to a solid
boundary or else close on themselves thus forming a closed vortex “loop” in
harmony with LQG [121,122] models of quantum gravity. Such behavior is well
known in superfluid helium-3 experiments revealing “quantized” vortex lines
discussed in [133].

An example at molecular-dynamics scale is combustion of acetylene that
results in large amounts of soot or carbon particles that form many centimeters
long chains. At the much larger scale of astrophysics, it has recently been
observed that our galaxy the Milky Way contains large numbers of very long
star streams [136,137]. Finally, at exceedingly large scale of cosmology, it is
well known that rotating galaxies form very long streams that could be called
cosmic Faraday lines of force.

7 Implication to Banach-Tarski Paradox

In this section, application of invariant model of Helmholtz vorticity equation
[33, 34] to the interesting mathematical problem of Banach-Tarski [138]
paradox (BTP) is examined. To begin, let us consider a spherical flow within a
fluid droplet located at the stagnation point of axisymmetric gaseous
counterflow jets as shown in Fig. 13. As seen in this figure, induced by the
outer flow, two cylindrically closed recirculation flows, or two tori, form in the
upper and lower hemispheres of the spherical droplet.

Fig.13 Flow in liquid droplet composed of two semi-spherical Hill vortices at
stagnation point of gaseous axisymmetric counterflow [34].

The streamlines for such a flow (Fig. 14a) obtained from solution of modified
Helmbholtz vorticity equation [34].
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is given by the stream function

: (45)

Y=(CE(1-E/R* -7 IR?) (46)

Because of linearity of Helmholtz vorticity equation (45), one can apply the
superposition principle and introduce product solutions for flow within two
immiscible liquid droplets given by the stream function

=P (1-82 /R -7 IR?)(3-E2 /R*~ (2 I R?) (47)

leading to the flow configurations shown in Figure 14b.

Fig.14 (a) Streamlines from Eq. (46). Turning a sphere inside out: (b) 1-1 and
2-2 as outer tori (c) 1-1 and 2-2 as inner tori.

First, the problem of turning a sphere inside-out is considered by looking
at flow fields within two concentric spherical flows shown in Fig. 14b. Each
hemisphere is composed of two semi-spherical tori, the outer toros 1-1 and the
inner toros 3-3 in Fig. 14b. It is easy to imagine that one could compress the
inner toros 3-3 towards vertical axis and move it upwards, while the outer toros
1-1 is stretched outwards and pushed down. When one imagines each toros as
a cylindrical balloon, the above procedure changes the position of outer 1-1 and
inner 3-3 tori thus turning the sphere 14b inside out as shown in Fig. 14c.

A flow configuration that results in fusion of two spheres into one sphere of
identical volume is shown in Fig. 15.
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(a) (b)
Fig.15 (a) Hill spherical vortex. (b) Fusion of two Hill spherical vortices into
(c) A spherical flow composed of two semi-spherical Hill vortices [34].

As two spherical Hill vortices (Si1, S2) in uniform flow (Fig. 15a) in opposing
cylindrically-symmetric jets approach each other (Fig. 15b), they form two
semi-spherical Hill vortices [34] and merge into a single spherical flow S; at
the stagnation point as shown in Fig. 15c. It is possible to adjust the flow
conditions such that spheres (S1, Sz) containing N1 = N2 molecules of ideal gas

p\V, = N,KT, and p,V, = N,KT, form sphere S; at temperature Ts

T, =Tl/2=T2/2 , N3=N1+N2=2Nl (48)
such that,
PV, = PV, = pV; = NKT, =, (49)

In the above fusion process, density is doubled, temperature is halved, and
energy of Ss is half that of the original two spheres

E,=pV; =F ) PV, tpV, =E +E, =2E, (50)

Hence, conservation of energy requires that energy E; be removed from the
system (exothermic). The inverse process of “fission”, namely Ss splitting into
two spheres (S1, S2) will be endothermic and require absorption of energy E;.

The above transformations of spherical geometry, though related, do not
correspond to the mathematical problem of Banach-Tarski paradox (BTP)
[138] since in BTP problem a sphere is shown to transform to two spheres with
identical volume and density as the original. Hence, BTP constitutes a clear
violation of rational foundation of mathematics in the spirit emphasized by
Nelson [139]. As a result, some mathematicians have raised objection, and
justifiably so, against the assumptions underlying the set theoretical foundation
of BTP. Itis important to emphasize that the two spheres generated in BTP are
known to be “measureless”. In the following, some implications of invariant
model of Boltzmann statistical mechanics (Fig. 1) and the associated laws of
generalized thermodynamics to BTP is examined.

In the above fusion of spherical objects, whereas the role of number of
particles N and volume V as mathematically concepts are clear, that of
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temperature is not. According to equations (25) and (26), absolute temperature
is the most-probable or Wien wavelength of particle thermal oscillation thus
constituting a “measure” of spatial extension. It is most interesting that in his
description of hyperbolic geometry, Poincaré [140] anticipated absolute
thermodynamic temperature as a “measure” or metric of physical space:

""Suppose, for example, a world enclosed in a large sphere and
subject to the following laws: --The temperature is not uniform; it is
greatest at the center, and gradually decreases as we move towards
the circumference of the sphere, where it is absolute zero. The law
of this temperature is as follows: If R be the radius of the sphere,
and r the distance of the point considered from the center, the
absolute temperature will be proportional to R> —r?. Further, |
shall suppose that in this world all bodies have the same coefficient
of dilatation, so that the linear dilatation of any body is proportional
to its absolute temperature. Finally, 1 shall assume that a body
transported form one point to another of different temperature is
instantaneously in thermal equilibrium with its new environment.
There is nothing in these hypotheses either contradictory or
unimaginable. A moving object will become smaller and smaller at it
approaches the circumference of the sphere. Let us observe, in the
first place, that although from the point of view of our ordinary
geometry this world is finite, to the inhabitants it will appear infinite.
As they approach the surface of the sphere, they become colder and
at the same time smaller and smaller. The steps they take are
therefore smaller and smaller, so that they can never reach the
boundary of the sphere. If to us geometry is only the study of the
laws according to which invariable solids move, to these imaginary
beings it will be the study of the laws of motion of solids deformed by
the differences of temperature alluded to.”

Therefore, TB = Kwﬁ is called Poincaré thermal measure.

To address BTP problem, we begin with the following thought experiment
concerning geometry. Let us consider a circle with 360 m circumference and at
spacings of 1-meter around the circumference, let straight lines of equal and
uniform thickness t = 1 mm be drawn to the origin of the circle as schematically
shown in Fig. 16.

Fig.16 Formation of black-core due to coalescence of radial lines.
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Clearly, due to their finite thickness, adjacent lines will coalesce on a circle with
approximate circumference of 360 mm beyond which the merged lines form a
“black core” around the origin as shown in Fig. 16. This thought experiment
suggests that there exists a circle with critical minimum radius corresponding to
maximum number density even in the limit of infinitesimal thickness of radial
lines. Clearly, the diameter of such a “black core” could be used as a measure of
maximum resolution of printers.

Therefore, the question is what happens if the above procedure (Fig. 16) is
considered in the limits of a circle of infinite radius when infinite number of
radial lines of zero thickness are drawn to the origin. For example, at
cosmological scale (Fig. 1) the problem corresponds to infinite radial lines from
circumference of a spherical universe converging on a galaxy as “atom” at the
center like a hologram. As discussed in a recent study on the gap between
physics and mathematics [65], the invariant model of statistical mechanics leads
to coordinates shown in Fig. 17.

3.1 =(%?p

— 00 41 —1pu 0p+1 1p+1 i 0p+1

_I\E
o -1 0p 1p / oop

-————0 "0 —0 P>

Fig. 17 Hierarchy of normalized coordinates associated with embedded
statistical fields [36].

According to this figure, interval XB:(OB’lB) of upper (outer) scale
corresponds to interval Xg1 = (1B—1’°OB—1) of next lower (inner) scale (Fig. 17).

The location of the new origin Xg 1 = OB—l is defined by the new unit of length

or measure at the lower scale.
According to Fig. 5, invariant Maxwell-Boltzmann distribution when re-
normalized with respect to the most-probable state leads to transformation

(xmp -1, x, - 4/\/;: 2.567) . For example, three consecutive scales within
the hierarchy of coordinates with
(0,=10" , 1, = (4/\/m)10™ , oo = (4/~J7)?10™) and the size of zero and

infinity relative to unity taken as (10™, 1, 10”) is shown in Fig. 18 from the
previous study [65].
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Fig. 18 Hierarchy of coordinates for hierarchy of embedded statistical fields [65].

Applying the hierarchy of normalized coordinates Xg = (OB,lﬁ,ooB) , results in
circular geometry corresponding to three generation as shown in Fig. 19.

Fig. 19 Formation of hierarchy of embedded black holes due to infinite number of
compactified statistical fields at the origin [119].

In Fig. 19, three generations covering the range of radii (OB,lﬁ) , (OB+1'1B+1)’

(013 +2'1B .») are revealed. Following Aristotle, it is assumed that potentially

infinite statistical fields are compactified within the black hole singularity at the
origin. According to equation (25) and Fig. 18, since temperature is Wien

wavelength or Poincar¢ thermal measure T, =M, absolute zero of adjacent

wp !
scalesrelate as 0, =1, | =0 , .

As a second thought experiment, let us consider a spherical volume S; at
scale B composed of two semi-spherical tori as shown in Fig. 14a. The central

singularity or black hole is at “absolute zero” Iy = Oﬁ and located at the origin.
Let the sphere S; contain total of N, atoms of ideal gas (N, / 2in each toros) at
the average temperature T, =T, thus the total energy or enthalpy

E =H,= 4N1kT_ [32]. Let thermal energy E, be added to S; resulting into N,
new atoms be decompactified from “black hole” singularity, due to phase
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transition such as melting, forming a smaller internal spherical volume (tori 3-3
and 4-4 in Fig. 14b) at temperature T, =T, =T, . It is assumed that half of the

added energy E, is absorbed by gases in original sphere S; (tori 1-1 and 2-2 in

Fig. 14b) raising their temperature from T_, ='FtoTl =T,=T,. Finally, let
the two embedded spheres in Fig. 14b undergo fission and split into two spheres
S; = Tori (1-1)-(3-3) and S; = Tori (2-2)-(4-4). It is assumed that during the
fission process the heat exchange between tori (1-1) and (3-3) results in their
temperatures being respectively lowered and raised to the average temperature

Ty +T)/2=T,, = T . Exactly similar heat exchange is assumed between (2-

2) and (4-4) tori also leading to the same final average temperatureT .
Therefore, the original sphere S; has undergone an endothermic fission

process (absorbed energy Ei) creating two identical spheres S; and S; with

exactly the same number of atoms N;, volume V', pressure p;, and temperature

T . This process could be repeated ad infinitum, as long as energy E; is added
to the system each time, due to Aristotle potentially infinite statistical fields that
are compactified in the central black hole singularity [119]. Satisfaction of
energy conservation principle as well as clarification of “measureless” nature of
generated spheres in BTP problem, through introduction of what is called

Poincaré thermal measure TB =\, » Mmay help in resolution of the paradoxical

wp
aspect of Banach-Tarski problem [138].
In connection to BTP problem, it is further noted that due to Poincaré

thermal measure TB =\, , macroscopic (extensive) system volume VB and

wp ?

microscope (intensive) most probable atomic volume f/wB are related as

V

NG 3 _ 3
s =NV = Ngils = NgTg (50)

Also, at thermodynamic equilibrium, by NMB distribution in Fig. 5 and in
view of speed versus wavelength ratio relation

Vilvy, =24, 14 (51)
the statistical field is composed of a spectrum of cluster or “element” volumes
_ & _ 3
Vip = Z Vip = Z}“ijﬁ (52)
1 I
such that

Vi =2V (53)
J
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The quantum nature of physical space with spectrum of “atomic” volumes
Vijp forming a spectrum of cluster volumes VJ’B is in harmony with modern

concepts of quantum gravity [120, 121, 122,123, 124].

7 Concluding Remarks

Some implications of a scale-invariant model of Boltzmann statistical
mechanics to generalized thermodynamics, Helmholtz decomposition of energy
and momentum, and definitions of dark-energy, dark- matter, and dark-
momentum were investigated. The model resulted in internal spacetime and
external space and time having quantum nature in accordance with
thermodynamic thermal time of Rovelli [95]. Invariant Schrddinger equation
resulted in introduction of hierarchies of quantum mechanics wave functions
and particles as de Broglie wave-packets from cosmic to photonic scales.
Physical space, Casimir [112] vacuum, was identified as a compressible

fluid with density py varying from infinite rarefaction p,,,, =0 (white hole) to

infinite compression pg,, =00 (black hole) as its two singularities. With space
curvature viewed as deviation of density from density of Casimir
vacuumk = p, —p,, , the states (i >0, x =0, k <0) of (matter, vacuum, anti-

matter) fields were associated with (Riemannian, Euclidean, Lobachevskian)
geometry. An invariant hydrodynamic model of Faraday line of force was
introduced and shown to be in harmony with observations from cosmic to
photonic scales. Finally, some implications of the model to black hole entropy
and information loss as well as Banach-Tarski paradox were examined. The
results were found to be in harmony with quantum gravity considered as
dissipative deterministic dynamic system [120].
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Abstract. The work is devoted to a new concept in physics - D entropy, defined as the
relative increment of the internal energy of a body due to its energy of motion. D-entropy
arises due to taking into account the role of the body structure in its dynamics. It follows
from the body’s motion equation, which is derived based on the principle of dualism of
symmetry (PDS). According to the PDS, the evolution of bodies is determined by both the
symmetry of space and the symmetry of the body. According to the PDS, the motion
equation is derived from the expression of energy, which is the sum of the body's internal
energy and the energy of its motion. Such a representation of energy is carried out in micro-
and macro-variables that determine the movements of the elements of the body and the
body itself, as a whole, respectively. This made it possible to take into account bilinear
terms in the body’s motion equation, which depend on micro- and macro-variables, arising
when the body moves in an inhomogeneous field of forces, and determining the
transformation of its energy of motion into internal energy. The D-entropy for large
equilibrium systems, like the Clausius entropy, only increases. For small systems, the D-
entropy can decrease. The main advantage of D-entropy is that it is determined through the
dynamic parameters of the body. This makes it possible to use it to study the processes of
evolution of matter within the framework of the fundamental laws of physics, as well as to
substantiate the empirical laws of thermodynamics, statistical physics and kinetics.
Keywords: entropy, symmetry, nonequilibrium, evolution, mechanics.

1. Introduction

Entropy is a key concept for all natural sciences. Historically, the concept of entropy
arose phenomenologically in thermodynamics because when performing work with a
body, part of it, one way or another, from the point of view of useful work, is lost [1, 2,
11]. In statistical physics, there is the following modern definition of entropy [11]:
"Entropy is a quantity that characterizes the average properties of a body over a certain
nonzero period of time". Today the existing concepts of entropy face common difficulties.
Perhaps the main one is that its connection with the fundamental laws of physics has not
been fully disclosed. Therefore, it is difficult to answer the following questions: how does
the entropy of a body change when it moves in an inhomogeneous external force field;
how entropy is related to the symmetry of the body and space; how, while remaining
within the framework of the laws of classical mechanics, to explain the concept of
entropy. These difficulties create problems in using the concept of entropy in physics, for
example, when constructing an evolutionary picture of the world. Some of these
difficulties can be removed with the help of the definition of D-entropy, recently proposed
within the framework of the laws and principles of classical mechanics. D-entropy was
defined as the ratio of the increment in the internal energy of a body, due to its movement
in an external nonhomogeneous force field, to its total value. The definition of D-entropy
emerged from the search for a solution of the irreversibility problem within the framework
of the laws of classical mechanics [3, 4].

505


mailto:vmsoms@rambler.ru

The purpose of this work is to consider the physical essence of the concept of D-
entropy. To do this, the following questions will be considered here: how the solution to
the problem of describing dissipative processes was obtained within the framework of the
laws of classical mechanics; how D-entropy follows from the motion equation of
structured particles; how D-entropy is related to the second law of thermodynamics; how
the recurrent form of D-entropy in hierarchy of open nonequilibrium dynamical systems
was obtained.

2. Dissipative equation of the system's motion

The definition of D-entropy follows from the system’s motion equation of potentially
interacting material points, which takes into account the role of the internal dynamics of
the system’s elements in its motion [3]. Therefore, in order to explain the essence of D-
entropy, let us briefly explain how this motion equation was obtained.

According to classical mechanics, built based on the Newton’s motion equation, the
dynamics of matter must be reversible. However, all processes in nature are dissipative
and therefore irreversible. This contradiction leads to an important problem for physics:
how to explain the irreversibility of the dynamics of bodies, if Newton's equation of
motion is reversible [5, 6]. At the beginning of solving this problem, a probabilistic
mechanism of irreversibility was discovered [5]. A necessary condition for the occurrence
of this irreversibility is the presence of arbitrarily small random external influences on
the system. Therefore, let us call this mechanism probabilistic. However, this mechanism
did not allow answers many questions. For example, how the second law of
thermodynamics relates to the fundamental laws of physics; how "order" arises from
"disorder", etc. Therefore, further searches for a solution to the problem of irreversibility,
but strictly within the framework of the basic laws of physics, were continued.

Our search for a solution to this problem began with the derivation of the motion
equation of a structural particle in the framework of the laws of classical mechanics
without any restrictions, which were used to obtain the Lagrange and Hamilton equations
[3]. The main idea of such a solution to the problem of irreversibility was to try to take
into account the role of the body structure in its dynamics. Obtaining this equation was
carried out based on fundamental laws and principles that apply both to the system and to
its elements. These laws and principles include the laws of conservation of energy and
momentum, Galileo's principle. But since we considered the motion of a structured body,
instead of a material point, in addition to these principles, the principle of symmetry
dualism was used. This principle claims that the motion of the structured bodies is defined
not only by the space symmerry, as in case of a material point, but also by the body’s
internal symmetry. This approach to obtaining the system’s motion equation has fully
justified itself. As a result, the system’s motion equation were found and the explanation
of the mechanism of irreversibility that followed from this equation were submitted [3].
Below we will briefly explain how the motion equation for a system from material points
was obtained. It will help explain how the concept of entropy emerges within the strict
laws of classical mechanics.

In accordance with statistical laws, the motion of a body, taking into account friction,
is described by an equation in which the friction forces are proportional to the velocity
[11]:

MV, =-F, — iV, ’ 0

where M -is the body’s mass, Vo - is the velocity of the center of mass, - F;- is the

force acting on the center of mass, 4 - is the effective coefficient of friction.
In accordance with this equation, the energy of the body's motion is converted into
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the internal energy of the relative motion of its elements. This result is achieved within
the framework of the laws of statistics that govern the molecular kinetic theory [11]. Let
us show how one can explain the mechanism of transformation of the motion energy into
the internal energy of the body, taking into account the role of the structure of the body
in its movement [8, 9].

Consider the motion of a body along an inclined rough surface under the action of
gravity. For this purpose, we take a body model as an equilibrium system consisting from
a sufficiently large number of potentially interacting material points.

At the initial moment of time, the equilibrium system has potential energies. During
the sliding of the body, part of potential energy is converted into its kinetic energy.
Another part goes to increase the internal energy because of the work of the friction force.
This means that each material point of the body participates in two types of motion: in
motion together with the center of mass of the system and in motion relative to its center
of mass. Therefore, the invariant of motion is the sum of the motion energies and the
internal energy of material points. Dissipation is associated with a part of the system’s
motion energy, which is converted into its internal energy. Thus, if we want the system’s
motion equation to describe dissipative processes, it is necessary that it take into account
the transformation of the motion energy into internal energy. Below we will show how to
do this.

The total energy of the system can be represented as the sum of the energy of motion
and internal energy using two groups of variables [3]. The group of variables that
determine the internal energy are called micro-variables. The group of variables that
determine the system’s motion energy are called macro variables. The key point for the
possibility of representing the system’s energy in the form of this sum is that the following
equality holds for the scalar sum of quadratic functions of vectors [3]:

Nz:iNzlvi2 =NM NVNZ +Zi,:12'j\‘:i+1vi? 2

The vector V; determines the velocity of the material point in the laboratory
coordinate system; i, j =1,2,3...N - numbers of material points where the values i, j

run from1to N and i # j ; Vij =V, —Vj; vector V, = (Z-vai )IN is the velocity of the
i=
system’s center of mass; M, =Nm; Mm=1, and therefore M, =N;

ins N-1 N i ; ; ; ;
Uy ()= Zi ) Zizmuij(rﬁ) is a potential energy of interaction of the material
points, where I; = —T;.

The existence of this equality proves the independence of micro- and macro variables
[3]. The total energy in these variables is decomposed into the system’s internal energy
and the motion energy. That is, micro- and macro-variables belong to two symmetry
groups.

The coordinate system in which the total energy is presented according to eg. (2), we
will call the dual coordinate system. In these variables, the system’s energy has the form:

E, = EY +E™ = const ®)

. . . H N ~
Here E\° =T\ +U " - is the system’s internal energy, where T = Zi:l mv;?/2

is the kinetic component of internal energy; E,‘\‘r =Tl\tlr +U,‘j - is the motion energy,
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-I_,\tlr - is the system’s kinetic energy, depending on the macro-variables, U,t\‘r - is the

system’s potential energy in the field of external forces.

In a dual coordinate system, the internal energy is determined by micro-variables.
This is because the sum of the energies of the relative motions of material points and the
energy, determined by the sum of the kinetic energies of their motion relative to the center
of mass, coincides. The body's motion energy is associated with a group of macro-
variables. The energy of motion of a system is characterized by the fact that the sum of
the impulses of its elements is equal to the total impulse of the system, but the internal
energy of the system is characterized by the fact that the sum of the impulses of all
elements is equal to zero. The law of conservation of energy of a system is that the sum
of the energy of motion of the system and the internal energy is invariant along its
trajectory, but each of these types of energy is not an invariant of motion.

The system’s motion equation follows from the eq. (3) by differentiating in relation
to time, and then by summing scalar values of energy changes for each material point. It
has the form [8, 9]:

MV, = _Fr\? - 1V ‘ (4)

where FS = _ZiN:1 Fi0 : Fi0 - is external force acting on the | -th material point;

wu=E"I V)2, F, - is the strength of interaction | and | material points;
0 0 0. rint N-IG N - it 0 . \/ max *int 0 _
Fi=FR'=F BN =2 > % (my + R+ NF) s VI + EXT TRy =0,

The eq. (4) already takes into account the relationship between the body's motion
energy and it internal energy during the motion of the system.

In the right hand side of eq. (4), the first term determines the external forces, which
applied to the center of mass. These potential forces change the system’s velocity.

The second term is nonlinear and bisymmetric, because it depends simultaneously
from micro- and macro-variables. This term defines the role of the structure of a system
in its dynamics. The coefficient “ £ ” determines the fraction of the system's motion

energy, which is transformed into internal energy. The work of external forces spent on
increasing internal energy is nonzero only when we have: Fij0 = Fi° - FJ.O # 0, or when

the field of external forces is non-homogeneous.

The second term was call as the evolutionary nonlinearity, because this term links
two symmetry groups, which depended from of micro — and macro-variables and leads to
a violation of the time’s symmetry and evolution [10].

The nature of the evolutionary nonlinearity can be explained by that that due to the
non-homogeneity of the external field of forces, the linking of the vectors from the
different symmetry groups is appeared. For the structured bodies these groups of body’s
symmetry and space symmetry. The linking is determined by bilinear evolutionary
nonlinearity terms. These terms is determine the conversion of the body’s motion energy
into its internal energy. It is lead to a violation of the conservation of motion energy, when
total energy is preserved. Thus, the bilinear terms arise when a body moves in an external
non-uniform force field. An example of inhomogeneous external forces is an
inhomogeneous external gravitational field in which the objects of the Universe move. It
leads to the transformation of the energy of motion of these objects into their internal
energy as a result of the work of forces proportional to the gradients of external fields.
This effect can be called "gravitational friction". "Electromagnetic friction" can be
defined in a similar way.
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In the cases of homogeneity field of the external forces or in approximation of a solid
body, this term is equal to zero and eq. (4) becomes the Newton’s motion equation.

The dynamics of an equilibrium system in a weak inhomogeneous field of external
forces is irreversible [3, 8]. Indeed, in accordance with eq. (4), the magnitude of the
change in the internal energy is of the second order of smallness. Therefore, the
disturbance of equilibrium of the system can be neglected. However, according to
Galileo's principle, the motion energy of an equilibrium system cannot increase due to
internal energy. Consequently, we have a decrease in the motion energy of an equilibrium
system along its trajectory in an inhomogeneous space.

The existence of dissipation is a necessary condition for formation of attractors [20].
However, the dissipation is possibly only for the structured bodies. The conclusion about
the infinite divisibility of matter is following from here [9]. This means that according to
the laws of classical mechanics, the matter should be an infinite hierarchy of systems.
That is, any arbitrarily small selected part of the body is a system of elements.

According to eq. (4) the efficiency of increasing the internal energy of the system is
determined by the ratio of its increment to the value of the internal energy itself. That is,
we have [4]:

ASy =AEV /By ©)

Here S,?, - is a D-entropy for system from N elements. This expression was called

D-entropy [4]. The symbol "D" was introduced because this entropy determines the
measure of the transformation of the ordered energy of motion of the system into the
chaotic motion energy of its elements relative to the center of mass of the system.

Below it will be briefly explained how the D-entropy is determined for an open
nonequilibrium dynamical system, what are the properties of D-entropy and what is the
relationship between D-entropy and existing definitions of entropy.

D-entropy for nonequilibrium systems

A description of the evolutionary processes of matter is impossible without taking
into account the fact that all bodies in nature to one degree or another are open
nonequilibrium dynamic systems. The nature of such processes is determined by D-
entropy, which determines the relationship of external influences on the system with its
internal structure in according with the eq. (4).

It turned out that when a sufficiently small system moves in inhomogeneous fields of
external forces; its internal energy could either increase or decrease. For example,
calculations showed that for an oscillator with N=2 which in motion in an inhomogeneous
field of external forces, internal energy can transformed into the motion energy depending
on the initial phase of its oscillation and D- entropy can be negative [13]. However, with
an increase of the number of particles in the system, the part of the internal energy that
can be transformed into the system’s motion energy is decreasing. When N1 > 100, the

internal energy could only increase and we have: AS,‘j > 0. For N2>108 the increment

of internal energy growth do not increase [14]. Thus, N2 ~10° determines the range of
applicability of the thermodynamic description for the system. In the general case, these
critical numbers depend on the parameters of the task. This is in consistent with [2] where
stated, that the irreversibility is qualitative: the more particles in the system, the more
irreversibly it behaves (that is, the more unlikely reversibility). Thus, D-entropy allows
us to determine the area of applicability of thermodynamics based on the laws of classical
mechanics.
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In the approximation of local thermodynamic equilibrium, with a sufficient degree of
generality, a nonequilibrium system can be submitted by a set of equilibrium subsystems
moving relative to each other [11]. The motion of each subsystem is equivalent to its
motion in an inhomogeneous field of forces, created by all other subsystems. When a
system is in equilibrium, the relative velocities of its subsystems and the resulting forces
acting from other subsystems are zero [15]. If to take the system closed, prepared in a
nonequilibrium way, then its total energy is invariant value. In this case, the change of
the D-entropy for system is determined by the sum of the increments of the entropies of
each subsystem. Therefore, we have [17]:

ASY = AE\" 1 E' = Z;{NLZE;U 2., e dt]/ EL} )

EL - is internal energy of L- subsystem; Fk's‘ -is a force, acting on the k-th particles
of the subsystem from the side of the particles of the other subsystems; S - is external
particles with respect to L - subsystem, interacting with its k-i particles; V, -is a speed
of the i-th particles; N, —is a number of particles in L - subsystems; L =1,2,3...;a—is

a number of subsystems in nonequilibrium system.
The calculations showed that the magnitude of the fluctuations of the system’s
internal energy due to changes of number of particles, obeys the law [14]:

SE" ~1/N ™

Since statistical laws follow from calculations of the dynamics of systems based on
deterministic equations, it can be argued that they follow from the deterministic laws of
physics. A similar conclusion was made in [16]. This is also confirmed by the fact that
the principle of maximum entropy corresponds to the principle of least action [17]. It
follows that the fundamental laws of physics determine the field of application of
statistical laws, and these laws can be considered as possible simplifications of the
analysis of the dynamics of systems [18].

The proof of equilibrating closed non-equilibrium dynamical systems can be reduced
to the proof that the energy of the relative motions of subsystems is irreversibly
transformed into their internal energy. Let us show that in accordance with eg. (4) such a
transformation takes place. This can be done by assessing the energy flows between
subsystems [3].

Obviously, for a non-equilibrium system consisting from equilibrium subsystems, the
mechanism for the formation of direct and reverse energy flows for subsystems is
associated with the mutual transformation of the energies of the relative motions of the
subsystems and their internal energies. Consequently, the proof of the irreversibility of a
nonequilibrium system is reduced to the proof that the inflow of internal energy of the
subsystems is greater than the outflow.

Let us AE"™ is the energy of the relative motion of the subsystems, which is

transformed into its internal energy. According to eq. (4), AE" is determined by a
bilinear term whose value is equal to the second order of smallness. Let us notice that the

value AE" is also a second order of smallness in according with the statistical
estimations of an increment of entropy [11]. Therefore we can write: AE" ~ 1 ’ , Where
X is a small parameter, for example, the ratio of the internal forces between material

510



points and value of external forces. If it so, then AE" / E™ << 1 and the violation of
the equilibrium of the subsystems can be neglected. In this case, irreversibility takes
place, since the transformation of the internal energy of the subsystem into the energy of
its motion is impossible due to the law of conservation of momentum.

Let us consider the second case. If the equilibrium subsystems’ interaction forces or
their gradients are the great enough, the equilibrium of the subsystems can be disturbed.
Then the subsystems can be represented as a set of equilibrium systems moving relative
to each other. In this case, to increase the internal energy of the subsystems, one can write:

AEY :AEi‘r:s +AE", where AE:{:S is the increment of the energy of the relative

motions and AE" is the increment of the internal energies of the subsystems.
That is, AEY_ < AE"™ . The energy of the equilibrium subsystems cannot be

Ins
transformed into their motion energy. Therefore, we will proceed from the fact that only
the energy of the relative motions of sub-
4z subsystems can be transformed back into
the motion energy of the subsystems. Let
us denote such a reverse flow of the

subsystems internal energy, as: AEgt .

According to eq. (4), the value
AE:gt is determined by the bilinear

function of the sub-subsystems
variables, which determined its motion
energies and the internal energies.

Figure. 1. The graph of the formula 8.
These are terms of the second order of smallness of their micro - and macro variables.

Butbecause: AE" ~ 32, wewill havethat AE, ~ »*. Thus, the return flow of

the internal energy of subsystems into the energy of its motion cannot be more than the
fourth order of smallness. The decrease in the energy of motion of the subsystems can be
determined by the following equation:

tr 2 _ 4
AEdec - aZ ,3}( (8)
and we have:
AS® ~ AEY_/E,, ©)

Here the o, # constants can be determined using of the eq. (4), s¢ -D-entropy.

Fig. 1 shows a graph of AE"" . For values: |)(| < X, Where £y, are the roots of eq.

dec *
(10), the irreversibility takes place. In general, for N >>1, we have AEérec> 0. This
corresponds to the second law of thermodynamics. For the stationarity of the system it is
necessary to fulfill the equality: AE;’ec =0. However, this state is unstable and

determined by micro variables [17].

Thus, the concept of D-entropy arose in the mechanics of structured particles, which
operates with the total energy of the system, including the system’s motion energy. In this
mechanics, internal energy is defined, as the energy of motion of the system's elements
relative to the center of mass. Thus, the work of external forces, acting on the system, is
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divided into mechanical work to move it and work to change its internal energy. The
energy of the relative motion of interacting subsystems due to the presence of gradients
of external forces can pass into their internal energy, but the reverse process is forbidden
by the Galilean principle, since the momentum of the system cannot change due to its
internal energy.

D-entropy is valid for any equilibrium and nonequilibrium systems from any number
of elements. At its determination, the absent of the interaction between subsystems was
not required, as it is required in the case of statistical physics [11]. However, the
interaction energy of subsystems, which is not taken into account in statistical physics,
determines the processes of evolution of systems.

In thermodynamics, in contrast to the mechanics of structured particles, the concept
of internal energy is defined as the total energy of a system minus its motion energy.
Therefore, Clausius entropy are a special case of D-entropy.

D-entropy in quantum mechanics is defined in the same way as in classical mechanics
in the form of the ratio of the change in the internal energy of quantum systems to its
value. D-entropy follows from the expanded Schrédinger equation obtained from the
principle of dualism of energy [21].

The entropy for open non-equilibrium systems can be obtained also with a help of

distribution function. This function, f, = f,(r, p.t), is found using the extended Liouville
equation, which has the form [19]:

) 6f
CiyRI Ry =-10
= R 6R (10)
)
Herei=1,2,3...N - is anumber of subsystem, o = 25 ., F -isaforces acted
i=1 i

on the i-th subsystems, P - is a momentum of the subsystem.

Extended Liouville eg. (10), which can be used to describe open nonequilibrium
dynamical systems, was obtained using eq. (4). This equation, given on the phase plane
of coordinates and momenta of a system of structured particles, differs from the canonical
prototype in that the phase volume of the system is not conserved due to the openness of
the system.

From eg. (10), it follows that only non-potential forces contribute to the change in the
distribution function of particles of the system. In accordance with eq. (4), the magnitude
of the change in the distribution function is proportional to the gradients of potential
internal and external forces. For a closed non-equilibrium system, the value of “ O ”
decreases with a decrease in the energy of the relative motions of the subsystems due to
its transformation into the internal energy of the subsystems [9].

Formal solution of the eq. (10) can be written like this:

f=fexp j (~o)dt. (11)

The generality of the distribution function (11) lies in the fact that it was obtained
taking into account the work of dissipative forces. That is, this distribution function
directly follows from the motion equation of structured particles. Therefore, it can be used
to analyze dissipative systems.

It is known that for entropy can be wright [11]: S& = _I f In fdpdq. From here

and eq. (10), we can obtain:
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ds®/dt+oS° = fo (12)

Thus, if o =0, then we have: dS®/dt =0. Thus, “S®” has a maximum when the
subsystems do not have relative speeds. This corresponds to the equilibrium system’ state
of the.

d,, . .. d,, .
D-entropy “S" ” is more general than “ S ® > This is due to the fact that “S°” is

acceptable for describing the evolution of open nonequilibrium dynamical systems moving
in inhomogeneous fields of external forces, without using averaging any statistical
hypothesize.

D-entropy for open nonequilibrium dynamical systems

The emergence and existence of all objects in nature is possible only due to dissipative
processes as a result of the interaction of bodies, the exchange of energy, momentum and
matter [20, 22]. Therefore, to describe evolutionary processes, it is necessary to take into
account the openness of bodies. In addition, it must be borne in mind that dissipative
processes arise only if the bodies, as well as their elements, have a structure. Hence it
follows that matter must be infinitely divisible [9]. The infinite divisibility of matter or
the impossibility of the existence of bodies with zero internal energy follows from the
mechanics of structural particles. That is, if all bodies possess all these properties and
have arisen as a result of evolution, then they must be open nonequilibrium dynamical
systems. The idea that the main element of matter is open nonequilibrium dynamical
systems was also expressed in [17, 22]. Then matter is a hierarchy of open
nonequilibrium dynamical systems. One way or another, the model of the body, as an
open nonequilibrium dynamical system, should be used to study the processes of self-
organization of systems, the emergence of “order” from “chaos” and evolution [9]. To
cover general qualitative properties of the structure and dynamics of matter, the chain of
the structure of matter can be written as [9]:

Material point’s —y structural particles => open nonequilibrium dynamical systems.

Therefore, according to the principle of symmetry dualism, to describe the dynamics
at all hierarchical levels of the structure of matter its energy should be represented as the
sum of the motion energy and internal energy.

The change in D-entropy at an each hierarchical level consists of the increments of
the energies of motion and internal energies for the constituent parts of this level. These
increments are carried out due to the energy of the external hierarchical level.

Let us assume that the system is near a stationary state. In this case, dissipative
processes within the hierarchical levels can be neglected. Let outside forces begin to work
on the system. According to the principle of dualism of energy, this will lead to a change
in the energy of motion and internal energies of the elements of the first hierarchical level.
Their change, in turn, will lead to a change in the energy of the second hierarchical level,
and so on. It can be written like this [9]:

AE, = AE[" + AE,"; AE" = AE}' + AE})";....  AEl, =AEl +AE}. (13)
AS{ =AE" 1 E" (14)
Here AE, -the work of the external energy, the energies of the corresponding

hierarchical levels of matter consist of the sum of the energies of motion of elements and
their internal energies, denoted by the symbols "m" and "in", respectively.

The egs. (13, 14) are chains of energy and D-entropy increments for all hierarchical
levels of matter due to the work of external forces. These equations can be called the
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principle of relativity of energy and D-entropy for the steps of the hierarchical ladder of
matter. The motion equation for open nonequilibrium dynamical systems can be obtained
from its energy [9].

However, due to nonequilibrium of the internal dissipative processes also determine
the state of the system. These processes lead to a decrease in the motion energy of
elements of a given level due to its transformation into their internal energy. As a result,
the change in the motion energy at each hierarchical levels can be determined by the
condition:

m m dis
OoE" = AE" — AE] (15)
The quantity AW,"°> = SE" / E[" we will call D- negentropy. Thanks to " AW,"® "

, an open nonequilibrium dynamic system can be in a stationary non-equilibrium state.
This state takes place when for each hierarchical level of the system the next equality
have a place:

SE" =0 15)

Of course, not all the factors that determine the stationary state of the system are taken
into account here. For example, an external influence on a system can directly affect
several hierarchical levels of matter. For example, in the case of a flow of solar radiation
to the earth. The spectrum of this flow is wide enough change to directly the state of
terrestrial matter at many of its hierarchical levels [24]. However, the nature of such an
impact always obeys the principle of symmetry dualism. Moreover, the positive flux of
entropy can be compensated by the Planck radiation [12]. However, a complete
description of the energy balance goes beyond the scope of classical mechanics.

3.Conclusions

The concepts of entropy and energy play a key role in all areas of natural science.
Their complementarity, unity and opposition becomes clear if we start from the principle
of dualism of symmetry. Energy determines the measure of possible useful work, the
measure of the organization of the system. Therefore, it is logical to associate it with the
concept of "Order". Entropy defines internal energy. It is logical to associate this with
the measure of “Chaos”. Through "Chaos», nature has found a way to combine two
opposite concepts - movement and rest. “Chaos” ensures the existence of bodies at rest,
if their elements are constantly in motion. This is possible because the total impulse of
the elements can be equal to zero. Consequently, "Chaos" personifies the disappearance
of motion or “Order” as a result of the disappearance of the energy of “Order”, turning
into the energy of “Chaos”. Entropy is at its maximum when the system is in equilibrium.

The concept of D-entropy in classical mechanics follows from the motion equation of
structured bodies. The physical meaning of D-entropy is that it determines the efficiency
of dissipative transformation of the motion energy into the internal energy. The body’s
motion equation is derived from the energy of the body based on the principle of dualism
of symmetry. According to this principle, the evolution of bodies is determined by both
the symmetry of space and the symmetry of the body. In accordance with this principle,
the body’s energy is represented as the sum of the internal energy of the body and the
motion energy in the space of micro-variables and macro-variables, respectively.

The derivation of the body’s motion equation based on the principle of dualism of
symmetry made it possible to take into account the dissipative processes of transformation
the body’s motion energy into internal energy. This transformation is determined by the
bilinear terms of the motion equation of the body. Dissipation occurs when a body moves
in an inhomogeneous field of forces.
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Mathematically, D-entropy is due to the nonlinear interaction of micro- and macro-
variables. The description of the dynamics of the body based on micro- and macro-
variables is called “complete description”. It is called complete, because it takes into
account the role of the internal dynamics of the elements of the body on its dynamics as a
whole. "Complete description” connects the violation of time-symmetry with a change in
the internal states of systems due to their motion energy.

D-entropy reveals the physical essence of entropy for open nonequilibrium dynamical
systems. The need for such a representation of the body’s model is because only it allows
one to take into account and describe the processes of their evolution.

D-entropy is applicable for bodies with a large and small number of elements. For large
equilibrium systems, it goes over into the Clausius entropy. For small systems, D-entropy,
unlike all other concepts of entropy, can decrease.

Since the D-entropy is obtained from the fundamental equations of physics, it can be
used to analyze the nature of evolution of systems and to substantiate empirical branches
of physics based on a "complete description” of the dynamics of systems within the
framework of the laws of classical mechanics. In addition, it can be used to define the
scope of statistical and empirical concepts of entropy.

In general, the D-entropy is convenient when studying the processes of evolution of
matter within the framework of the fundamental laws of physics, presented in the form of
a hierarchy of open nonequilibrium dynamical systems.
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Abstract: Modern science intensively develops various (pseudo-) universal meta-
theories, consistently opening fundamentally new perspectives in many areas of
knowledge in comparison with the gradually exhausting classical traditional approaches.
However, even the simplest review points to their limitations and incomplete
effectiveness, due to the systemic shortcomings of the modern general scientific
paradigm, which undoubtedly must be replaced by more advanced developmental
paradigms. 1) If historically the first ancient categorical-phenomenal paradigm gave birth
to science, then 2) the modern classical (axiomatic, dogmatic) paradigm has improved it
in certain particular subject areas, and 3) the next expected universal (met-) paradigm
will presumably unite all knowledge into a single system 4) by increasing the level of
abstraction until the achievement of a single initial Universal Axiom and meta-concepts
derived from it, 5) which should be adequate for all phenomena and 6) form the ultimate
Universal meta-theory, 7) resolving all the problems of scientific knowledge. 8) The
presented work summarizes the authors' many years of research on this topic and 9)
systematically sets out the main provisions of the meta-universalization of knowledge,
10) substantiates the theoretical and practical possibility of obtaining a single universal
meta-formalism of the Universe and derivatives of meta-formalisms of phenomena, 11)
describing all things let very complex, but a single universal formula. 12) The results of
the work have been successfully applied to solve many chronic conceptual problems and
13) have a universal perspective in all areas. 14) Despite the initial state of the Universal
Theory, 15) any of its applications are already radically changing the traditional ideas
about the world around them, 16) especially complex chronically unknowable
phenomena. 17) The ultimate meta-level of abstraction of universal concepts today is a
necessary condition for the radical development of knowledge, 18) in which,
undoubtedly, many teams of leading scientists should participate, like the scientific
school of Bourbaki.

Keywords: Meta-theory, Modern science, Universal Theory, Harmony, Universal
Cosmology, Multi-phase Universe, “Boiling” Universe hypothesis

1 Introduction

If justification (proof) is understood as 1) the derivation of concepts from other
justified concepts, then 2) without additional conditions it is an infinite
hierarchically recursive unsolvable process (cognition), 3) doomed to unfounded
(hence erroneous) assumptions (hypotheses) and 4) unprovability of any
universal concepts.
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Obviously, such a definition needs additional rules for the beginning / ending of
such recursion, specific to our Universe.

Let us accept the following minimum sufficient for this concept of
substantiation of universal concepts:

Definition. Justification (definition, proof) is a (justified) conclusion of a
concept from other (justified) concepts.

Consequence. The rationale in this definition is an unsolvable infinite recursion
that needs natural (Universal) specific conditions for its beginning / end.
Definition. Reasonable is a consistent conclusion of a concept (allowing
connectivity with other internal / external concepts).

Definition. (Direct) inference is the composition (synthesis) of the formula
(formalism) of the defined (output) concept from other (input) grounded
concepts (Figure 1).

s
Tautology excluded

Input
concepts

Outgoing
concept

Fig. 1. Schema for the meta-definition of a concept

Consequence. The concept has 3 parts: 1) a set of input concepts, 2) a formula
for the composition of a defined concept from input concepts, and 3) one output
defined concept, which 4) can participate unrestrictedly in other derived
concepts.

Consequence. An unambiguous conclusion of a concept is obtained in the
absence of cycles 1) in its definition (the absence of a defined concept among
the input concepts) or 2) the part of the concept system associated with it, which
3) is observed in nature and is accepted in this study.

Consequence. An ambiguous conclusion of the concept is obtained in the
presence of such cycles that are not observed in nature.

Consequence. The absence of such cycles creates a unidirectional / hierarchy of
the concept system.

Consequence. The definition of a concept is a directed relation of a set of input
concepts to one definite concept (Figure 1).

Consequence. The use of a concept is a directed relation of one specific concept
to a set of using concepts (Figure 1).

Consequence. An increase in the number of combinations with a direct
derivation of concepts increases the system of concepts towards its
unidirectionality with the predominant formation of its conical (pyramidal)
shape with a complete enumeration of justified combinations.
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Consequence. Direct direction / hierarchy of a system of concepts presupposes a
reverse direction / hierarchy in the same system, which generates their
reciprocal dualism.

Consequence. The reverse direction / hierarchy of the system of concepts
converges to a certain single initial concept (the original Universal (meta-)
Axiom (UA)), which generates all the Universal concepts and is present in each
of them.

Consequence. Concepts have two mutually opposite directions of inference: 1)
direct complicating (developing) concretization (from higher to lower concepts)
and 2) reverse simplifying (reducing) generalization (from lower to higher
concepts).

Consequence. The lower limit of (forward) recursion is a network of facts, the
upper limit of (reverse) recursion is UA.

Consequence. Concretization is carried out through logical deduction,
reasonably combining the concepts achieved in this case.

Consequence. Generalization is performed by logical induction, revealing
embedded concepts.

Consequence. With adequate generalizations / concretization, the concepts
coincide with the Universal categories and form a grounded formal system of
concepts.

Next, we specify the above meta-justifications for our Universe:

Definition. A meta-concept is a concept of a concept.

Consequence. A concept is a meta-concept for all its concretizing concepts and
2) a concretizing concept for all its meta-concepts.

Definition. Definition is a direct (without intermediate meta-concepts) meta-
concept of being, from which it begins in the system of universal concepts.
Definition. The axiom is the definition of the class of beings.

Definition. UA is the definition of the system of universal concepts (UAP).
Definition. Category is an active property of the Universe.

Definition. A concept is a copy of a category.

Definition. A link (copy) is a repetition of the components of one entity (object)
in another entity (subject).

Definition. Existence is a part of the Universe, separated by some connection as
awhole.

Definition. The universe is a complete set of directly or indirectly related
entities.

Definition. The Universe is divided into two parts: Real (RW) and Categorical
(Abstract) Worlds (AW).

Definition. Phenomenon is existence RW.

Definition. The category is the existent AW.

Hypothesis. Categories have a uniform constant formalization in the Universe.
Consequence. The concepts naturally have an approximate incomplete /
inaccurate various formalization by different subjects.

Definition. Truth is the degree to which concepts approach categories.
Consequence. The absolute truth is the universe.

Hypothesis. Categories are the only means of formalizing the universe.
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Definition. (Meta-) Theory is a system of grounded (meta) concepts.
Consequence. (Meta-) Theory is an approximate formalism of categories.

The presented meta-concept is the rationale for fundamental problem studies of
this work, the purpose of which is to study the state and prospects of meta-
theories in modern science on the example of a new universal general scientific
paradigm.

2 Meta-theories and general scientific paradigms

New meta-concepts give rise to the corresponding meta-theories that make up
the well-known history of world science. The first meta-theories arose in the
ancient world at the birth of science through the initial meta-concepts, from
where their name came from. From the works of Plato and his school came the
first general scientific paradigm of the division of the Universe into RW / AW
(Figure 2). Attempts at a scientific description of popular natural and
humanitarian phenomena gave rise to the so-called metaphysical theories,
naively explaining reality.

The Universe

’

,~"The Abstract World™
4 of categories \
\

~

7
! \

1
1
1
1
\ 1

U
. The Real World of
Ay

N phenomena ,/
A ,

~o -

Fig. 2. Schema of the antique paradigm of knowledge

The Renaissance epoch up to the Middle Ages persistently expanded these
concepts through empiricism, mathematical formalization and great discoveries
plus well-known socio-political events of the 20th century, the conceptual peak
of which was the axiomatic (dogmatic) paradigm of Bourbaki, which for the
first time, as it seemed, built a single scientific meta-picture the world in the
form of a system of highly abstract meta-axioms and multiple consequences
from them (Fig. 3).
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Fig. 3. Schema of the axiomatic (dogmatic) paradigm of knowledge

Axiomatization for the first time formalized knowledge, radically raised the
level of abstraction of knowledge and created many high-quality technologies
that continue to be improved to this day. But due to the well-known tautology of
the invisibility of the unknown and the unknowability of the invisible,
unexpectedly for modern science, it was unable to overcome the important
chronically unsolvable meta-problems, which are briefly mentioned in the
following review.

Based on the above substantiated provisions, one should increase the level of
abstraction of problematic phenomena and achieve higher meta-concepts that
solve the corresponding problems.

3 Achievements and problems of modern Meta-Theories

First of all, non-formalized important humanitarian, artistic and philosophical
concepts that fall out of the strict norms of axiomatic science and thereby
delegitize it as a product of exclusively intellectual activity do not reach the
required meta-level. The verbal analogies used instead of them fundamentally
do not allow formal analysis / synthesis / assessment of the corresponding
phenomena.

Modern psychology, as the main subject of its activity, explores the higher
physiological and intellectual problems of people, but is forced to use primitive
empirical meta-models, which are fundamentally incomplete to explain complex
phenomena in living organisms.

Medicine of the 21st century completes the basic questions of the physiology
and pathology of living organisms at the biochemical and biological levels, but
is unable to fully explain, synthesize, modify and apply the deciphered genetic
codes in the corresponding meta-concepts, except for experimenting with ready-
made parts of the codes.
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Meta-formalization is most developed and applied in the exact sciences by
means of the UML language, which contains a large set of particular axiomatic
concepts, which, however, do not form a universal language for describing
everything, since they are obtained empirically, but not ontologically, from a
unifying VA.

Software engineering is developing a generalizing standard for the Meta-Object
Facility language, which allows combining heterogeneous computer programs
and platforms on the basis of a single type system that increases the degree of
abstraction and application of the UML, which also has a private utilitarian
focus, like other intensively developed ontological data analysis tools, in in
particular, OntoClean, based on formal, domain-independent properties of
classes and meta-properties of objects, etc.

Numerous formal semantics and translators of almost all existing natural and
artificial languages have a long history, also focused on low-level meta-concepts
that cannot be overcome in principle within the framework of the current private
axiomatic general scientific paradigm.

All such numerous examples are naturally explained by Gédel's theorem on the
emergence and growth of incompleteness of (partial) systems of logical
equations (to which many phenomena are usually reduced) with an increase in
their complexity, which gives rise to the ambiguity of the formalisms of
phenomena and destroys private axiomatic knowledge into weakly interacting
areas.

In principle, it is possible to get out of the conditions of this theorem and solve
axiomatic problems only in the developing universal general scientific
paradigm.

4 Meta-Theories and Cosmology

The original meta-concept justifies the following important directional
consequences:

1. The Universe is self-determined and has an exclusively internal existence,
which, as will be shown below, naturally develops into self-knowledge and
further through living Classes into a grounded Universal Cosmology.

2. The Universe combines strict formalization and, as shown below, free
uncertainty, jointly guaranteeing the realization of Universal Cosmology and the
achievement of a strictly defined goal of Absolute Harmony / Absolute Nothing.
3. The Universe has a single Universal Meta-Formalism (UMF), which
produces all kinds of Universal Formalisms of Private Universe Entities
(UMFE) that govern the development of the Universe.

4. All emerging problems of Universal Cosmology are successfully overcome
by consistent inner cognition and application of meta-concepts by the Universal
phenomena up to VA.

5. Full cognition of VA corresponds to the Universal singularity (hereinafter
defined as the Absolute Harmon), presumably completing the Universe.
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6. As substantiated below, the Universe has a complex structure of a constructor
of Universes, and combines multiple coexisting phases with different joint
mechanics, where formalization is one of them.

7. Universal Cosmology and its stages / phases is of great importance in the
knowledge of the Universe and, accordingly, in the development of science.

8. This concept justifies the following developmental (Universal) general
scientific paradigm.

5 Universal general scientific paradigm

The limiting increase in the level of abstraction from the system of intermediate
axioms to VA substantiates the universal system of concepts and the derivative
formalization of phenomena as the next universal general scientific paradigm

(Fig. 4).

The original Universal Axiom (Dogma)

Definition of

Concept
aconcept ~~

~_ uApP ,/deduction

Concretization
of a concept ~ The
Abstract
H ~
indJu(Ztr;:Jn ! World
-~ .
. hierarch
deduction of ! Y
concepts

Concept
\ induction
\

Domain of some _ __
< phenomena type >

Fig. 4. Schema of the universal paradigm of knowledge

The universal paradigm loses the limitations of Godel's incompleteness theorem
with the transition from particulars to universal formalisms and uses the really
established system of categories in the process of the evolution of the Universe
instead of artificial concepts.

By definition, a universal paradigm is sufficient for a reasonable formalization
of all Universe beings from a single UMF. The modern problem of the
Universal Paradigm is the incompleteness of the universal system of concepts
and the insufficient degree of formalization of UMF for a fully formal
(automatic) derivation of universal formalisms of entities, which should be
resolved like the collective work of the Bourbaki school.

If the partial axiomatic paradigm is based on the triad "observation - hypothesis
- verification experiment” and is limited to the field of observation of
phenomena, then the universal paradigm is based on the notebook "obtaining a
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reasonable universal formalism (UV, which should always be a UMF) -
identification of a phenomenon in the Universe - identification of a phenomenon
in UV - deduction of the formalism of the phenomenon with UV ”, which is
limited by UV, which can exceed the field of view (Fig. 5).

A: Partial dogmatic paradigm of B: Universal paradigm of cognition, limited
cognition, limited to observation by Universal Meta-Formalism (UMF)
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Fig. 5. Execution schemes of axiomatic (A) and universal (B) paradigms of
cognition

6 The Universe’s dualisms

Universalization reveals many fundamental (meta-) dualisms of the Universe,
the most important of which are given below.

Abstract / real dualism. Universal phenomena are divided into a visible real
(factual) part and an invisible abstract (categorical) part. The former activate /
deactivate the latter, which turn on / off the corresponding properties that
control the phenomena, which harmonizes / disharmonizes them, depending on
the cognition and use of knowledge.

Continual / discrete dualism. The universe coexists in several fundamentally
different joint phases with corresponding mechanics, of which only classical and
guantum mechanics are known to modern science. The initial phase is a
continual phase, which is sampled (reduced) to the formalization phase,
allowing approximate, but successful harmonization to the target phase of
Harmon. The sought-after scientific formalisms begin with a sampling phase.
Macro / micro dualism. The Universe is divided into infinitely internally
nested hierarchies of the Real and Categorical Worlds, the properties of which
differ at different levels of the hierarchy. Science operates exclusively with the
Middle World of the Universe and is not available to the extreme macro / micro
Worlds.

Border dualism. The universe, by definition, assumes the presence of its
opposite part and, accordingly, the border between them. However,
universalization substantiates the infinite and limitless in Space-Time-Matter
Universe. Consequently, the Universe / non-Universe dualism is observed in
another part of it, unknown to modern science and difficult to cognize due to
going beyond the Universe. The latter makes it difficult to identify the scope of
the Universal laws and undermines scientific knowledge.
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Harmony / Chaos dualism. Universalization substantiates the meta-concepts of
Harmony / Chaos unknown to traditional science as the presence / absence of
connection, respectively, as well as the Meta-law of increasing Harmony, which
have the highest irresistible force of action and radically change ideas about the
world around them, without which adequate formalization of knowledge is
impossible.

Determinism / Freedom dualism. Universalization substantiates the natural
emergence of freedom (and the resulting uncertainty) in any (even fully defined
and deterministic) unharmonized system, which is understood as any difference
from the state of Harmon. The latter, as substantiated below, is on the border of
the universe. This stipulates the obligatory combination of Determinism /
Freedom within it, which together guarantee the directed achievement of the
Harmon state without stopping at the local extrema of the Universal Global
Optimization Problem. This justification is a universal analogue of K. Gddel's
theorem on the incompleteness of particular formalisms in the axiomatic
paradigm.

7 Meta-features of universal knowledge

Universalization 1) continues logical processes from divided dogmatic areas of
knowledge to a single Universal system of knowledge (Fig. 6), 2) stabilizes the
system of concepts in the process of cognizing phenomena (Fig. 7) and 3)
increases the variability of universal formalisms in comparison with private
limited low-level dogmatic formalisms by increasing the level of abstraction,
starting from the limiting UA (Fig. 8).

Logical;
processes |

Subject domains )
' The Universe

Dogmatic knowledge Universal knowledge

Fig. 6. Scheme of continuation of logical processes in meta-cognition.
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Fig. 7. Scheme of stabilization of meta-cognition of complex phenomena.
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The aforementioned dualisms in the formalization phase combine heterogeneous
polar meta-properties of phenomena that specify the diversity of the Universe.
For example, at low levels of abstraction with a small number of activated
categories, phenomena receive high degrees of determinism / accuracy of
axiomatic formalisms, which are mistaken by axiomatizers for justification. But
at high levels, even precise meta-formalisms get a long way of causal
concretization with random operating factors that turn them into precise but
randomly realized asymptotes, mistakenly considered approximate (Fig. 9).

An exact meta-formalism The Universe
of a phenomenon ﬁ
Chaotic

concretization of

a meta-formalism ~ Z

Fig. 9. Scheme of transformation of exact high-level meta-formalisms
into chaotic asymptotes.

8 Meta-ontology of the Complexes

Definition. The complex is an entity participating in all Universal entities.
Consequence. The Universe is the original Complex.

Consequence. The Universe has two derivatives of the Complex: AW and RW
(Fig. 2).

Consequence. RW has 3 derivatives of real Complexes: Space, Time and Matter
(fig.).

Definition. The space is conceptually a regular permanent RW Complex.
Definition. Time is conceptually a regular variable RW Complex.

Definition. Matter conceptually is an irregular RW Complex, containing 2
derivatives of the Complex: Processes - a temporarily variable part of
phenomena, and Subjects - a temporarily permanent part of phenomena.
Consequence. Complexes of Space, Time and Matter form a single STM-
Complex, which is further divided into phenomena.
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Consequence. STM-Complex is conceptually formed by two concepts:
Persistence and Regularity and their negations (fig.).

Consequence. AW is a Complex that is divided into UA and an infinite (due to
recursive nesting) system of derived categories in the form of a pyramid-like
structure (UAP) up to RW.

Hypothesis. AW comes from the inhomogeneity of the meta-existent Prana
during the decay of Harmon in the initial coexisting phases of the Universe (see
below), the local indistinguishable parts of which condense into the abstract
categories of the Universe that are supposedly precise and unchanged in the
STM-Complex.

9 Meta-concepts of Harmony / Chaos

Definition. Harmony is a connection between beings (phenomena / categories)
(Fig. 10).

Definition. Chaos is a lack of connection between beings.

Consequence. Harmony / Chaos inherits the linkage classification defined by
Venn diagrams (Figure 11).

Consequence. Harmony and Chaos are mutually inverse mutually
complementary general Universal concepts.

Consequence. Harmony and Chaos together constitute a complete conceptual
Universum, describing every state of the Universe and its beings.

Consequence. Universum is realized in the Universe beings as a complete
subgraph of realized (existing) and unrealized (resource harmonization of
essences) relationships on all components of existence (Fig. 12).

Definition. Harmonization is an increase in the harmony of beings.
Consequence. The limit of harmonization of existent is local Harmon with
absent chaos (Fig. 12).

Consequence. The limit of harmonization of the Universe is the Absolute
Harmon, which unites all beings in the Universe.

Definition. Existence is a connection between an object and a subject (an object
exists for all its subjects).

Consequence. Existence is an asymmetric directional concept relative to an
object-subject pair.

Consequence. Harmony harmonizes beings and enhances their existence.
Consequence. Chaos separates and generates a difference between entities with
classification up to the emergence of problems of existence and destruction
(breaking the defining connection) of entities.

Consequence. Harmonization is the original Meta-Law of the Universe, which
generates all other laws of the Universe's existence.

Definition. In incomplete formalization, the Meta-Law is expressed as "all
things seeks to increase their harmony."
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Fig. 12. Scheme of an entity dichotomy for Harmony / Chaos

10 The Harmon/Mandala and the Universe’s Perpetuum Mobile

According to the Meta-Law, the limit of harmonization of a reasonably infinite
Universe is the state of Absolute Harmon (hereinafter - Harmon) as a Complete
Infinite Oriented Graph CIOG (CIOG) = lim COGn (COGn), n — o, whose
vertices are the same graphs (Fig. 13).

Absolute Harmon is Absolute Everything, homogeneous continuum and Bose
condensate of Harmon, which condenses into Absolute Nothing (Chaos) and
disappears due to the impossibility of adding any connections. Absolute Chaos,
by analogy with a physical condensate, is presumably capable of decondensing
back into the state of Harmon (Fig. 13).

The Harmon / Absolute Everything

Absolute Chaos /

Absolut Nothing

Decondensation
Condensation

Fig. 13. Scheme of the original Universal Entity — the Harmon and its
condensation / decondensation with Absolute Chaos — the Universal Perpetuum
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Mobile.

The Absolute Harmon is unstable due to the internal asymmetry of nesting and
disintegrates into the Universe known to us. If we assume the infinite resource
of Absolute Chaos, then the Absolute Harmon / Absolute Chaos pair forms the
inexhaustible Universe's Perpetuum Mobile, which moves our Universe and
determines its structure.

Harmon is identical to the well-known religious symbol Mandala / Mangala,
which is traditionally worshiped by about 1.5 billion people around the world,
which testifies to 1) disappeared civilizations, 2) who knew it well, and 3) the
cyclic succession of world civilizations (Fig. 14).

Fig. 14. Typical modern images Mandala / Mangala.

11 Meta-ontology of Intelligence

The meta-ontology of Intelligence begins together with the Universe from UA,
associated with the meta-concept of communication (Fig. 10), which is then
consistently concretized into the meta-concept of cognition as the cyclical
advancement of a copy of an object into a subject in 4 stages: 1) information (on
the subject's border) ; 2) knowledge (within the subject); 3) understanding
(internal harmonization with other knowledge of the subject) and 4) research
(external harmonization with other properties of the object) (Fig. 15).

The meta-scheme of cognition is naturally concretized for 1) multiple objects
(Fig. 16), 2) learning through an intermediate subject (teacher) (Fig. 17) and 3)
virtualization (exceeding properties) of an object in a virtualizer subject, which
enhances harmonization due to active search for harmonious states of the object
(Fig. 18).
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Fig. 15. Schema of a cognition Fig. 16. Schema of a multiple
meta-concept cognition meta-concept
Object Copy 1 of object Copy 2 of object
SUbUAP SubUAP SsubUAP
1 Absolute ! 1

VWV  subUAPsof —— _! I

47 object/ TN AT TTTm---o__ >
subjects

Direct Indirect S
copy of copy of
Object object Subject 1 object Subject 2
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Fig. 17. Schema of a teaching meta-concept.

Virtualization A result of
(a properties exceeding) virtualization (excess)
of an object by a subject of an object

 Copy of an object
Subject - virtualizer into a subject

Fig. 18. Schema of a virtualization meta-concept.

12 Meta-methods of cognition

1) Cognition is a special case of harmonization of phenomena with concepts,
therefore, 2) Meta-Law is the initial method of cognition, 3) which seeks and
implements all possible ways of using categories to establish connections
between phenomena, 4) which are further concretized by derivative methods in
various situations, 5) specific universal of which RW (STM-Complex) has
Conditioned Reflex (CR), 6) developing the ideas of the Nobel laureate I.
Pavlov.

The conditioned reflex (CR), according to the original Meta-Law, identifies and
copies the invisible categories of the cognized object-phenomenon into the
visible concepts of the subject-phenomenon, starting from the subject's zero
ability according to the following complementary concept (Fig. 19):

Definition. Knowledge is concepts and facts.

Definition. Cognition is the restoration (copying) of the categories of the
phenomenon-object into the concepts of the phenomenon-subject.
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Definition. The initial method of cognition in CR is induction, which uses the
specifics of the structure of the AW and generalizes the phenomena / lower
cognized concepts by highlighting common parts in the corresponding subject
area.

Consequence. Induction builds up error quickly and stops prematurely without
reaching higher meta-concepts.

Definition. The secondary method of cognition in CR is deduction, which by
exhaustive search consistently combines the cognized concepts and reveals
additional concepts missed by induction.

Consequence. The joint combination of induction / deduction raises the level of
abstraction of concepts, but does not guarantee the achievement of 1A.
Consequence. In the subject, two opposite streams of inductive and deductive
concepts arise, which, as cognition progresses, should asymptotically converge.
Consequence. Coinciding inductive and deductive concepts in flows form,
accumulate and improve a hypothetical system of concepts (knowledge).
Consequence. Inconsistent inductive and deductive concepts in streams are sent
for inquiry to eliminate all external (with a cognizable phenomenon) / internal
(among themselves) contradictions.

Consequence. As it is inquired, the system of knowledge should asymptotically
approach the available Universal categories.

Consequence. The harmonized structure of the CR corresponds to a typical
dichotomy of a biological brain into two specialized hemispheres with the
expected internal functional similarity (Fig. 20).

Consequence. Higher meta-concepts are learned exclusively by the Method of
Sequential Concretization of Hypotheses (CCGM) between the agreed
conflicting concepts with a hypothetically surmountable distance between them
in order to eliminate the current contradictions / incompleteness of the acquired
knowledge system (Fig. 21).

Definition. A hypothesis is a statement that has not been proven false.
Hypothesis. Induction, deduction, and CCGM provide complete knowledge of
beings.

Consequence. Any knowledge (concepts and facts) is subjective, hypothetical
and has a measurement of truth exclusively by the volume of an externally /
internally consistent system of concepts.

Consequence. The universe is the only criterion for truth.

, Induction concept flow S
7, « + L Facts Information )
/[ Highest " | v v A { ] \ Object
1| achieved X Concepts comparison y +—No -,
4 3

<

>

'\ concept / 1 / i Yes; 2

' p 5/ ( Accumulation') Yes /&

\ - ) ” of matching S =
AN Deduction concept flow concepts !

Puc. 19. The scheme of a conditioned reflex
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Puc. 20. Typical brain dichotomy.

Relations A system of a phenomenon concepts
of concepts\

Overcoming distance N/ N/
between concepts Known concepts Unknown concepts

Fig. 21. The scheme of a concepts sequential concretization method with
overcoming distance between them
13 Phenomena Universal harmonic meta-classification

Phenomena are harmoniously structured by 3 groups of connections: internal,
external and connections between them (Fig. 22).

Phenomenon External
-—= relations

|
re

</
lations

Fig. 22. The scheme of a phenomena harmonic structure

Tabnmuma 1. YHuHBepcampHas rapMOHHYHAs KiaccH(UKaIWs SBICHUN (MeTa-
(haza popmanuzanmu BeeneHHOMN)

Continuous harmonization of phenomena sequentially complicates all groups
of connections between phenomena and enhances their harmonious properties
with the following principal states (Classes), which generate a universal
harmonious classification (Table 1).
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Table 1. Universal harmonious classification of phenomena (meta-phase of the
formalization of the Universe)

Clas Name Internal Harmonious Harmony Characteristic
S structure Resource type quantity
0 Absolute Chaos No No No No
1 Thermodynamic, No Real relations in the | Starting Entropy

S Present
2 Mechanics Present | + virtual relations | Passive Energy
during the Past
interval
3 Intelligence | Copy of | + virtual relations | Active Harmony
STM- during the Future
Complex interval
4 The Highest |Real STM-| + real Present Highest | Harmony
Reason Complex | during Time axis
5 | The Harmon | Absolute Absolute Absolute | Harmony
connectedness
6 Absolute No No No No
Chaos

The internal structure of phenomena is sequentially complicated with the
formation and increase of the Virtual Channel in Time (VTC) in the interval
from the Past to the Future around the current real Present (Fig. 23), which
enhances the additional harmonizing ability of the phenomena from degradation
(Class 1) through preservation (Class 2) until active harmonization in Class 3,
which becomes prevalent in Class 4 due to full access to the entire axis of Time
and becomes sufficient for the destruction of STM-Complex into the state of
Absolute Harmon. The Upper Classes partially inherit the properties of the
lower Classes.

Harmony
volume of

Object into
virtual Ifast

I
1
object :

|
v |

Object into

1
Object into real
Present
1

<< -=---

é

T
Virtual Time Cannel

virtual

Future

Time

Past

Present Future :

>

Virtual'the Past - Present - Future Time interval

Fig. 23. The scheme of a phenomenon dividing into the Past, Present and
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Future and its Virtual Time Cannel

14 Virtual Time Channel and Classes characteristic values

The VTC radically changes the interaction of phenomena (Fig. 24).
Thermodynamic phenomena almost do not interact with external relations and
pass them with small changes. Mechanical and living phenomena strongly
influence external relations with an increase in the VTC and from the passive
turn to active and destabilizing ones. The Universe is completely self-
determined and depends only on internal relations.

The intellect forms and consistently develops the VTC in time, which is
fundamentally different from the Shannon channel in space and provides
additional internal temporal switching of phenomena and the harmonious
advantage of the higher Classes over the lower Classes (Fig.). VTC is a key
attribute of Intelligence as opposed to purely logical non-living phenomena.

The VTC radically changes the interaction of phenomena (Fig. 24).
Thermodynamic phenomena almost do not interact with external relations and
pass them with small changes. Mechanical and living phenomena strongly
influence external relations with an increase in the VTC and from the passive
turn to active and destabilizing ones. The Universe is completely self-
determined and depends only on internal relations.

Non-interactions

Class 1: > >
Input A Output
'

!
Phenomena

N

Classes 2-4:

VON
I
I

The Universe: ~ - Self-definitions

Fig. 24. Classification of the phenomena Classes interaction.

The VTC radically changes the characteristic quantities of phenomena from
passive entropy (that tends from complex to the simplest states) and
conservative energy (that preserves phenomena) to active harmony that gathers
itself back from the simplest to the highest states and thereby creates complex
phenomena (Fig. 25).
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Class 1: Heat Cold

S

Class 2: | Physical Invariants

S —

| |

Physical Invariants

—_—

Class 3: Harmony Disharmony
~—

Fig. 25. The scheme of characteristic quantities action on phenomena Classes.

Accordingly, Class 1 destroys, Class 2 saves, and Class 3 develops phenomena
(Table 2).

The VTC and additional Time harmony correspond to the desired negative
entropy of E. Schrédinger [].

Table 2. Characteristic Quantities of Harmonic Phenomena Classes

Class Class name Characteristi |Degree of phenomena
C quantity harmony
1 Quasi-chaos Entropy Degradation
(Thermodynamics)
2 Natural selection Energy Conservation
(Mechanics)
3 Life (Intelligence) Harmony Development

15 Meta-definition of Intelligence

The Universe has 3 main conceptually strongly interconnected initial meta-
divisions: 1) Abstract AW / RW division, 2) Time Past / Present / Future
division, and 3) division into categories that are initial candidates for Meta-Law
harmonization.

Consequence. Abstract, Temporal and Categorical meta-divisions of the
Universe change only jointly.

Definition. Intellect is the (active) harmonizer of the joint Abstract, Temporal
and Categorical meta-divisions of the Universe.

Consequence. Each category generates a corresponding division of the
Universe, which is eliminated by deactivation of the category.

Consequence. In the existing unchanged AW, the categories are unchangeable /
non-removable and it is only possible to reduce / avoid the conditions of their
action on the phenomena that are identified and fulfilled by the corresponding
concepts of Intelligence.

Consequence. The Meta-Law seeks and applies all kinds of ways of intellectual
harmonization of any divisions through their cognition (copying) and
virtualization by a harmonizing subject.
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Consequence. Intelligence is divided into 1) the UMF of the Intelligence
(UMFI), the same for the entire Universe, and 2) its various harmonization
(concretization) with specific ecological niches of existence (ENE) (Fig. 26).

The Universe

~

An ecological N
niche of existence v

Intelligence "

d . Y
,/ Universal Meta-
! Formalism of
\ Intelligence /

/

/  Concretization of \\
\ UMFI to an ENE !

Fig. 26. Intelligence concretization scheme.

16 Meta-definition of ecological niches of existence

Definition. ENE is a part of the Universe harmonized with UMFI.

Hypothesis. UMFI can flesh out with any part of the Universe.

Consequence. RW is the first ENE of the Universe, the concretization of UMFI
with which has properties common to the entire RW.

The UMFI cyclically harmonizes an object by the following stages: 1) observing
the object over a certain time interval, 2) building a model of an object's
process, 3) predicting the development of the model over the next time interval,
4) predicting the required harmonic state of the object taking into account the
target of a subject, 5) calculating the control action on the object, 6) returning
from the subjective into real time, 7) implementing the control action on the
object, 8) comparing the predicted and actual state of the object and 9)
correction of the process model (Fig. 27).
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2. Building an
object model 3. Model Subjective Time Real
— — — development = — — — — — — * Time
predicting 8. Comparison
1. Observation_{ Thinking 7. Object control | of the predicted _)
of an object time A implementation | and actual
| object states
1
6. Return from 5. Object 4. Prediction | 9. Model
subjective to control of an object correction
Real Tlime calculation goal

|
v

Fig. 27. The scheme of thinking act in RW

|( — -Reverse Time movement-

17 Meta-ontology of Highest Reason

The Meta-Law harmonizes the Universe from the decondensation of the
Harmon by sequential passage of all Classes with the emergence and sequential
development of VTC in Classes 4-5 until complete disappearance in Class 6
Absolute Chaos.

Class 4 Highest Reason transforms virtual access to a segment of the Time axis
around the current Present into real access to the entire axis, necessary for its
destruction by the ultimate harmonization and condensation of Time Complex,
like all other Complexes. This is achieved by the ultimate increase in all VTC of
the Universal phenomena to the state of Harmon, embedded in their unifying
Harmon.

For this, Highest Reason achieves full knowledge / access to all Complexes and
activates their condensation by the harmonious resources of the emerging
Harmon. These properties bring Highest Reason closer to the historically
traditional concept of God as a necessary component of Universal Cosmology /
Universe, which for the first time becomes an important object of fundamental
scientific research.

18 The living Universe

As biological organisms rationally combine non-living / living Classes, so the
Universe does the same, forming a single living organism with 6 Classes of
phenomena to effectively achieve the target state of Absolute Chaos.

Due to the high degrees of infinity of the Universe, all admissible possibilities
are realized when moving to the limiting state of Harmon as the Absolute
Everything, which proves the truth of any consistent formalisms, including
those substantiated in this study.

19 Universal Cosmology

Universal Cosmology (UC) crenyet u3 ciemyroreii HEMpOTHBOPEUMBON MeTa-
kouuemnimu (Fig. 28):

Universal Cosmology (UC) follows from the following consistent meta-concept
(Fig. 28):
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1. The Absolute Nothing decondenses into the Harmon,

2. The Harmon is unstable due to enclosure asymmetry and

3. Disintegrates into the Universe (in the state of disharmonized
inhomogeneous Prana),

4. Where the STM-Complex arises and the Meta-Law joins in,

5. Which brings the Universe back into the state of the Harmon,

6. That condenses back into the Absolute Chaos,

7. And this cycle repeats endlessly.

Condensation

;
o

@— UA + UAP + STM-Complex —)»

The Absolute  The Start of internal  The quasi- The self-harmonizing  The
Chaos Harmon disharmonization Chaos Universe Harmon

Fig. 28. The scheme of Universal Cosmology

All Classes of the Universe in pure / mixed (with inheritance of the lower
Classes) form fulfill their purposes in the phase of formalization of the Universe
(Fig. 29). Class 1 Thermodynamics utilizes unpromising weakly harmonious
phenomena, Class 2 Mechanics stabilizes phenomena and includes passive
natural selection, Class 3 Life actively develops phenomena into Class 4 Higher
Intelligence, which activates the entire Universe and, upon reaching the state of
Harmon, "burns" everything (Abstract + STM- ) Complexes into Absolute
Nothing. There are no other consistently substantiated mechanisms of
Cosmology for the present.

Harmonic death of the Universe zone (Anti-Bang)

I The Absolute ~ . .
Harmony M [ |
: | Class 4. Class 4 Theend
> . ___.Class3’)"4/)/ of Time
g I The behavior of l— ——— o Classes 1+2+3
% | Pphenomena < = — — — — —— ———'——. Class2 3 The
Classes ~
T : [~ == Asymptotes endless
| Class 1 ~Classes 1+2. __ __ __ Time
é— Quasi-Chaos — !_ —_——— _‘_‘_—_—_.-.___) —_——>>
: Some current Time  Heat death of the Universe zone (at the infinity)
| The Absolute |
"_I_l Chaos : >» The Time
T,i\lrr?el Emergence of the STM-Complex, beginning of the Time
|
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Fig. 29. The scheme of Classes role in the Universal Cosmology

20 Multiphase Universe

Harmon suggests the following meta-concept of its decay, explaining and
generalizing the observed properties of our level of existence of the Universe:

1. Harmon is a continuum of limiting complexity coco,

2. Which disintegrates into an inhomogeneous continual Prana

3. With decreasing complexity (reduction),

4. Which further continues through atomization (selection of the most
connected inhomogeneous parts) of Prana

5. Before the emergence of relatively weak externally connected with each
other (remaining continuous) entities.

6. Weak ties naturally form a nested hierarchy at all levels and between them,
7. Which naturally form the formalisms of beings from phenomena to
categories.

8. Categories are supposedly a generalization (condensation) of phenomena to
eliminate all kinds of internal contradictions in the existing system of things,

9. Admitting effective combinatorial-logical harmonization of the reduced
phenomena

10. Fundamentally similar limited entities

11. According to the reduced, stable categories

12. Until reaching the desired target state of Harmon.

Thus, the Universe exists in several joint successively developing meta-phases
with fundamentally different properties / mechanics, presented in the minimum
configuration in Table. 3. They are justified exclusively by a complete mutual
composition, of which modern science knows only quantum and objective
(classical) mechanics.

This work examines only the phases around formalization to obtain a universal
meta-paradigm of cognition and the corresponding meta-formalisms.

Table 2. Universal meta-phases of the Universe.

No Phase Purpose Properties
1| Absolute Preliminary phase Unknown origin and resource
Chaos (limited / unlimited),

decondensation into Harmon,
mechanics of Nothing.

2 [ Harmon Initial homogeneous Bose-condensate Harmon of
(Mandala) | continuum extreme complexity o®, nesting
asymmetry, explosive instability,
decay, Harmon mechanics.
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3| Prana Inhomogeneous Inhomogeneity, stabilization, the
continuum emergence of the PVM-Complex,
the beginning of the Meta-law,
continual mechanics.
4 | Discretizatio | Emergence of Starting harmonization, elementary
n entities / particles, quantum mechanics.
relations
L
5 [ Formalizatio | Emergence of ® £ | Simplification of the Universe, the
n structures @ ['= | emergence of hierarchies
| © e . .
— - = | £ (classifications), decreasing orders
6 | Categorizatio| Condensation of| 5 of complexity from oo, finite
n indistinguishabl | ‘o formalisms, partial knowledge,
e structures = limited knowledge, exhaustive
search, subject mechanics.
7 | Cognition Copying of Complication of phenomena,
structures mechanics of great complexity.
8 | Life, Partial cognition Harmonization of phenomena,
Intellect o| intellectual mechanics.
9 [Higher Complete 3 Destruction of the STM-Complex,
Reason cognition the mechanic of the Higher Reason
10| The Harmon | Resulting homogeneoud Transformation of phenomena into
continuum Harmon, Harmon mechanics.
11| Condensatio | Absolute fusion of all | Exhaustion of the resource of
n structures into Nothing | harmonization, the mechanics of
condensation.
12| Absolute Final phase Disappearance of all things into
Chaos Absolute Nothing, mechanics of
Nothing.

21 Constructor set of Universes

The hypothetical Universe's Perpetuum Mobile radically changes the classical
views of the world order:

1. When a Harmon decays, it obviously creates (“sets fire to”) an infinite
number of parent / daughter decaying Harmon, which are involved in its
Universe as a source of singularity.

2. Singularities produce Prana (RW), which partially and presumably
unambiguously condenses categorically into AW (UAP). In the case of
unambiguity, singularities produce the same fully compatible UAP and "merge”
Prana into a single Universe. Otherwise different UAPSs, they give rise to
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separate Universes. Further (our) Universe of 2 concepts and their negations:
Constancy / Variability and Regularity / Irregularity forms STM-Complex (Fig.
30).

Concept and

. | 1
Universe’s Perpetuum iabili
Mobile The Universe CO_nStan_Cy_ varaby {1 s negation
/ —| Space | T|me I—\-Regulanty
Absolute
| . RW | — - Matter —F —~
Harmon /
—'—| Items |—|Processes Irregularlty

\_______’ N —

@—— 12 coexisting phases from Absolute Chaos H

Puc. 30. Cxema pacriaga ['apmona B ero Komriiekchl.

3. Internal Complexes Space, Time and Matter of the Universe have different
formulas and properties that allow to distinguish them as separate entities that
can mutually separate and generate internal inhomogeneities with known
relativistic effects.

4. Presumably, each part of Harmon -0H generates proportional parts of Space
0S, Time 0T and Matter OM:

-OH =0S + 0T + oM;

the mutual relationship of which should not change due to the fundamental
homogeneity of Harmon. Then the mutual partial derivatives of the Complexes
must be constant:

0S/0T = Vs, OM/OT = Vr,
oT/0T =1, OM/0S = Vs

which is actually observed for a known constant speed of light VST = ¢ and in
principle allows only short-range action and prohibits long-range action inside
the STM-Complex.

5. All the Universe meta-phases coexist, starting with the state of Harmon,

all parts of which, by definition, are directly fully interconnected in the absence
of a PVM-Complex, and support absolute long-range action, which should slow
down as the STM-Complex forms and short-range action arises, but partially
acts in the soft transition boundaries between meta-phases.

6. As an inexhaustible source of all that exists from nothing, Universe's
Perpetuum Mobile basically allows the preservation of the Past / Future with
Time disabled and instantaneous movement throughout the saved Time from the
beginning to any previously reached moment, after which the indefinite Future
begins (Fig. 31). Time can be switched on at any point of the Past by
transferring there any point of singularity, which are formed indefinitely as
products of the decay of Harmon.
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New Present Current Present

The Harmon : The Harmon

Fixed Past Ie Returnt o the Past_+ Uncertain Future
Existing Future )
New Future ) Time
& /7

Inclusion points o Parallel Universe
new singularities >

Fig. 31. Control scheme for the structure and long-range action of the Universe.

7. These mechanisms of structuring and long-range action of the Universe allow
inanimate / living means to observe / change the entire Universe from beginning
to end, cut / insert new trajectories of development, create parallel worlds /
Universes, guarantee the achievement of many desired subjective goals by the
Higher Intelligence.

8. Thus, the Supreme Intelligence, through direct access to all Complexes, is
able to obtain the possibilities of long-range action 1) complete through the
meta-phase of Harmon, 2) partial in its vicinity and 3) complete in the saved
Universe with Time turned off for effective control of the entire infinite
Universe.

9. Due to the infinite number of naturally occurring parameters. The Universe is
a constructor set that allows you to create arbitrary universes with the desired
characteristics.

22 Structural meta-classifications of relations

An enumeration of elementary structures produces a structural meta-
classification of external relations that generate the following important
fundamental properties of the Universe. Since universalization refines,
simplifies, inherits and brings together concepts, many of them are repeated in
their properties and with different names that turn out to be superfluous.

The unary relations, which are the simplest relating to entities themselves (Fig.
32).

Determinism Existence )
(Dependency) (Action, Influence)
Freedom ) ....... Nonexistence....)
(Independence)” I\ A
\ //
No relations
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Fig. 32. The schemes of Determinism / Existence and
Freedom / Nonexistence of entities

Definition. Determinism (Dependency) is the presence of incoming relations of
entity.

Definition. Freedom (Independence) is the absence of incoming relations of
entity.

Definition. Existence (Action, Influence) is the presence of outgoing relations of
entity.

Definition. Nonexistence is the absence of outgoing relations of entity.
Consequence. Free non-existent phenomena are deleted from the Universe by its
definition.

The combination of these classes generates complex configurations of external
relations of an entity with the inheritance of corresponding properties.

The binary relations, which are the next in complexity (Fig. 33).

Entity -
object

Certainty _)
A

1
Relation

Fig. 33. The schemes of Certainty and Uncertainty of entities.

Definition. Certainty of an entity-object relative to an entity-subject is the
existence of relations from the first to the second one.

Definition. Uncertainty of an entity-object relative to an entity-subject is the
absence of relations from the first to the second one.

Definition. Relativity is a dependence (structure) of a relation on other relation.
The multiple (indirect) relations of entities through intermediate entities
include intermediate entities. They can lose copies of initial entities-objects
without the loss of general connectivity (coExistence in the common Universe)
with entities-subjects, which generates full indirect Uncertainty of entities.

It is shown in the example how entity 1 loses indirect Existence for entity 4

(inside the common Universe) which results in full Uncertainty of entity 1 for
entity 4 and Freedom of entity 4 for entity 1.
The restriction on carrier capacity of entities relations. The relations with
limited carrier capacity transfer only part of a copy of entities-objects and
generate corresponding partial Uncertainty of entities-objects relative to entities-
subjects that has (structural) measurement (Fig. 35).
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Fig. 34. The scheme of loss of indirect Fig. 35. The scheme of partial
connectivity of entities (on the Uncertainty of formalization with the
example of entities 1 and 4) restriction on carrier capacity of relations

Division and mixture (distortion) of entities relations. Indirect relations
can divide copies of entities-objects into several different copies or mix copies
of different entities in one copy. The result is transferred further with the loss of
entities-objects membership (Fig. 36). Such copies are perceived as a reduction
and distortion (noise) of relations and, therefore, generate Uncertainty of
entities.

Entity 1 Entity 2

Entity 3

Reduction Mixing
Entity 4

Fig. 36. The scheme of emergence of Uncertainty owing to
division and mixture (distortion) of entities relations

23 Stability / instability of phenomena and the “boiling” Universe
hypothesis
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1) If we use the measure of stability of phenomena AH / H, where H is the value
of harmony, and AH is its change, then 2) phenomena at low degrees of
harmonization are less stable than at high ones, which 3) enhances external
dependence and 4) facilitates management of them, which 5) is widely observed
in nature now and 6) indicates the initial stage of harmonization of the Universe.
7) With an increase in internal harmony, the stability of phenomena increases,
8) as well as external controllability decreases, but 9) the harmonizing ability of
phenomena increases, 10) which prevails in combination with pp. 2-4 and 11)
explosively (AntiExplosion) forces the environment of the phenomenon into a
state of local Harmon 12) with further decondensation into local Absolute
Nothing 13) in the final stage of the Universe, 14) where this completely
disappearing region returns.

Thus, the hypothesis of the limitless infinitely “boiling” Universe is
substantiated, the multiple singularities of the collapsing Harmon of which
continuously produce existence from quasi-chaos to the state of local Harmon in
some areas, which further “collapse” as they mature under the control of the
Higher Mind grown in them. Today it is the only simplest complete way to
scientifically consistently explain our Universe (Fig. 37).

—_———

The Universe

\V

~— <V
Condensation areas Singularities and their
of Local Harmones short range areas

Fig. 37. The scheme of the “boiling” Universe hypothesis

24 Meta-resource of the meta-Universe

Thus, the UC substantiates Absolute All (Harmon) / Nothing by some single
persistent (limited) unknown meta-Universal resource Absolute Nothing, which
continuously circulates at the meta-Universal level with different forms of
existence.

The knowledge of such a resource is very limited due to going beyond the limits
of our Universe, on the basis of which we build all kinds of knowledge and
assumptions, and, probably, is possible only in Class 4. Perhaps it is a
consequence of the Harmon of a higher level of the native Harmon of the
Universe, which forces the higher harmonic means return your borrowed part
from the low-level collapsing Harmon.
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In combination with the possible ambiguity of the structure of the UAP and,
therefore, Class 4, one can also assume a diverse society of Class 4 at the meta-
Universe level instead of its monoblock identical structure within the Universe.
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26 Conclusion

1. Any serious system of knowledge begins with the initial meta-concepts, the
interest and significance of which has been growing widely and strongly in
recent years in many areas of mankind, including fundamental science and high
technologies. However, along with high-level technological advances, the well-
known chronically unsolvable stagnant problematic of studying complex higher
phenomena is growing more and more, indicating the fundamental shortcomings
of the existing general scientific paradigm of cognition, up to the formal / actual
illegitimacy of the modern scientific system of knowledge.

2. This problem is obviously solved by the transition from an axiomatic private
paradigm to a new universal meta-paradigm of knowledge, which for the first
time allows to fundamentally achieve UA and unite the system of universal
concepts derived from it into a single UMF, which in principle allows
formalization of all simple and complex Ecumenical phenomena without
exception.

3. In a series of works by the authors, a universal meta-paradigm of knowledge
is substantiated and the possibility of creating a likely single exact consistent
UMF is shown on the example of the developed Universal system of meta-
concepts in a structural representation as the most appropriate to the initial
properties of our Universe and allowing in the future a set-theoretic analogy and
formal combinatorial -logical transformations.

4. For this, for the first time, it was possible to reasonably limit the
fundamentally infinite recursion of the derivation of meta-concepts by the
specific properties of the Universe and formally define all the basic concepts
used with a supposedly surmountable conceptual distance between them,
formulate the initial UA and higher meta-concepts, properties and laws of the
Universe, the main of which is reveals the value of Harmony, based on the
connectivity of beings, and the meta-Law of its increase, which directs the
movement of beings and the Universe as a whole.

5. Universal phenomena are naturally classified according to the degree of
internal harmonization into 6 main Classes, of which Life and the Higher Mind
play the main role in the existence of the Universe. Universalization allowed for
the first time to scientifically define Intellect as an active harmonizer that
overcomes the 3 main harmonic Abstract, Temporal and Categorical meta-
divisions of the Universe, which has a single initial UMFI for the entire living
world and a different concretization for an infinite number of ecological niches
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of existence, generating all the living diversity of the Universe. UMFI
fundamentally legitimizes both all research / development in this area, and
science in general as a product of exclusively intellectual activity.

6. The Universe turns out to be a complex living self-organizing organism,
rationally combining all Classes, in which the Supreme Mind for the first time
becomes the object of scientific research and the main acting being at the final
stage of existence.

7. The limit of any harmonization is the meta-state of Harmon, which turns our
ideas about the world around as Absolute Everything, which condenses into
Absolute Nothing and decondenses back, overcoming many fundamental
contradictions through the meta-concept of the Universal Perpetuum Mobile,
impossible within the Universe, but possible on its border.

8. Universal Perpetuum Mobile reasonably deduces UC, which is radically
different from the Big Bang hypothesis. The Universe is infinite always /
everywhere, has no physical boundaries in Space. Time and Matter, cyclically
passes through all Classes of development, has unlimited STM to achieve the
state of Harmon / Absolute Nothing (harmonious death of the Universe) and is
reborn from the singularities of the disintegrating Harmon, presumably arising
from them in separate regions, forming a "boiling™ Universe.

9. The Universe has innate parametric properties of a constructor, which may
well be used by the Higher Intelligence to create arbitrary Universes with
different properties,

10. The Universe has at least 12 coexisting nested phases of the state,
sequentially reducing everything that exists to ensure effective harmonization up
to the achievement of the final goal - the state of Harmon / Absolute Nothing
with the corresponding mechanics, of which axiomatic science knows only two
- continuous quantum and discrete formal classical mechanics
Universalization opens up other previously unknown mechanics to science to
reveal new fundamental natural laws.

11. Universalization is fully consistent / does not contradict the known scientific
/ historical facts and forms the largest system of grounded concepts, including
the well-known axiomatic science as a partial derivative case. Continuation of
universalization develops UMF and presumably leads to the achievement of a
supposedly complete exact state, which deduces the same formalisms of all
known / unknown Ecumenical phenomena, as far as possible in the
formalization phase, combined with similar reducing means of describing
entities in other phases. Despite the initial state of the Universal Theory, any of
its applications are already radically changing the traditional ideas about the
world around us, especially complex chronically unknowable phenomena.

12. The ultimate meta-level of abstraction of universal concepts today is an
urgent prerequisite for the development of knowledge, in which, undoubtedly,
many teams of leading scientists should participate, like the scientific school of
Bourbaki. The seemingly unusual presentation of many important universal
concepts follows exclusively from the incompleteness of modern axiomatic
science, as well as ancient knowledge in comparison with the latter.
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Abstract. We investigate the existence of positive solutions for a Riemann-Liouville
fractional differential equation with sequential derivatives, a positive parameter and a
nonnegative singular nonlinearity, subject to nonlocal boundary conditions which contain
Riemann-Stieltjes integrals and various fractional derivatives. In the proof of the main
result, we use the fixed point index theory.
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1 Introduction

We consider the nonlinear ordinary fractional differential equation with sequential deriva-

tives
D, (a(®)DF,0()) = M) f (¢ 0(t), t € (0,1), (1)

subject to the nonlocal boundary conditions
v(0) =0, j=0,...,n—2, D0+v(0)
2
o), 0(1) = ag(€)Di,o(©). DYl Z [ prewann,

where v € (1,2, e (n—1,n],neNn>3 peN 3, €R,i=0,....,p, 0 <y < <

<Y<Y <B-1,7%>1,A>0,a>0,£€(0,1), ¢:[0,1] — (0,00) is a continuous
function, f : [0,1] x (0,00) — [0, 00) is a continuous function which may have singularity
at the second variable in the point 0, the function r : (0,1) — [0, 00) is continuous and
may be singular at ¢ = 0 and/or ¢t = 1, Dj, denotes the Riemann-Liouville fractional

derivative of order ¢, for ¢ = «, 8,70,7,...,7, and the integrals from the boundary
conditions (2) are Riemann-Stieltjes integrals with H;, i = 1,...,p functions of bounded
variation.

In this paper, we present some assumptions on the function f and intervals for the
parameter A such that problem (1),(2) has at least one positive solution. By a positive
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solution of (1),(2) we mean a function v € C|0, 1] satisfying (1) and (2) with v(¢) > 0
for all ¢ € (0,1]. In the proof of our main theorem we use some results from the fixed
point index theory. In what follows we present some recent results connected with our
problem (1),(2). In [9], the authors studied the existence of nonnegative solutions for the
fractional integro-differential equation

Dj,v(t)+ f(t,v(t), To(t),Sv(t)) =0, t e (0,1),

with the multi-point boundary conditions

v(0) =v'(0) = - =o""(0) = 0, Dfv(l)= Z a; Dy (&),

WherefyeR,’yE(n—l,n],nEN,nzfi az,fzeRforallz—l m, (mEN) 0<
& < <§m§1p,qERp€[1,n—2]qE[0p fo s)ds, Sv(t) =
fo s)ds for all t € [0,1], and f is a nonnegatlve functlon Wthh satisfies some
assumptlons In the proofs of the main results they used the Banach contraction mapping
principle and the Krasnosel’skii fixed point theorem for the sum of two operators. In [13],
by using the Guo-Krasnosel’skii fixed point theorem and some height functions defined on
special bounded sets, the author proved the existence and multiplicity of positive solutions
for the nonlinear fractional differential equation

DO+U( ) + f(tvv(t>> = 07 te (07 1)7 (3)

supplemented with the nonlocal boundary conditions

v(0) = v/(0) = --- =0"P(0) =0, Df, (1) = /0 1 Dg,v(t) dH(t),

where vy e R,y € (n—1,n,,ne Nyn >3, p,ge R pell,n—-2],q€l0,p, His
a function with bounded variation, and the nonlinearity f may change sign and may be
singular at the points t = 0, t = 1 and/or v = 0. In [1], the authors investigated the
existence of multiple positive solutions for the equation (3) with the boundary conditions

0(0) = '(0) = - =" P(0) =0, Dgjo(1) =) | Dyio(t)dHi(t). (4)

where m e N, g, e Rforalli =0,... m 0< By <fo< - <Bn<Po<v—1, 5 >1,
H;, i =1,...,m are functions of bounded variation, the nonlinearity f may change sign
and may be smgular at the points t = 0, ¢ = 1 and/or in the space variable v. They used
in [1] various height functions of the nonlinearity of equation defined on special bounded
sets, the Leggett-Williams theorem and the Krasnosel’skii fixed point index theorem. In
[19], the authors studied the fractional differential equation

Dgyv(t) + Ah(t) f(t,0(t)) = 0, t € (0,1), (5)

subject to nonlocal boundary conditions (4), where A is a positive parameter, the non-
negative function f(¢,v) may have singularity at v = 0 and the nonnegative function h(t)

2
552



may be singular at ¢ = 0 and/or ¢ = 1. Under some assumptions for the functions h and
f, they established intervals for the parameter A such that problem (5),(4) has positive
solutions. These intervals for A are expressed by using the principal characteristic value
of an associated linear operator. In the proof of the main theorems they used the fixed
point index theory. A related semipositone problem is also studied in [19] by using the
Guo-Krasnosel’skii fixed point theorem. In [14], the author investigated the fractional
differential equation (3) with the nonlocal boundary conditions

v(0) =v'(0) = --- = v D(0) =0, DJ%v(1) Z/ (t) Dy v(t) dHi(t),  (6)

where m € N, g, e Rforalli =0,....m, 0 < 51 < B < -+ < fBn<~v—11<
Bo < ~v—1, H;, © = 1,...,m, are functions of bounded variation, the functions a; €
C(0,1) N L'(0,1), ¢ = 1,...,m, and the nonlinearity f is nonnegative and it may be
singular at the points ¢t = 0, ¢ = 1 and/or v = 0. She presented conditions for the data
of problem connected to the spectral radii of some associated linear operators such that
the problem (3),(6) has at least one or two positive solutions. In the proof of the main
existence theorems the author used an application of the Krein-Rutman theorem in the
space C[0, 1] and the fixed point index theory. In [10], the authors studied the system of
nonlinear fractional differential equations with sequential derivatives

D31 (Do) + Af(t, v(t), w(t) =0, L€ (0,1),

Dz (D (t)) + polt, v(t), w(t) =0, ¢ € (0,1), v

supplemented with the nonlocal coupled boundary conditions

p 1
v (0)=0, j=0,...,n—2; Dg v(0) =0, DJ%v( ):Z/ Dggw(t)dﬁi(t)7

(8)
where ag, ay € (0,1], B1 € (n—1,n], B2 € (m—1,m], n,m € N, n,m > 3, p,q € N,
Yi E]RforaH@':O,l,...,p,Ogvl < Yg < v <’7p§(50 < By—1,00>1,0;, e R
foralli =0,1,...,¢,0 <6 <dp < << <B—-1,%>21L,A>0 up>0,f
and g are sign-changing continuous functions that may be singular at ¢ = 0 and/or t = 1,
Hi,t=1,...,pand K, 7 = 1,...,q are functions of bounded variation. Under some
assumptions on the nonsingular/singular functions f and g, they presented intervals for
parameters A and p such that problem (7),(8) has at least one or two positive solutions.
In the main existence results they applied the nonlinear alternative of Leray-Schauder
type and the Guo-Krasnosel’skii fixed point theorem. The existence, multiplicity and
nonexistence of positive solutions for systems of Riemann-Liouville fractional differential
equations with p-Laplacians and nonnegative nonlinearities, with or without parameters,
subject to the coupled boundary conditions (8) or uncoupled boundary conditions which
contains various fractional derivatives were investigated in [18] and [4]. We also mention
the books [2], [3], [6]-[8], [11], [12], [15]-[17], [20] and their references for other results
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obtained in the last years and for the applications of fractional differential equations in
various fields.

The paper is organized as follows. In Section 2 we study a linear fractional boundary
value problem associated to our problem (1),(2), and we give some properties of the
associated Green functions. Section 3 is devoted to the main existence theorem for (1),(2),
and in Section 4 we present an example which illustrates our result.

2 Preliminary results

We consider the fractional differential equation

Dg—&-(q(t)Dngv(t)) = l’(t), te (07 1)7 (9)
with the boundary conditions (2), where ¢ € C([0,1], (0,00)) and = € C'(0,1) N L(0, 1).
We denote by
- I'(3) ~ TB) s
Al=1—a* "t Npg=——"""2 _ _ 9P A H (9).
A i c ey ;rw-m/o ). {0

Lemma 2.1 If Ay # 0 and Ay # 0, then the unique solution v € C[0,1] of problem
(9),(2) is given by

v(t) :/0 Ga(t, 1) (Wlﬁ)/o Gi1(9,0)h(Q) d() dd, te0,1], (11)
where ot
Gi(t,9) = gu(t,9) + “Al G(€,9), (£,9) €[0,1] x [0, 1], (12)
with
1 1 =)t — (=)l 0<9 <t <,
91t 9) :m{ 1 —9)t, 0<t<9 <, (13)
and

B-1 2

gz(t,m:gQ(t,ﬁ)HA—QZ(/o gw,ﬁ)dﬂim), (t,0)€[0,1] x [0,1],  (14)

=1
with
o) = L [P0 (i -9)7 0<d<i<],
PEVZ D) L 11— 9)f0t, o<t <9 <1,
'(t 19) B 1 tﬂ—%‘—l(l _ 19)5—70—1 _ (t _ 19)5—%'—17 0<9<t< 1’ (15)
Il V)= Ty | Pt (1 —0)fnt, o<t <9< 1.
1=1,...,p.

Proof. We denote by q(t)D&v(t) = w(t). Then problem (9),(2) is equivalent to the
following two boundary value problems

DS, w(t) = z(t), te(0,1),
(1) { w(0) =0, w(l) = aw(§),
4
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Dy, o(t) = w(t)/q(t), t € (0,1),

(Z1) v (0) =0, j=0,...,n—2, DJu(l Z/ Diiv(t) dH;(t).

By Lemma 4.1.5 from [8], the unique solution w € C0, 1] of problem (I) is

_ /1 Gi(t,9)x(9) dv, t € [0,1], (16)

where G is given by (12). By Lemma 2.2 from [1], the unique solution v € C10,1] of
problem (I7) is

/g2tq9 Jq(9)dv, te0,1], (17)

where G, is given by (14). Now by using (16) and (17) we obtain the solution v of problem
(9),(2) which is given by relation (11). O

By applying some properties of functions g1, g2, g3;, ¢ = 1,...,p given by (13) and
(15) (see [8] and [3]), we deduce the following result.

Lemma 2.2 If H;, i = 1,...,p are nondecreasing functions, Ay > 0, Ay > 0, then the
functions Gy and Gy given by (12) and (14) have the properties:
a) Gy, Go 1 [0,1] x [0,1] — [0,00) are continuous functions;

b) Gi(t,9) < 1 (V), Y (t,9) € [0,1] x [0,1], where

Fi(0) = (D) + ~-gi(€.0), V0 € [0,1],

Ay
and hy(V) = ﬁ(l — )t 9 e0,1];
c) Go(t,0) < Ja(9), ¥V (t,9) € [0,1] x [0, 1], where
T (V) = ! i g3i(7,9) dH; (1), V9 € [0,1],

and hy(0) = r5;(1 = 9)P 0711 = (1= 9)"), ¥ € [0,1].

d) Go(t,9) > tF7 1 T(0), V(t,9) € 0,1] x [0,1].
By using Lemma 2.2, we easily obtain the following lemma (see also [8]).

Lemma 2.3 If H;, © = 1,...,p are nondecreasing functions, Ay > 0, Ay > 0, and
r € C(0,1) N LY 0,1) with xz(t) > 0 for all t € (0,1), then the solution v of problem
(9),(2) given by (11) satisfies the properties v(t) > 0 for all t € [0,1] and v(t) > t°~1v(n)
for allt,n € [0,1].
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3 Existence of positive solutions

In this section we present some conditions on the function f and intervals for the parameter
A such that problem (1),(2) has at least one positive solution. We consider the Banach
space X' = C'[0, 1] with the supremum norm [|v|| = sup,¢(o 5 [v(¢)[, and we define the cones

C={veX, vit)>0,Vte[0,1]}, S={veX, vit)>t""|v|, Vte|0,1]} cC.

We also define the operator £ : C — C and the linear operator 7 : X — X by

/QQW (/ Gi(0,7)r (,U(T))dT)cw, tel0,1], ved,

/thﬂ (/ G1(0, m)r (r)dr)dz?, tel0,1], ve k.

We see that v is a solution of problem (1),(2) if and only if v is a fixed point of operator
E. For § > 0 we denote by Sy = By NS and Sg = By NS, (By = {v € X, |jv|| < 0},
By=1{ve X, o] <6}, 0B, = {v € X, o] = 6}).

We present now the assumptions that we will use in this section.

(Hl) a e (1,2], e (n—1,n,neNn>3 peN v eR i=0,...,p,0 <y <
’72<---<’7p§’}/0<ﬁ—1,’7021,)\>0,a20,f€(0,1),(_12[0,1]%(0,00)
is a continuous function, H; : [0,1] — R, i = 1,...,p are nondecreasing functions,
A>0,and Ay >0, Ay >0 (A, Ay are given by (10)).

(H2) The function r € C((0,1),]0,00)) and 0 < fol r(0¥) dv < oo.
(H3) The function f € C([0,1] x (0,00),[0,00)) and for any 0 < ; < 5 we have

lim  sup / r(9) f(9,v(9)) dd = 0,

m—00 UEEQQ \891
where I,, = [0, L] U [7==1 1],

Lemma 3.1 We suppose that assumptions (H1) — (H3) hold. Then for any 0 < 6, < 0y,
the operator £ : Sp, \ Sp, — S is completely continuous.

Proof. By (H3) we obtain that there exists a number m; > 3 such that

sup / r(9)f(9,v(0))dv < 1. (18)

’UGE@Z\S@l
For v € Sy, \ Sp,, we find that there exists wy € [0, 0;] such that ||v|| = wp, and then

7710, <P 7wy < w(t) < wy < 6y, Yt e [0,1].
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Let M, = max{f(t,y), t e [L ml—_l} , Y E [#91,92}}. By Lemma 2.2, (H2), (H3)

mi1’ mi
and (18), we deduce

sup Ev(t) = sup /\/ Ga(t, ) (/ G (9, 7)r (,U(T))df)dﬁ

’UEEQQ \591 1)6592 \891

= b A/ 25 (/ 71<T>T<T>f(7,v(7))df) i

< sup )\/ T2 (U ( Jl(T)T(T)f(T,v(T))dT) dv
v6892\891 Iy

1
_19
sp A / (0 %( / " () f(T,v(T))dT> i

U6892\591 m1
—1

< Mo / To (9 179) di) + \M, ( / To (¥ 179) dﬂ) ( /:m Ti(T)r(7) d7>
< Mo (/ T2 (¥ 119> dﬁ) (1 + M, /017“(7') d7> < 00,

where Jip = maxejo 1 Jl(s)_> 0. This gives us that the operator £ is well defined.
Next we show that &€ : Sy, \ Sp, = S. Indeed, for any v € Sy, \ Sp, and ¢ € [0, 1], we

" /QQtﬂ (/ Gy (9, 7)r (,U(T))df) i
g)\/OJQ (/glﬁf (,())dT)cw,

[Ev] < A/Olﬂ(ﬁ)%ﬁ) (/01 Ql(ﬁ,f)r(f)f(f,v(r))dr) dv.

By Lemma 2.2, we also obtain

Ev(t) > Atﬁl/ LUQ (/ G (9, 7)r(7) f (7 ,U(T))d7> 4
> tA-1|Ev||, Yt € 0,1],

hence Ev € S. Then £(Sy, \ Sp,) C S.

We prove now that € : Sy, \ Sp, — S is completely continuous. We suppose that
D C Sy, \ Sy, is an arbitrary bounded set. By the first part of the proof, we see that
E(D) is uniformly bounded. We show next that £(D) is equicontinuous. Indeed, for € > 0
there exists a natural number ms > 3 such that

and then

¢ P RBW0) 0\
sup /Im2 r(0) f(9,v(0)) dY < Y ( ) dﬁ) :

1)6392 \891

Because Gy(t, 1) is uniformly continuous on [0, 1] x [0, 1], for the above € > 0 we deduce
that there exists p > 0 such that for any ¢1,ty € [0,1] with |t; — £ < p and 9 € [0, 1] we

have
: BRI
Ga(t1,9) = Ga(t2,9)| < (/ Cw) '
’2(1 ) 2(2 )’ 2ArgJ19 Mo 0 Q<79)
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Here M, = max{l,max{f(t,y), te [m%, mﬂi—;l} , Y E [#61,92} }} and ro = max {1,
max{ (¥), ¥ € [mQ,mﬁul}}}.

Therefore for any v € D, t1,ty € [0,1] with |t; — ta] < p, we find
(Ev)(ts) = (Ev)(t)]
(Ga(t1,9) — Ga(t2, ¥ (/ G0, T)r(7)f(T ,U(T))dT) dﬁ‘
0

< zxigg/l () (/ Ti(r U(T))dT) )

’"L 2

+)\§1€lg/ 1Ga(t1,79) — Ga(ta, )|ﬁ (/Ti:l2 jl(T)T(T)f(T7U<T>>dT> dv
< % + 5 5 — &

So we obtain that £(D) is equicontinuous. By the Arzela-Ascoli, we conclude that & :
So, \ Sg, — S is compact.

We prove next that € : Sy, \ Sy, — S is continuous. We assume that v, vy € Sp, \Sp,
for all m > 1, and ||v, —vg|| = 0 as n — oo. Then 0; < ||v,]| < 6, for all n > 0. By (H3),
for € > 0 there exists a natural number ms > 3 such that

-1

sup /Ims r(9) £ (9, v(ﬁ))d19<4)\J10 (/ VAC, (ﬁ)dﬁ) . (19)

1}6392 \891

Because f is uniformly continuous in |-, Za=1] x L_0,,6,|, we find
m3’ ms3 m? ’ I

lim |f (9, 00(9)) = f(9,v0(9))| = 0, uniformly for 9 € [i7 _ 1} .

Then by using the Lebesgue dominated convergence theorem, we deduce
mg—1

L) (0, vn(9)) — £, v0(0))| d — 0, as n — oco.

1

m3

So, for the above ¢ > 0 there exists a natural number my such that for all n > my4 we
obtain

mg—1

L), v (9)) — F(O,06(9))] dI < —— 2)\J10 (/ (0 (119) dﬂ)_ . (20)

1

m3
By (19) and (20) we conclude that
Hg'l}n — 5’00”

! 1
< ve?sil\)sel )\/ J2(V) —19) (/ T f(T,0,(9)) — f(1,00(7))] dT) dv

sup /\/ Jo (¥ % Yr(T)| f (7, v,(7)) —f(T,vo(T))|dT> dv

1)6392\891
<s+s=¢€ Vn>my
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So we find that £ : Sy, \ Sp, — S is a continuous operator. Therefore £ is a completely
continuous operator. O
Under assumptions (H1) — (H3), by using the extension theorem, the operator £ has
a completely continuous extension (also denoted by &) from S to S.
By using the Krein-Rutman theorem in the space C]0,1] and similar arguments as
those used in the proof of Lemma 3.2 from [19], we have the following result.

Lemma 3.2 We suppose that assumptions (H1) and (H2) hold. Then the spectral radius
r(F) # 0 and F has an eigenfunction ¢; € C\{0} corresponding to the principal eigenvalue
r(F), that is F( = r(F)G. Sor(F) > 0.

By a similar argument used in the proof of Lemma 3.1 for operator £, we deduce that

F(S) CS.

Theorem 3.1 We suppose that assumptions (H1) — (H3) hold. If

! t
0 <§3, = limsup max f(t.y) < fi = liminf min f(ty) <

00,

1 1
then for any \ € ( - , ) the problem (1),(2) has at least one positive solution
r(F) for () 02

v(t), t €1[0,1], (with the conventions 1/(0+) = oo and 1/o00 = 0+ ).

1 1
Proof. We consider )\ € ( .
for(F) fsor(F)

f(ty) 2 57 for all t € [0,1] and y € [0,w;]. Then for any v € dS,, we obtain

_)\/ Go(t. ) o5 (/ G (9, 7)r (,U(T))dT)dﬁ
_ﬁ/o Ga(t, W(/o G ( 19,Tr7v(7)d7) cw:r(lﬂfv(t), Vvt e [0,1].

We suppose that £ has no fixed point on dS,, (if not, the proof is finished). We will prove
that

). For fi, there exists w; > 0 such that

v—E&v#v(@, YvedsS,, v>0, (21)

where (; is given in Lemma 3.2. We assume that there exist v; € 9S,, and v; > 0
such that v; — vy = 11(;. Then 1y > 0 and v; = Ev; + 11 > 11 (G. We denote by
vy = sup{v, vy > v }. Then vy > vy, v1 > (¢ and

1
Fur > ——=1nF G = 1.

1
tn =l H T @

So vy = Evy + 111G > G + 11¢ = (v + 11)(1, which contradicts the definition of vy.
Then relation (21) holds, and by [5] we conclude that

i(€,8.,,8) = 0. (22)
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For 2, we deduce that there exist n € (0,1) and ws > wy such that f(¢,y) < nﬁy
for all ¢ € [0,1] and y € [ws, 00). We define the operator F; : X — X by

(/ G (9, 7)r )dT)dﬁ,

for all ¢ € [0,1] and v € X. The operator F; is linear and bounded, and F(S) C S.
Because n € (0,1) we find r(F;) = n < 1. We consider the set Y = {v € S\ B,,, vv =
Ev with v > 1}. For v € S, we denote by K (v) = {t € [0,1], v(t) > wy}. Then forv € S,
we have v(t) > w, for all ¢t € K(v), and so

1
Fro(t) = m]—"v(t) = )

f(t,v(t)) < n)\r(l}_)v(t), Vit e K(v). (23)

By (23) and the definition of operator F, for any v € U, v > 1 and t € [0, 1], we obtain

0 =x[ g2m9 (/ G, (0, 7)r (,v<7>>d7)d19
= )\/1 92(75779)L (/K(v) Ql(ﬁ,T)T(T)f(T,v(T)) dT) dd

: 19)1 ( /[O e, GO 00 dT) a0
)m ( o) G1 (0, T)r(r)v(r) dT) dd (24)
T (. T() d7> 9
Gyt 9)—— ( G, (9, 7)r()o(r) dT> v
d

+AJio ( Oljz(ﬁ)q(ﬁ) 19) M5 = Fro(t) + Ao </ T (¥ (19) d19> Ms,

where v(t) = min{v(t),ws} for all t € [0, 1], (which satisfies the 1nequahtles witht <
o(t) < wy forallt € [0,1]), Jig = sup,e(p 1 J1(s) and Mz = SUD,cs,,\S., fo 9) f(9,v(9)) ddI,
(as in the proof of Lemma 3.1 we find that M3 < c0). By the Gelfand formula we know
that (I — F;) ! exists and (I —Fy) ™' =Y o0, Fi, which gives us (I — F;)~!(S) € S. This
together with (24) imply

o(t) < (I — F)~! ()\JIOMg / )5 dﬁ), vt e [0,1],
and so
v(t) < MyoMs (/ VAU, o) dﬁ) (I —F)7, vtelo1],

which means that ¢/ is bounded. Now we choose w3 > max{ws, sup{|jv||, v € U}}. We
obtain vv # Ev for all v € JS,,, and v > 1. By [5], we deduce that

i(€,8.,,8) = 1. (25)

10
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By (22), (25) and the additivity property of the fixed point index , we conclude that
(8,80, \ Sun, S) = i(E, 80y, S) —i(E,8.,,8) = 1
Then operator £ has at least one fixed point on S,, \ S., which is a positive solution of

problem (1),(2). O

4 An example

[N e}

Letoz:%, :%(n:él),p 2a—1(1), :%,70: vlzé,vgzg,q(t):t%forall
t€[0,1], Hi(t) =

Lforallt €[0,1], Hy(t) = {3, t € [0,3); ¥, t € 3, 1]}, r(t) = 77—
for all t € (0,1), f(t,x) = Jz +1* + =

) 9 )
We consider the fractional differential equation

[0,1] and = > 0.
pi (L pizye) = Jo(t) + 1+
0+ t+1 0+ - t(l —t

_1 (t)) te(0,1), (26)

with the boundary conditions

{v(@)—v(@) v"(0) =0, DY20(0) =0, Diffo(l) = BDI(3), (o

Dyto(1) = 1 [ Doty dt + LDy (L) .

We have A; ~ 0.23730259 > 0 and Ay ~ 1.15334282 > 0, and so assumption (H1) is
satisfied. In addition we find fol r(9)dy ~ 4.44288294 € (0,00), and then assumption
(H2) is also satisfied.

For 0 < 0, < by, v e 392 \ Sy, and I,,, = [0, ﬂ U [m’l, 1], we obtain

m

1
o) + 92 v
( (9) +0° + v2(19)>

A= [ s eona = [ s

/ Vo1t ——L
I \4/19 1— /95720, )2
o 1
= 1)
(V0> + /]m 4_79(1_79)3+w_%/1m 1927/28(1_79)3/46119,

and then limy, o SUP,c3, \s, Am = 0, because gy (V) = W € L'(0,1) and g»(v9) =

m € L'(0,1). So assumption (H3) is satisfied. We also have {5, = 0 and

fi = oo. Then by using Theorem 3.1, we conclude that for any A € (0,00), the problem
(26),(27) has at least one positive solution v(t), t € [0, 1], which satisfies the condition
v(t) > t°/2||v|| for all t € [0, 1].
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Some aspects of rainbows and black hole linked to
Mandelbrot set and Farey diagram
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Abstract. We present in this work some experiments involving the optics of systems
where the paraxial optics approximation cannot be applied, as in the case of rainbow
formation by raindrops and the case of light deflection by massive objects, such as in the
vicinity of black holes. The first experiment is the injection of laser light into a glass
cylinder, while the other is a circular billiard formed by a circular mirror and a laser
beam. We use the theory of dynamical systems and the Mandelbrot set as an analogy to
represent the paths of the light beam, as well as the properties involving the Farey
sequence.

Keywords: Farey mediant, Optics, Dynamical Systems, Mandelbrot set.

1 Introduction

This work was developed due to the authors' interest in different
aspects of dynamical systems that involve optics [1, 2], gravitation and the
aesthetic appeal of fractal forms [3,4]. In this way we will present some
connections between concepts of optics and Mandelbrot sets resulting from
recursion formulas, feedback processes or systems in which we have the
repeated application of some mapping rule.

How to compare trajectories of light rays with a recursive mapping
normally used in dynamic systems? In Fig. 1 we have a luminous ray inside a
glass plate that undergoes multiple reflections. A change in the path of this ray
can be associated with the series of events shown in Fig. 1 (b). This series of
events is reproduced topologically with the “circle map" of the graphic diagram
in Fig. 1 (c), with the Poincaré section shown in Fig. 1 (d) [1]. We can see the
same thing applied to period-3 in Fig. 1(e) for the case of the circle map, and the
same dynamical system in a circular billiard in (f) and (g). For the cases found
in nature, we know from optics that light rays in a raindrop of Fig. 2, which can
behave like particles in a circular billiard, forming multiple rainbows, through
recurring internal reflections. In this case, in addition to the rays of light that hit
the droplet wall several times, obeying the law of reflection, we have rays that
escape the droplet by refraction forming multiple rainbows, which give us some
information about the shape of the droplet, as in the case of twin rainbows, in
which we see an ellipsoidal rainbow between two circular rainbows, which
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appears to be a bifurcation, as it also occurs in other atmospheric optics
phenomena, as in the case of the circumscribed halo surrounding the 22-degree
solar halo of Fig. 3.

a ' ’ [ o
Yo Y, ——

Fig. 1. Multiple reflections of a laser beam in a glass plate in (a). (b) sequence of
events (c) Iterations in the circle map for a period-2 (d) Poincaré section of this
period-2. Circle map in a period-3 in a circle map and its respective orbits in a

circle in (f). Experiment showing multiple reflections in a period-3 in a
reflective cylinder in (g).

Incident Rays

Primary Secondary

Incident Rays

Fig. 2. In (a) reflections in a rain drop and primary rainbow, and reflections in a
drop and secondary rainbow. In (b) the curious case of twin rainbows that could
be explained considering elliptical drops.
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In the context of relativity, massive objects can "bend" light, forming
Einstein's rings [1], which behave like lenses, as in the case of the lens in the
form of a pseudo-sphere. In the case of a black hole acting as a lens in Fig. 3(b),
the properties of Minkowsky's space-time are altered by the presence of the
mass, causing it to curve around itself, as if it were an optical lens. We also
observed the reverse shape of this lens causing light to be distorted in Fig. 3(c).

P Pr—u S - )

B L 7
i‘v.' ' };.\‘.AK—“‘/\ 4

{=

|-
| N |
of

\ 4
S 2
e~

i -
Fig. 3. In (a) cylinders and hexagonal bars can be used as lens with a laser to
generate patterns. For the case of cylinder, we can associate elliptical profile
with two circles. In 22 degree halo formed by hexagonal column of ice crystals
can be measured with a hand flat. The 22 degree halo and the circumscribed
halo. A pseudosphere lens in (b) and inverse pseudosphere lens from a pool
drain in (c). Comparing the three-dimensional Euclidean space and Minkowski
spacetime in (d) with a representation of the optical effects of a massive object
such as black hole. In the four-dimensional Minkowski spacetime used in
general relativity equations, time and space expand in opposite direction, with
one solution of these equations being the black hole depicted in (d).

In our previous work on this subject, we studied rainbows and massive
objects in the formation of luminous halos, starting from an optical system
composed of a cylinder with the injection of a laser beam of Fig. 4, where we
use the circular section of the cylinder and compare it with the circular section
of a drop. The modification of the cylinder topology led to the case of the
pseudo-sphere.

This optical system formed by the laser hitting obliquely in the glass
cylinder of Figs. 4(c)-(d), behaves like an open billiard, with which we can see
the formation of curious patterns associated with the star polygons, which due to
the fact of restrictions to the total internal reflection, follow some rules related
to a Farey mediant of Fig. 4(f). This system is related to the phenomenon known
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as period locking (mode-locking), which can be observed in patterns projected
on a screen of Fig. 5. This mode-locking is also seen in Mandelbrot set systems.

Fig. 4. Images of light scattering in cylinders in (a) and (b). Diagrams of light
rays in the glass cylinder in (c) and (d). Light spiral in (e) obtained from this
experiment. Comparison between stellar polygons in a billiard and the case of
the glass cylinder, in which we can observe the case of Farey's mediant in (f).

Increasing the inclination of the laser beam in the cylinder, we
perceive a process of “optical deformation” of the circular section of the
cylinder, for an elliptical billiard. With that, we recognize some interesting
effects like the formation of caustics in the rainbow angle, which unfolded in
separated branches [1]. This suggested to us the possibility that elliptical
rainbows may be related to caustics unfolded from the cylinder, as discussed in
the literature for ellipsoidal drops of fig. 2(b).
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Fig. 5. Circle map and cone of light. In (a) and (b) images of cone laser
scattering from a cylinder of the diagrams shown in (c) and (d). Light spiral of
this system in (e). (f) Mode-locking and Farey sequence in the Arnold tongues

with some light patterns.

2 Mandelbrot set and star polygons.

Motivated by the observation of geometric patterns in the laser /
cylinder system, we realized that the formation of caustics in cylinders may be
related to the recursive rotations of maps in the complex plane, as in the case of
the Mandelbrot Set, with the formation of star polygons for different initial
conditions. The evolution of the iterations in Mandelbrot set presents a rich
dynamics, with some complete routes to chaos, like Feigenbaum route and
mode-locking route to chaos, besides intermittency. The Mandelbrot can be
used as a toy model to explore the dynamics of the light in the cylinder, in order
to help to explore this system and the pseudo-sphere used to simulate black
holes or massive objects bending light.
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Period-2

Multiple
Periods:

Period-3,
Period-5

Period-7:

Mandelbrot set as
a toy model for
optical billiards.

Fig. 6. Some star polygons in the Mandelbrot set. Period-7 in the Mandelbrot set
and in the circular billiard.

For example in Fig. 6, we present the existence of star polygons in the
Mandelbrot set, with period-2, peripd-3, period-5 and period-7. For this last case
we can compare the dynamics of ray in a billiard forming a period-7 with the
Mandelbrot set.
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The Farey (a)
sequence of

1,3
Mandelbrot Set.
2,5
Farey Mediant:
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g li iy

1,2

(c) [N

(e) ) [ (@)

Fig. 7. Example of Farey sequence in the mandelbrot set ans the stability for
some initial conditions in the Mandelbrot set.

The orbits of the Mandelbrot system are directly related to the Farey
mediant, as shown in the diagram in Fig. 7(a). The stability of the orbits can be
observed with the cobweb diagram for values of the Mandelbrot set with real
numbers. We can observe the stability of the system converging to a fixed point
in Fig. 7(b). When the control parameter is changed in 7(c), we have different
behaviors such as intermittency in Fig. 7(b), or this fixed point becoming a
saddle point in which a doubling of period occurs in Fig. 7(e). Changing the
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control parameter further, we have a period-4 in Fig. 7(f), followed by chaotic

behavior in Fig. 7(g).

@,

et
3 €

S
v
1&.1, 3

» 5

Ly =2+ C

Fig. 8. Mandelbrot set and some caustics obtained with multiplication table
applied to ray dynamics in a circle: in (a) the cardioid, in (b) the nephroid, with
three lobes in (c) and with four lobes in (d).
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Another interesting relationship between the Mandelbrot set and the
formation of caustics in a circular billiards is shown in Fig. 8. This relationship
can be better understood by watching the video cited in the references [5] along
with the papers describing the process of caustic formation [6, 8]. The central
idea is that these caustics are related to the fractal pattern profile associated with
different polynomials of the Mandelbrot set.

"
3\‘ o,

Y
)
f(f(lj. S

-
Ul
e .....‘§

Fig. 9. Dynamics of spiral formation in the Mandelbrot set compared to the laser
in the glass cylinder.

Finally, we show in Fig. 9 two examples of initial conditions in the
Mandelbrot set for the case of orbits forming spiral patterns and compare them
with the case of the experiment with the laser beam in the glass cylinder. We
can see that the rotation orientation of the spiral depends on the position of
choice of the initial condition, represented by the blue dot, with respect to the
horizontal axis, which makes the spiral clockwise or counterclockwise. The
same happens with the experimentally observed dynamical system, with the
choice of the starting point that the laser beam touches the glass cylinder with
respect to the horizontal axis, with the red spiral rotating clockwise and the
green spiral rotating counterclockwise. For more information about these
experiments, we recommend this video in references [9].
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Conclusions

These connections between billiard systems, Optics, Mandelbrot set
and caustics were explored due to their interesting aesthetic appeal, which
facilitates the investigation of the optical system with the well-known system
formed by Mandelbrot set. Multiple reflections of a laser inside a cylinder,
which escapes by refraction and can projected in a screen, can be compared to
the trajectories of the iterations of Mandelbrot map for certain regions in the
Argand plane. In systems like the ones discussed in this paper, we can observe
mode-locking and the formation of star polygons. These comparisons allow us
to extract the essence of the dynamics existing in experimental optical systems
that we cannot use the well-known paraxial optics, as happens in real physical
systems such as light in raindrops or in a black hole. In the case of massive
object optics, such as the bending of light around black holes, matrix operations
involving Minkowski space can generate rotations that cause the doubling of
light rays from distant stars, as well as the formation of halos, such as Einstein
rings, which were discussed in the case of light patterns in the laser/glass
cylinder system.

Nonlinear dynamical systems that involve some kind of rotation as
the case of the map of the circle presented in our previous works, or the
Mandelbrot set, or matrix operations for the case of general relativity, can lead
to certain results that can be observed experimentally with a non-paraxial optic
that involves multiple reflections as in the case of the cylinder/laser and circular
billiards. In this work, we emphasize how the use of Mandelbrot systems helps
us to explore the different behaviors in a practical way, observing the different
types of orbits based on the choice of initial conditions, which allows us to
analyze the stability behavior of these orbits. Furthermore, we reproduce some
interesting results of the formation of caustics in circular billiards through the
multiplication rules, which are directly connected with Mandelbrot polynomials
and their remarkable fractal representation. Overall, we believe that a lot can
still be explored in the context of these analogies.
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Abstract. In this work there is considered the method of producing the sequences of
pseudorandom numbers basing on solutions of congruences of two variables modulo
the power of prime number. The estimates of discrepant function of constructed
sequences of pseudorandom numbers have been obtained.

Keywords: pseudorandom numbers, elliptic curve, exponential sum, discrepancy.

1 Introduction

Following the revelation of public-key cryptography that arose at the last
quarter of XX century, in 1985 Nil Koblitz and Victor Miller have found that
the elements over the group of points from elliptic curve over finite field are
able to store the secrete information due to of complexity on addition opera-
tion. And it would serve as motive to study the cryptography on elliptic curves.
The sequences of pseudorandom number at every time was being intrinsic part
of cryptography, and therefore for the last 20 years the theory of elliptic curves
has application in problem of generating of sequences of pseudorandom num-
bers. The useful survey in this direction belongs to I. Shparlinskii[4].

In our paper we consider the algorithm of producing the sequences of pseu-
dorandom numbers from algebraic curves over the ring Z,~ of residue classes
of prime power modulus. The according elements of such sequences accept the
polynomial representation over Z,=~. We demonstrate this concept to construct
the sequences of pseudorandom numbers of algebraic curves

v* =23 +ar+b (modp™)
and
az® +y* =1 (mod p™).

The constructed sequences have the fixed period 7 = p™~! that can be
grown as for the growth of prime number p or factor m.

Notations. The letter p denotes a prime number, p > 3. For n € IN the
notations Z,m (accordingly, Zy..) denote the complete (accordingly, reduced)
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system of residues modulo p™. We write (a,b) for notation a great common di-
visor of @ and b. For z € Z, (z,p) = 1 let 2’ or z~! be the multiplicative inverse
of a modulo p™. We write v,(A4) if pr|A, pr+1 A Landau symbol ”O”
is equivalent to Vinogradov symbol ”<«”. The notation f(z) < g(z) means
that for 2 — oo the inequality |f(z)| < C - g(x) holds with arbitrary constant
C. Through [z] we will denote the integral part of real number z.

2 Auxiliary results

Let E(IF),) be an elliptic curve defined over IF,, given by an affine Weierstra(
equation of the form

Y2+ (a1 X +a3)Y = X3 +axX? + as X + ag,

where ay, a2, a3,a4,a¢ € I, such that the partial derivations g—)}; and 2—5 for

the function
F(X,Y)=Y?+ (a1 X +a3)Y — X3 —ayX? — a4 X — ag

do not, become zero simultaneously at the points of the curve (z,y) € E(F))
over the algebraic closure I, of IF},.
For the case p > 3 the previous equation can be deduce to form

V?=X3+axr+b (1)

for some a,b € F,, with 4a® + 276 # 0.

We recall that the set of points of curve E(F,) together with point at
infinity O, relatively to a special operation @, forms the abelian group E, of
order N'(E,) which satisfies inequality

|N(Ep) —pP— 1| < QP%-

For a point Q € E(F,) we use z(Q), y(Q) to denote its coordinates, that
is, (2(Q),y(Q)).

For m > 1 we denote E,(m) as the set of solutions (x,y) satisfying to the
congruence
v> =23 +ar+b (modp™) (2)

The set E,(m) we will call the elliptic curve over the ring Z,» and N(E,(m))
be a number of solutions of (2) with condition (y,p) = 1.

Lemma 1. Let (zo,y0) be a solution of (2) with (yo,p) =1 and m =1. Then
for any integer t the congruence

y2(t) = (zo + pt)® + a(zo +pt) + b (mod p™) (3)
has just two incongruent solutions modulo p™ for every positive m.

The assertion of this lemma follows from the fact that any solution (zq, yo)
of congruence (3) with m = 1 we can grow to the solutions y;(t) = y(t),

ya2(t) = —y(t).
Denote by y;(t), ¢ = 1,2 the solution of congruence (3).
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Lemma 2. Let p > 2 be a prime, m > 3 be an integer, s = [%m]. There

exist the polynomial @(t) € Zym[t] of degree s

o(t) = do(wo) + p* ¢ (o)t + - - - + p s (x0) - 7,

where (¢i(xo),p) =1,i=0,1,...,8, and A1, \a, ..., As € N, moreover

such that

yi(t) = yi(0)p(t) (mod p™), i=1,2,

and the points (xo + pt,y;(t)), i = 1,2, belong to the elliptic curves (2).

Proof. Let (xq,y0) is the solution of (2) for m = 1, (yo,p) = 1. For every
t, 0 <t <pm !t —1, we denote y;(t), y2(t) as two different solutions of the
congruence

y*(t) = (w0 +pt)® +a(xo +pt) +b  (mod p™).
Denote by x{ the multiplicative inverse of 23 + axo + b, i.e.
xh(zd + axo +b) =1 (mod p™).

Such solution exists since (yo,p) = 1.
Hence, we find that (3) is equivalent to

Y2 (t) = (z§ + azo + b)(1 + (3ptxd + 3p*t2x0 + p*t*)x).

Let U?(w) = (1 + (3wx3 + 3w?x + w3)x}).
Expanding the function U(w) to series in powers of w

Uw) = Z Xi(xg, x))w’
=0

and its logarithmic derivation

dlogU(w) U'(w)

dw U(w)
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gives the following recursion formulas for j = 2,3, ... :

2j +1

3(.7 — ) /
- X
.7_'_1 ToLgAj—1
2j -7 !
. Z X'—Qa
205 4+1)7°7 (4)
Xo =1,

1
X = 5(3x(2)$6 + axg),

1 1
X, = 53370336 — g(Sx%x{) + azxp)?.

Let show that the formal p-adic series for U(pt) converges in p-adic metric and
modulo p™ the congruence

U(pt) = ¢(t) (mod p™),
where
o(t) = do(xo) + PN d1(wo)t + -+ + p™ ds(wo) - 17, (5)

and ¢;(zo) € Z, \j € N and A\; > m for j > s. holds.
In our reasoning we will use p-adic analysis by schema of L.P. Postnikova[3].
Let us introduce the variables Y;, Z;, j = 1,2,...,s defined by the condi-
tions

1
Y1=0,Yy=1, V3= 5(3%39&’0 + axg),
21:0, ZQ:O7 Z3:1

and for j > 47}, Z; be determined by recursion formulas of type (4).
Let us consider determinants

Xj,Q Xj,1 Xj
A]’ = ijfg ij',l ij 5 j:3,4,...,8.
Zj,g ijl Zg
In particular, we have modulo p™

1
A = 5(3x0m6 + axg).

From this moment on, we suppose that —3a is the non-quadratic residue
modulo p. Therefore, we have

(z6,p) =1, (322 +a,p) = 1.
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(since otherwise the congruence z2

But then v,(A3z) = 0.
Also for j > 4 we easily obtain

= —3a (mod p) has the solution).

2j—9
_s(2j-9)(2j—11)---3-1-(-1)
VWA s (24 J _
(=20) 2725 = 1) 4 &
s (2 -9)-6

— ('~
= TG —

Let v, (X;p7) = Ny, vp(Yip?) = Vp(Zj_pj) =T
Now let take out a common factor p™(Ai-1:A::X-2) from the first row
of determinant A;. From the second and third rows let do the same with
prin (- 15155105 -2) and pmin (T5-1.75,7j-2) respectively.
It easy prove that
-2 -2 -2
-1 p—1
Now, taking into account the relation between A; and Az we easily find
min (Aj, Aj-1,Aj2) < 3j —3—2(j —2)L=5+

cn B - m - S

k=1 k=1

Also take into account that [2z] < 2[z] + 1 for > 0, and the quantity of

nonzero summand in sum Y [2;—;9} be at most 23})—_9 < 1%
k=1
Then we have
. ) 4 -1
min (Aj, >\j—13 /\j—2) <j+1+ %

Bringing up the definition for ¢(t) (5) we at once obtain the proof of Lemma
2. O

Corollary 1. In the conditions of Lemma 2 we obtain p-adic description of
the solutions of the congruence

v> =2 +ar+b (modp™)
in the form
z=xo+pt, yi(t) = yi(0)(1+ Aipt + Agp®t? + Asp™t® +---) (modp™),
where
M=1 =2 A3 >3, j=34,...;
Ag =1, Ay =27 Bada) +ax)), Ay =3-2  wga) — 273 (3wdx) + ax))?;
(A,p)=1,i=1,2,3,....

(here 271 be the multiplicative inverse for 2 modulo p™).
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Corollary 2. For the fized xo,y0 € E, and y;(0), i = 1,2 we have

yi(t1) = yi(t2) (mod p™)

if and only if t; = to (mod p™~1). And hence, the sequences y;(t), t =

0,1,...,p™ Y — 1 have the least period T = p™~! (here i = 1 or 2, yo(t) =
—y1(t)). Thus we obtain the family of different sequences {y(t)}, which define
by selection of initial point (xg,yo) on the curve E, and by selection of index
ie{1,2}.

Bellow we will show that the sequence of real numbers {yp(,fz) b, t=0,1,..
p™~1 — 1 be the sequence of real numbers from [0,1) that may be considered
as the sequence of pseudorandom numbers passes the serial test on pseudoran-
domness.

Note that the same point (zg, yo) of elliptic curve E,, generate two sequences
y;(t) defined by Lemma 2, the selection of which defines by the values of y;(0)

as the solution of congruence

e

v =23 +ar+b (modp™).

If 0 < y(0) < & then y;(t) denotes by y1(t), otherwise we have y»(t).
Over constructed set of sequences {y(¢)} we can define operation "*” by the
following way:
y () =y () =y (1),
where y"/(t) defines by sum of two points (z(, y) and (z{,yj) of elliptic curve
E

b
"

(%0, y0) @ (%5, Yo)

and by Lemma 2, where 0 < 3"(0) < % if 4/(0) and y”(0) simultaneously

belong to [0, 5] or [§,p]. Otherwise, y”(0) is selected from interval [§,p].
Similarly, we can construct the sequence {y(t)} same to the sequence from
Lemma 2 produced by the congruence

y' = f(z) (mod p™),

where f(z) be the polynomial with integer coefficients of degree > 3.
In particular, let see the congruence

az® +y* =1 (mod p™). (6)

We will assume that p be the prime number of form 6k — 1.
Define by y(t) the solution of congruence

y*=1—a(zo+pt)® (mod p™). (7)
where (xg, yo) be the anyone solution of congruence
y*=1—az® (mod p).

with 1 —azg £ 0 (mod p). Every of such x¢ uniquely define the respective yjo.
So, the solution y(t) of congruence (7) defines uniquely.
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Lemma 3. Let s = [g—:ém] There exists the polynomial of degree s

P(t) = Po(0) + P D1 (wo)t + - - + p** Dy (x0)t?,

where (P;(xo),p) =1,i=0,1,...,8; \1,..., As are the natural numbers satisfy

the inequalities \; > jg%f, such that

y(t) = y(0)p(t)  (mod p™).

The proof of this lemma passes simultaneously to proof of Lemma 2 and the
respective coefficients @;(x) define by recurrent relation

3j_1 2/ 3j_5 ! j_?’ ’
D1 = ——axjry®; + ——axoryP,i_ ——ary P o,
1= 00J+j+1 00J1+j+10J2
moreover,
Do =1, & = —aziz), Py = —axex) — a’xyz.

Here, x{, is the multiplicative inverse modulo p™ for 1 — ax}.

3 Discrepancy

Let {z,} be the sequence of points from [0,1). As characteristic property of
equidistribution of such sequences the following discrepant function Dy is used

An(A)
N

DN({E[), T2y... ,I'N,l) = DN =
ACI0,1)

— 4]

b

where Ay (A) is the number of points among xg, z3,...,2zy—1 falling into A,
and |A| denotes the length of A.

In the same way there is defined the discrepancy for the sequence of s-
dimensional points X,, C [0, 1)*.

From definition of equidistribution of sequences of s-dimensional points we
) 5 0 with N — 0o we can obtain better uniformly
distributed sequences {X,(Ls)}.

Every sequence {z,}, =, € [0,1) defines the sequence of s-dimensional

can conclude that for Dﬁ

points X,(f)7 where X7(f) = (Tn, Tptly -« Trgs—1)-

It is clear that for every equidistributed sequence {x,, }, which elements are
statistically independent (unpredictable) for every integer s € IN, the according
sequence {Xr(f)} ={Tn, Tni1,...,Tnts—1} be the equidistributed sequence.

We say that the sequence {z,}, x, € [0,1) passes s-dimensional test on
pseudorandomness if every sequence {X,(Ls)}, s = 1,2,...,s be the equidis-
tributed on s-dimensional unit interval [0, 1)*.

To estimate the s-dimensional discrepant function of sequence {X,(LS)} the
following lemmas is used.

For integers s > 1 and ¢ > 2, let Cs(q) be the set of all nonzero lattice
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points h = (hy,...,hs) € Z° with =2 < h; < € for 1 < j < s. Define for
h € Cs(q)
1 if h=0,
r(h,q) = {qsin(wlz) if h#£0,
(8)

S

r(h,q) = [] 7(hj,q)

j=1
Lemma 4. Let N > 1 and q > 2 be integers. Suppose that yo,¥1,---,YN-1 €
Zy. Then the discrepancy of the points tyx = ka €0, k=0,1,...,N —1,
satisfies

DN(t07t17 e 7tN71) S

(9)

N-1
> e(h-ty)
k=0

1 1
>
N e r(h,q)

Q| ®»

(Proof of this lemma see in [1],[2]).

From the last statement it follows the classical statement of Turan-Erdos-
Koksma inequality.

Lemma 5. Let T > N > 1 and ¢ > 2 be integers, yx € {0,1,...,q— 1}* for
k=0,1,...,N —1; ti = % € [0,1)°. Then

s 1 1
D cootno1) < -4 = r(h, q)r(ho,T)
N(thtla 7tN 1) — q + N Z Z r(h,q)T(hO,T) -

(10)

This assertion follows from Lemma 4 and from an estimate of incomplete ex-
ponential sum through complete exponential sum.

Lemma 6 (Niederreiter,[1]). Let ¢ > 2, T > 1 be integers. Then

1/2 7\’
Z r(h,q) < " (Wlogq—i— 5)

heCy (Q)
h=0 (mod v)

for any divisor v of ¢ with 1 < wv < q, and
1 2 7
— < —logT + = 11
b3 R (11)

ho€(—%.7]
Lemma 7. The discrepancy of N arbitrary points to,t1,...,tn_1 € [0,1)?
satisfies

N —

Z e(h-ty)

k=0

Ju

Dn(to,t1,...,tn-1) > B

1
(m +2)|h1ha| N (12)

for any lattice point h = (hy, he) € Z? with hihs # 0.
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(It is the special version of Niederreiter result in [1]).

From these lemmas we can to see that the character of equidistribution of
sequence {x,}, z, € [0,1) completely defines by estimate of exponential sum

N
Sy = Z e?mithen p e N,

n=1

In section 2 we constructed two sequences {z:}, x; = Z;(—,? that were being
produced by the algebraic curves over the ring Z,~ defined by the congruences
(2) and (6). From lemmas 2 and 3 it is clear to see that y(t) are defining by
special polynomials from the ring Zp,m [t]. These polynomials have the form

y(t) = Ao + Aipt + A2p2t2 + Agp)‘3t3 4+

moreover, \; > 3, (A;,p) =1 for j > 3.
The according sums Sy can be estimated by use of the generalized Gauss
sums and the last can be estimated using the following lemma.

Lemma 8 (see, [5], Lemma 3). Let p > 2 be a prime number, m > 2 be a
positive integer, mo = [ 2], f(x), g(x), h(x) be polynomials over Z
flx) = A1z + Aga® + -+,
g(x) = Biz + Baz® + - -+,
h(z) = Coz + C’H_lx“’l +o, 4>,
vp(Aj) =i, vp(Bj) =k, vp(Cj) = vy,

and, moreover,

k:)\2<A3S"-’ O:M1<M2<M3S,

vp(Ce) =0, vp(C;) >0, j>L0+1.

Then the following bounds occur

Y enlf@)| <

:L’EZP'm

2p%+k if vp(Ar) >k,
0 if vp(Ar) <k

> em(fl)+ gl )| < TE™m0)p®

TE€Zym
Lif =1,
> em(h(@)) S{01f£>1,
wGZ;m

where I(p™~™0) is a number of solutions of the congruence

y- S =gy (mod p ™), y € Ziy.
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This lemma is the estimation of complete generalized Gauss sum. The
incomplete generalized Gauss sum

we can estimate by using the inequality

 f(t)
§ :627\'1 P _

1

P p™
1 opid Dkt
< T sun
_;max(k,pmfk) ;e ’

1
pm
; f()+kt
§ :6271'1 i
t=1

Now we can obtain the estimate of discrepancy for sequences generated in
Lemmas 2 and 3.

Indeed, the function y(t) for the sequence generated by elliptic curve (2) as
the function y(t) for the sequence generated by (6) both satisty for all conditions

N
t=

= max logp™ < p? logp™.

1<k<pm™

P . y(t) m
of Lemma 8 and so the sum Y. ¢*™ 7™ can be estimated as O(p™2 logp™).
=1

And now using lemmas 4 and 5 we obtain the estimate of discrepancy for the
sequence {x;}, where x; = %, t=1,2,....,N, N <pm!
m—+41

2

3
DY < pTlogN

This proves the equidistribution of the sequence {z;}. Moreover, hiy(t) +
hoy(t+1)+---+hsy(t+s—1) be the polynomial which for the nontrivial set of
coefficients hq,. .., hs generates the polynomial Y (¢) that satisfies to condition
of Lemma 8 and so the discrepancy of s-dimensional sequence {X,(f)} has an
estimate

m—+1
S p2
S 4P (3108 M)
N Ty (Blogl)

Therefore, the sequences produced by congruences (2) and (6) pass serial test
for s <p—2.

To obtain the lower bounds for discrepancy of sequences generated from
elliptic curve we apply Lemma 7.

From Corollary 1 we can write

y(t) = y(0)(1 + Aypt + Agp®t® + Azp™t® + ) (modp™)
Therefore, we have

y(t + k) = y(0)(1+ Arp + 245p + 3A5p™ + - )t+
+ (Agt? + 3A3p™ + - )2+
+ (Asp™ +2pM Ay + )P+
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And hence,

hiy(t) + hoy(t + 1) =free term + (Arhy + Arhg + 2A2hop)pt+
+ (A2h1 + Asho + 3A3h2p)p2t2+
+ p e tPip(t)

where () is a polynomial with coefficients from Z,m.

By form of coefficients for A; and A, it is clear that we can find zg such
that the coefficient at ¢ in the last equality is divided at least by p? but the
coefficient at t? exactly divided by p?. Let define this conditions as (*).

Now Lemma 8 gives

m—1

P —1 , mv s
Z ezm% {p = if conditions (*) hold,

= 0 otherwise.
Theorem 1. Let {x;} be the sequence of PRN’s produced by elliptic curve
y? = 2° + ax + b (mod p™). There exists the point (zo,yo0), Yo # 0,00 on
the curve y* = 23 + ax + b (mod p) such that the sequence of two-dimensional
points {X1}, X¢ = (x¢,2e41) has discrepancy Dg), T = p™~ L for which the
following inequalities

1 m

A(r + 2)h+?

T <D < 3p "7 log?p™,

hold, where h* = min (hy, ha), (h1, he) is a point from (Z;‘)m,l)2 with conditions
(%)
This theorem together with Lemma 8 shows that the obtained upper bound
is, in general, the best possible up to the logarithmic factor for any inversive
congruential sequence {(xt,z:+1)}, t > 0 (defined by the congruence (2)).
Hence, on the average, the discrepancy DQ) has an order of magnitude
between p’(mT_l"’) and p’(mT_l”’) log® p™. In the certain sense, inversive con-
gruential pseudorandom numbers model the random numbers very closely.

4 Conclusion

In conclusion let introduce the step by step algorithm of constructing the se-
quences of PRN’s with a period 7 = p™ ™1, associated with elliptic curve over
finite ring Z,m, p > 3 be a prime, m > 3 € N, that can be described by the
following way.

First of all for (zo,y0) € Ep, (Yo,p) = 1, i.e. for the point of elliptic curve
y? = 23+ azx+b (mod p) over Z, with non-quadratic residue —3a we construct
the points (x(t),y(t)), 0 < ¢t < p™~! — 1 which belongs to elliptic curve over
Ziym . Then

1) we select (xg,yo), where yo # 0 and yg # oo;
2) calculate z(t) = z¢ + pt (mod p™);
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3) calculate y;(0), i = 1,2 as the solutions of congruence

y* = a3 +axrg+b (mod p™);
4) we will use the Taylor series for the function of w at the point w = 0 in

form

\/1+(3wx%+3w2x0+w3)m6 =Xo+ Xjw+ Xow? +---.  (13)

(here z, is the multiplicative inverse modulo p™ for 3 + az? +b).
5) In (13) we put w = pt and then modulo p™ we construct the following
polynomial:

<p(t) =1+ Xpt+ X2p2t2 4+ Xspsts =
= QSO(‘TO) +p’\1451 (JL‘O)L‘ + ... +p’\s@s(z0)ts (mod pm)7

where @;(z¢) € Z, (P(x0),p) =1, \; e N, \; > jg—:%, i=1,2,...,s.
6) This polynomials and the solutions y;(0), ¢ = 0,1 we use to construct the
following representations modulo p™:

yi(t) = y:(0)(Po(wo) + P1(wo)p™! + - -+ + B (wo)pPt*) =
= 4;(0)(1 + Apt + Aop®t? + Azp™st® + - + Agphet?)

for each ¢ = 1,2, which produce two sequences of PRN’s

{i9}7t:QL”.

m—1

with the period 7 = p

Using the results obtained in previous sections we can say that the constructed
sequence of PRN’s, associated with elliptic curve y? = 2% + az + b (mod p™),
passes the serial test on pseudorandomness, and therefore may be used in cryp-
tographic applications.
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Abstract. This paper is devoted to the analysis of calculation methods for solv-
ing fractional chaotic systems and the impact of these different approaches on the
behavior of the fractional chaotic system. Two widely used time domain fractional
differential equations solving approaches are discussed, the fractional ABM corrector-
predictor method based on Caputo fractional derivative definition, and the long mem-
ory calculation approach based on Grunwald fractional derivative. These numerical
solutions calculation methods are employed to depict the phase portrait of a class of
commensurate fractional chaotic systems. The Lyapunov exponent and bifurcation
diagrams of the systems over various fractional orders and parameters are illustrated
to detect the impact on the dynamics of the chaotic system applying different calcu-
lation approaches.

Keywords: Fractional calculus, Numerical solution, Fractional Chaotic system,
Non-linear dynamics.

1 Introduction

Chaos is a random-like behavior exhibited by many nonlinear dynamic systems.
The very first proponent on this topic can be dated back to 1880 while the three
body problem was studied [1]. Eighty years latter, when Edward Lorenz worked
on weather prediction, the so-called "Lorenz attractor’ was found [2]. By giving
it a description and a poetic name of "butterfly effect’, the gate of mathematical
and scientific world of Chaos was opened. Since then, many researchers have
tried to uncover the deterministic laws behind the apparently random states of
disorder of different chaotic systems.

One of the characteristics of chaotic system is that it is very sensitive to the ini-
tial conditions as described by butterfly effect. This sensitivity can be measured
by Lyapunov Exponent(LE) which calculates the rate of exponential divergence
of trajectories starting from two close initial conditions. This characteristics
also contributes to the application of chaotic systems in many domains of sci-
ence and engineering, such as biology [3], economics [4], finance [5], cryptogra-
phy [6][7] and etc.

In the meantime, fractional calculus is considered as the generalization of clas-
sical integer-order integration and differentiation operators to real, or complex
orders [8]. Many mathematicians have discussed the fractional calculus since
1695 by introducing different mathematical characterisations (definitions) for
fractional derivative and integration. In many cases, these characterisations
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are equivalent if the initial conditions are ad hoc [9], and the most well known
three are Rienmann-Liouville(RL), Grunwald-Letnikov(GL) and Caputo char-
acterisations.

The analysis and discussion of fractional calculus remained purely in the do-
main of mathematics for centuries. It was not until 1980s that the application
of fractional calculus in the domain of science and engineering has started to
be studied and explored. Due to the memory effect possessed by fractional
calculus, it is considered to be suitable to model many real-life systems. After
years of research, the fractional differential equations have now been used in
diverse disciplines like physics, biology, and economics, etc. [10][11].

The fractional chaotic system also attracts a lot of attention. The difficulties for
this research owes to the intricate geometric interpretation of fractional deriva-
tives [12] and the fact that there exist, as mentioned above, different definitions
for fractional derivatives. One basically considers continuous systems, and uses
numerical methods to approximate the solution. In the case of a fractional
system, the discrete approximating system may inherit the chaotic behaviour
of the initial continuous system, but this relationship is somehow complex.
What adds to the intricacy is that the chaotic behavior of the approximating
can be different for different numerical methods employed to solve the frac-
tional differential equations [13]. Therefore, the understanding of the impact
on the chaoticity of the system applying one or another numerical calculation
approaches is of great importance, in order to choose the most appropriate one
for a given application.

In the following, two numerical calculation methods under GL and Caputo
characeterizations for fractional differential equations are recalled. Then, we
employ both methods to obtain the states of two fractional chaotic systems ex-
tended from classical integer order chaotic system. The impact on the chaoticity
of the systems applying the two approaches has been analyzed in terms of LE
and from the aspect of bifurcation diagram and time responses.

2 Preliminaries on fractional calculus and fractional
systems

In this section, some preliminaries on fractional calculus and fractional systems
are introduced to give a rough idea on the topic. The widely-accepted stability
criteria for a commensurate fractional system is also illustrated.

2.1 Fractional calculus

As mentioned before, the fractional calculus studies the fractional derivative
and integral which can be considered as the extension of classical integer order
differentiation and integration to real or complex orders. In the long history
of the study of fractional calculus, many mathematicians have contributed and
introduced different characterisations(referred as ’definitions’ in many paper)
towards the topic. Here after, we give two well-known definitions Grinwald-
Letnikov (GL) and Caputo definitions [14][15].
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The fractional derivatives under GL characterisation can be writen as

=
oD = i 32 1 () e )

The term [*7%] in equation (1) stands for the integer part of *7%; a and t are
the bounds of the derivative operation ,Dj* for f(t); « represents the fractional
derivative order. The (?‘) in (1) is defined in (2), where I'(.) is the Eular Gamma

function in the form of (3).

« I'a+1)
L) = == — (2)
J IrG+1)r'(a—j3+1)
Ootafl
[(a) = / Lt 3)
0
The caputo type fractional derivative holds the form as following,
1 b ()
CDYf(t) = dr, f -1 4
Dy f(¢) F(nfoz)/a T 7yt 7, for n <a<n (4)

where « denotes the fractional derivative order; a and ¢ are the bounds for the
operation; n is the smallest integer greater than «; I'(.) is the Eular Gamma
function in equation (3); and (™ (t) is the n-th derivative of f(t).
The Caputo type fractional derivative is often used for engineering applica-
tion since the fractional differential equations with this type of derivative can
provide the applied problem with an interpretive initial condition.

2.2 Fractional system

A fractional system is a dynamic system which can be modeled by fractional
differential equations [16]. A general form of fractional system is as follows,

aD?i,Ii (t) = fz (:171 (t) , L (t) B ) (t) ,t)
z; (0) =¢,i=1,2,...,n. (5)

In (5), bound a is equal to 0; 2;(0)( = 1,2, ...n) denotes the initial conditions
for each component constituting the state vectors; c;(i = 1,2, ...n) is the frac-
tional derivative order for i-th differential equations consisting the system, and
fi is a linear or non-linear function.

The equilibrium points of system (5) can be obtained by solving equation
filx) =0(i =1,2,...,n). If a commensurate system with o; = ;i =1,2,....,n
is considered, then, according to the stability theorem defined in [17], the equi-
librium points are locally asymptotically stable if the eigenvalue of the Jacobian
matrix of system (5) satisfies the following equation evaluated at equilibria.

0

5 i=12..n (6)

|arg (eig (J))[ = [arg (\i)| > «

where J denotes the Jacobian matrix of (5), A\;(i = 1,2, ...n) are its eigenvalues.
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3 Numerical calculation methods for fractional
differential equations

In this section, two numerical solutions calculation methods for fractional differ-
ential equations are introduced. The methods are based on Griinwald-Letnikov
and Caputo fractional derivative characterisations.

3.1 Grunwald-Letnikov calculation method

The explicit numerical approximation of ¢-th derivative under GL characteri-
sation at the points kh, (h = 1,2,...) is expressed as follows [14]

k
(kL) /D5 f(8) = BT “Z ( ) f(te—j)- (7)

Jj=

In expression (7), Ly, is the memory length; t;, = kh, where h is the calculation
time step; the binomial coefficient (—1) (‘;‘) can be denoted as c( )(j =0,1,...)
which is expressed use the following expression[18],

(0% (6% 1+a (03
8>=1,c§)=(1—j )5% (8)

Thus, the general numerical solution of fractional differential equation de-
scribed by equation(9) can be expressed as given in (10).

«D7y(t) = F(y(). 1) (9)
k
y(tk) = Fluti) t)h® = D26 y(ti-y) (10)

The sum in (10) stands for the memory term. If a ’long memory effect’ is
considered, then the lower index v = 1 for all k, otherwise v = 1 for k < (L,,/h)
and v =k — L, for k > (L, /h).

3.2 Fractional ABM corrector-predictor method

The fractional ABM corrector-predictor method is another widely used time
domain numerical calculation method in the domain of engineering. It is a
generalization of the classical Adams—Bashforth—Moulton integrator which is
used for the numerical calculation of classical first order problem.

From the analytical point of view, the fractional differential equations under
Caputo characterization with initial conditions y*(0) = y&, k = 0,1,2..m — 1
where m := [a], is equivalent to Volterra integral equation expressed as follows,

R A I -
ve) = Y Wt g [ @0 ey

k=0
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The algorithm is developed on a uniform grid {t, = nh : n =0,1,...N}. The
basic idea of the algorithm is to obtain the approximation of the latter point on
the grid from the former point. Detailed formula derivation for the algorithm
can be found in [19]. Here, we only give out the derived equations for the next
states values in equation (12)-(15).

[a]-1 ik L e
) tn = nt tn I A tn
Yn(tn+1) o Yo +F(a+2)f( +1, Y (tnt1))
k=0 (12)
e &
j,m t'a t; )
+F(a+2)jgoaj, +1f(j yh( j))

[a]-1

thit (k 1 &
vt = D2 0" + i Db S (). (19)
k=0 7=0
notl — (n—a)(n+1)%, if j =0,
A1 = (=7 +2)"" + (-5t =2n—j+ 1, if1<j<n,
1, if j=n+1.
(14)
he o o
bjntr = ——((n+1-7)" = (n—3)%) (15)

In the above equations, yx(t,+1) stands for the next state, yf:(tnﬂ) denotes
the predictor value for the next state, a and b are coeflicients.

4 Fractional chaotic Chen and Lu systems

4.1 Fractional chaotic Chen systems

The system equation for fractional Chen system can be expressed as follow-
ing[20],

D%y (t) = ac (22 (1) — 1 (1))
fe(x) =< D% x4y (t) = (cc — ac) 1 () — 21 () 23 (t) + cexa (2) (16)
Da“$3 (t) =T (t) T (t) — bc.rg (t)

In the equation, D% denotes the fractional derivative with order a., (a, be,
cc) are the parameters of the system. The system is an extension from integer
order chaotic Chen system studied in [21].

The equilibria of the system can be obtained through the same way as its
original integer order system, by setting the right hand sand system equation
equal to zero f.(z*) = 0 as given below,

ac (o (t) — 21 (t)) =0

(ce —ae)wy (t) —x1 () w3 () + cexa (t) =0 (17)
X1 (t) Xro (t) - chC3 (t) =0
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The singularity of the equilibrium points can also be acquired through the
classical method as given below, by evaluating the eigenvalue of the jacobian
matrix of the system at equilibrium points.

Ae + ac —ae 0
det(AI-Jo) = | —a+a+a5 e —c. 2 =0 (18)
-5 —x] e+ b

J. in equation (18) represents the Jacobian matrix of the system equation, I is
the identity matrix, A, denotes the eigenvalue, and (z7, x5, x3) stands for the
equilibrium point.

The singularity of the three equilibrium points of fractional Chen system for
system parameters (ac, b, ¢.) = (35,3, 28) can be obtained through above an-
alytical expressions and are given in Table 1.

4.2 Fractional chaotic Lu system

The system equation for fractional chaotic Lu system extended from integer
order Lu system can be described as follows [22],

Dy (t) = ap (x2 () — x1 ()
fi(x) = 4 Dy (1) = —ay (t) 23 () + cpa (1) (19)
Dalfﬂg (t) =1 (t) i) (t) — blxg (t)

where D* denotes the fractional derivative with order «;, a;, b;, and ¢; are
the parameters of the system. The equilibrium points of the system can be
acquired calculating the solutions of the following system of equations,

aj (z2 (t) — 21 (1)) =0
—x1 (t) s (£) z1 (t) + crz2 (t) =0 (20)
X1 (t) i) (t) — bl$3 (t) =0

The singularity of the equilibria can be obtained the same way as discussed
previously for the fractional Chen system through the following identities,

N+a —aq 0
det (NI-T;) = xy AN —ce T} =0 (21)
—x§ —{,17*{ A+ b

where J; in equation (21) represents the Jacobian matrix of the fractional Lu
system, \; denotes the eigenvalue, and (z7, 3, z3) stands for the equilibrium
point. When the parameters of the system is set to (ac, b, c.) = (36,3,20),
three equilibirum points Ef = (0,0,0), E5 = (7.460,7.460,20) and E} =
(—7.460, —7.460,20) can be obtained applying equation (20). The singular-
ity of the equilibria is also given in Table 1.

5 Solutions for the chaotic systems applying different
approaches

In this section, the solutions for fractional Chen and Lu solution are obtained
applying both GL method and fractional ABM corrector-predictor method dis-
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cussed in section 3. The impact of the two approaches on the chaotic behavior
of the systems are also discussed.

5.1 Chaotic system applying GL method
With the numerical solution of fractional differential equation calculated under
GL method derived as in (10), the calculation for the states of fractional Chen

system and fractional Lu system (expression (16) and (19)) can be expressed
by the following identities (22) and (23) respectively.

71() = (@c(aa(n) (0 = D)% — 3 (=)
ra(n) = (e — ac)za(n) — za(n)za(n — 1) + cos(n — 1))hoe - ; "y (n — )
7a() = (a(haa(m) ~ bes(n — 1A% = 5 *asn )
(22)
21(n) = (@(@a(n — 1) — 21 (n — 1)))h% — é & (n - )
2a(m) = (r(m)zs(n = 1)+ aawan ~ DR = 55 & Mmaln =) (23)

3(n) = (@1 ()22 (n) — bis(n — DA = 3° gl — )

Eigenvalue
A A2, Az
Fractional (0, 0,0) -30.8359 23.8359,-3 Saddle

Chen  (-7.9379,-7.9379,21) -18.4280 4.2140+14.8846i Saddle Focus
system (7.9379,7.9379,21) -18.4280 4.2140+14.88461 Saddle Focus
Fractional (0,0,0) —36 20, -3 Saddle

Li (—7.460, —7.460, 20) —22.6516 1.8258 4+ 13.6887¢ Saddle Focus

system (7.460,7.460,20) —18.4280 1.8258 4 13.6887¢ Saddle Focus

System Equilibrium singularity

Table 1: Fractional Chen and Lu systems’ equilibria and their singularity

To be mentioned is that in our work, the ’long memory effect’ is adopted
applying GL method which means that the number v in equaitons (22) and
(23) is equal to 1. The time step h in above equations is set to a fixed value
0.001.

We plotted the phase portraits of the two systems with fractional orders a,. =
0.9 and oy = 0.95 in Fig.1la and 1b, respectively. The parameters and initial
conditions for Chen system are (35, 3,28) and (—9, —5, 14). Those of Lu system
are chosen to be (36, 3,20) and (0.2,0.5,0.3).
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5.2 Chaotic systems applying ABM corrector-predictor approach

Based on the fractional ABM corrector-predictor numerical calculation ap-
proach for the solution of fractional differential equations given in equations
(12)-(15), the states of fractional Chen system applying ABM predictor correc-
tor approach can be expressed as follows,

hoe
X =X - f.(x? 1
(14 1) = Xo(0) + g F(XE (14 1)
he n (24)
. X (i
+ F(ac+2) ;ajﬂl-i-lfc( 0(.7))
1 n
P _ 1 .
Xe (n+1)=X.(0) + T(o) jz:(:)bj,n+1fc (Xe (4))
netl — (n —a.)(n+1)%, ifj =0,
i1 =4 m—j+2)* T +n—H*T -2 —j+ 1) if1<j<n,
bt = (41— )% = (0= )")
(25)

In the above equations, X.(n+ 1), X.(n) and XF(n+1) are state vectors com-
prised of all the state components x1m x5, and x3; . is the fractional order
between (0, 1); f. stands for the Chen system equations.

The formula for the calculation of the states of fractional Lu system can be
obtained by substituting the state vectors, fractional order and system equa-
tions in equations (24)-(25) with X;, a; and f; where 0 < a; < 1. The phase
portraits of the two systems acquired employing corrector-predictor approach
are given in Fig.1c and 1d, respectively. The fractional orders, parameters and
initial conditions are the same as those for the GL method.

5.3 Impact on system chaoticity with chosen methods

For the work in this section, we used the same parameters and initial conditions
for the two systems as adopted in the previous section, which are (ac, be, c.) =
(35,3,28), X.(0) = (—=9,-5,14); (a;, b, ;) = (36,3,20), X;(0) = (0.2,0.5,0.3),
respectively. The time step h is set to 0.005. The MATLAB code[23] for ABM
corrector-predictor method and [24] is employed for the following simulation
and the calculation of LE.

According to the stability criteria introduced by equation (6), [17] states that
for a fractional system D% = f(z) to remain chaotic, a necessary condition
is keeping the eigenvalue A in the unstable region, which gives the following
equation for the fractional derivative order a.

a> %t(m_l (;’Z&;) (26)
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Phase Portrait of Chen system Order 0.9 Phase Portrait of Lu system Order 0.95

Ll x1

(a) GL method Chen system (a. = 0.9) (b) GL method Lu system (o = 0.95)

Phase Portrait of Chen system Order 0.9 Phase Portrait of Lu system Order 0.95

w
=]

%1 i 1

(¢) GL method Chen system (o = 0.9 (d) ABM method Lu system (o = 0.95

Fig.1: Phase Portrait of fractional Chen and Lu systems characterized by GL
and ABM method

where A is the eigenvalue of the Jacobian matrix of the system, « is the com-
mensurate fractional order. Therefore, for the given parameter values, the
fractional chaotic Chen system should have a fractional order a. greater than
or equal to 0.8244.

In Fig. 2, we plot the phase portrait of fractional Chen system at boundary
fractional values 0.82 and 0.83 applying both GL and ABM corrector-predictor
methods. The time response of the last 2000 states obtained through both
methods are also given. The states calculated by GL method is in red and
ABM corrector-predictor in blue. It is not difficult to observe from Fig. 2a
and 2c that with order 0.82 there are only one red point in the figure, which
indicates that the states stays at the same fixed point applying GL method.
Whereas for the applied ABM method(blue dots), they appear to have a shape
of the attractors. When the system order is equal to 0.83, both methods dis-
play the shapes with attractors. This indicates that when applying GL calcu-
lation method with long memory effect, the system’s dynamic behavior is in
accordance with the stability criteria given by equation (26). While the ABM
calculation method applied in this paper provides the system with a smaller
derivative order for the system to be chaotic.

The time response figures given by Fig. 2b and 2d confirms the founding. The
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Phase Portrait of Chen system order 0.82 Time response of Chen order = 0.82
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(a) Chen system with order 0.82 (b) Time response with order 0.9
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Phase Portrait of Chen system order 0.83
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(c) Chen system with order 0.83 (d) Time response with order 0.83

Fig. 2: Phase Portrait and time response of Chen system at boundary fractional
order values

blue curve stands for the states obtain through ABM method and red for GL.
It is clear that for derivative order 0.82, the red attractors stays at the same
value for the three state vector components x1, xo and x3, while the blue curves
appear to be oscillating.

We also give the Lyapunov exponent and bifurcation diagrams over different
fractional orders of fractional Chen and Lu systems in Fig.3. For each frac-
tional derivative orders, 10 states were generated and the LEs were calculated
throughout the iterations. The LE spectrum curves in 3a and 3b are obtained
by combining LE values of the last iteration for every evaluated orders. The
plots show that only x; component possesses LE value greater than 0 apply-
ing both methods. It can be observed that applying ABM corrector-predictor
approach, for the fractional Chen system, the LE of z; greater than 0 appears
before order 0.53, whereas for GL method, the LE exceeds 0 after fractional
order of 0.8. The LEs for fractional Lu system calculated using both methods
show the similar results, with ABM method having a smaller chaotic fractional
derivative value. This is in accordance with our previous findings concern-
ing the phase portrait and time response which draws to the conclusion that
GL method give a more accurate approximation of original fractional system.

596



Apart from this, from the y-coordinates of the bifurcation diagram where the
system is non-chaotic, it can be observed that the solution obtained using ABM
method stays at the equilibrium point as obtained through analytical analysis.

Lyapunov Bifurcation Lyapunov exponent
! 2 %051 |
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(¢) Lu system GL method (d) Lu system ABM method

Fig.3: LE and bifurcation results for Chen and Lu systems over dif-
ferent fractional derivatives employing different methods ((ac,be,c.) =
(35,3,28),((1[,1)[,61) = (3673720)

The LEs results and bifurcation diagram over different parameters of fractional
Lu system are also given in Fig.4 to illustrate the dynamics possesses by the
system. We set the system fractional order fixed to 0.9. It can be observed
that applying different numerical calculation methods, the system dynamic is
quite different. It is worth mentioning that is that the results for different
parameters are conducted by changing one parameter at a time and fixing the
other two unchanged.

6 Conclusion

In this paper, we recalled two numerical solutions calculation methods for frac-
tional differential equations adopting Griinward-Leinikov and Caputo charac-
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tional parameters employing different methods

598



terization of fractional derivative, respectively. Two fractional chaotic systems,
fractional Chen system and fractional Lu system are discussed and their dis-
cretized states were calculated employing both methods. The results show that
compared to the adopted ABM corrector-predictor method, the GL approach
with long memory effect provide the original fractional system with a better
approximation in coherence with the analytical studies. At the contrary, em-
ploying ABM method, the approximation accuracy appears to be deteriorate.
However, in terms of chaoticity, it has a greater chaotic range for fractional
derivatives.
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Coupled FitzHugh-Nagumo Type Neurons
Driven by External Voltage Stimulation
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Abstract. We have extended some results of previous works on coupled FitzHugh-
Nagumo type neurons stimulated by an external alternate voltage source. At first
a few electronic circuits modeling the influence of brain waves on particular groups
of coupled neurons are constructed. Bifurcation analysis of limit cycle dynamics
is carried out, and route to chaotic dynamics is described with respect to coupling
strength and forcing amplitude. This analysis enables constructing systems of coupled
oscillators with specified dynamic behavior. We show that for appropriate values of
parameters, a chimera-like state can be observed in a system of four coupled forced
oscillators. A similar approach can generally be used, and the chimera state in coupled
systems may be explained by means of bifurcation theory.

Keywords: FitzHugh-Nagumo, neuronal cells, brain waves, chaos, chimera state.

1 Introduction

This short text is inspired by the works Kyprianidis et al.[7] and Kyprianidis
and Makri[§] about coupled FitzHugh-Nagumo oscillators. Nonlinear dynam-
ics, especially chaos theory, is becoming a very important tool in understanding
brain activity, as can be seen, for example, in Faure and Korn[2] and Korn and
Faure[5]. Here we attempt to demonstrate this fact by using bifurcation theory
to explain some kinds of behavior in systems of coupled FHN type neurons.
At first, we recall basic results about dynamics of a single oscillator driven by
external periodic voltage source. Such a system can model a neuron influenced
by brain waves (an externally driven FHN type neuron). We describe an elec-
tric circuit that is characterised by the studied equations. Next, we investigate
two coupled oscillators driven by the same voltage source as a model of two
externally driven FHN type coupled neurons influenced by brain waves. In
every case, the coupling is realized by a resistor, hence we model gap junctions
between cells.

Finally, we use these results to construct a system of four coupled oscillators
exhibiting a stable state similar to a chimera state. As a model of four neurons
coupled in a ring topology, we construct a minimum system that exhibits such
dynamics with two groups of two mutually synchronized neurons with two
different dynamic behaviors. Bifurcation analysis (using continuation program
MATCONT, Dhooge et al.[I]) explains the choice of parameters for presented
synchronizations and chimera-like states.
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2 Dynamics of externally driven FHN type neuron

The starting point of the work Kyprianidis et al.[7] is an electric circuit de-
picted in Fig. The component denoted by Npg is a resistor with a cubic

Fig. 1: Electric circuit modelling FitzHugh-Nagumo equations.

t — v characteristic. The dynamics of this system is described by the following
equations, that can be derived using Kirchhoff’s laws and dimensional analysis:
23

x’:x—?—y—ﬁ—s(u—m),

y' =k(a—by+x),

where z is proportional to the voltage v, y is proportional to the current iy,
€ is proportional to the reciprocal of the resistance Rg and finally w is pro-
portional to the voltage vg. The alternate voltage u is given by the formula
u(t) = Up cos2mwt. To make the system autonomous, non-stiff, and suitable
for bifurcation continuations, we attach two more equations:

u' = 2rw(pu — w — u(u? + w?)),

w' = 21w(u + pw — w(u® + w?)).
Since these equations exhibit a stable solution given by the formula

(u,w)(t) = (y/ucos(2mwt), \/psin(2nwt)),

the parameter u, p > 0, corresponds to the earlier introduced parameter U,
p = Up?. From now we assume the following values of parameters: a = 0.7,
b=10.8, k=0.1 and w = 0.16. This is a typical choice that leads to oscillatory
dynamics (from regular neuron spiking to more complex firing patterns). The
nonlinear phenomenon is generic and another parameter choice in domain of the
limit cycle stability can be taken with analogous results. We briefly reconstruct
a bifurcation analysis from the original paper. A stable (globally attractive)
limit cycle undergoes period-doubling cascade of bifurcations with respect to
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parameter p that corresponds to variation in amplitude of the external forcing.
The results are illustrated in figures 2} B] [} and [

Two-parameter bifurcation curves with respect to parameters p and ¢ are
depicted at Fig. |§| (numerically computed with MATCONT, Dhooge et al.[1]).
Evidently, the occurrence of oscillations with different frequencies depends both
on the amplitude of the external waves and on the strength of the coupling.
The selection of only one of the parameters is not sufficient to create a complete
cascade of period-doubling. Various levels of coupling give birth to bifurcation
diagrams with bubbles that correspond to bounded parts of the Sharkovski
sequence of periods with respect to parameter pu. For a deeper insight into
the theory of two-parameter bifurcations of limit cycles, see Kuznetsov[G] or

Wiggins|IT].
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Fig.2: Poincaré section by the hypersurface x = —0.75 for different values of

the parameter p, values of y are plotted. The value of the parameter ¢ is 0.15.

Fig.3: Maximal Lyapunov exponent
for different values of the parameter p,
e =0.15.

25 30 35 " 40 45 50 55

According to the mentioned figures, a chaotic bubble appears for ¢ = 0.15.
Especially, an increase of the parameter p from initial values around 10 or a
decrease of this parameter from initial values around 110 leads to an infinite
cascade of period-doubling bifurcations. Positive values of maximal Lyapunov
exponent indicate the presence of a chaotic attractor for appropriate values of
the parameter p. Visible windows corresponding to stable periodic orbits with
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Fig.4: Zoomed windows of stable cycles of odd period. The value of the pa-
rameter € is 0.15.

Fig.5: Left: 5-cycle for u = 45.4, right: 7-cycle for p = 43.1. The value of the
parameter ¢ is 0.15.
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Fig.6: Right: Bifurcation curves of a stable limit cycle (from the left upper
corner to the right lower corner) of period-doubling (2-cycle birth), period-
doubling (4-cycle birth), fold bifurcation of 5-cycle, and fold bifurcation of
7-cycle, continued in MATCONT. Left: Magnification of the right picture.

odd period can be observed after magnification (recall Sharkovski ordering).
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Particularly, a 5-cycle and a 7-cycle windows are large enough to be detected
easily. Curves of fold bifurcations of these cycles can be used for specifying
borders of the stable oscillatory dynamics and domains of the chaotic attractor
in e —p plane. Evidently, the cell exhibits chaotic behaviour for example for the
values (g, 1) = (0.15,38) (see also Fig. [4)), whereas the choice (e, 1) = (0.3, 38)
lead to periodic oscillations. We can possibly use a different pair of parameter
values. Bifurcation diagrams in Fig. [6] agree with the results of the original
paper Kyprianidis et al.[7], which demonstrate an extinction of the chaotic
bubble with the increase of the parameter ¢.

3 Dynamics of two coupled externally driven FHN type
neurons

Further, we study a system of two coupled oscillators, both of which are driven
by the same alternate voltage source. This situation can be interpreted as
an influence of brain waves on two coupled neurons and is represented by the
electric circuit depicted in Fig. [7] Again, Kirchhoff’s laws and dimensional

Rs

AAAT

Fig. 7: Electric circuit modelling two coupled FitzHugh-Nagumo oscillators.

analysis give us the following set of equations which describes dynamics of the
circuit:
/ 3
vy =21 = 5 —yte(u— o)+ (e —n1),

Yy = k(a — by + 1),
3

x
xh =19 — 52 — Yo + e2(u — x2) + §(21 — 22),

vy = k(a — bys + x2).

The new parameter £ is proportional to the reciprocal of the resistance Rjs.
Now, we investigate an influence of the coupling strength £ on attenuation of
chaos in the first cell, hence we choose (g1, €2, ) = (0.3,0.15,38). The results
can be seen in figures 8] [9] and

For sufficiently large &, the first cell makes the second one oscillate period-
ically, which is a natural state of the first one. The second cell would behave
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of y, are plotted. The remaining parameters are (1,2, ) = (0.3,0.15, 38).
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Fig.10: Right: Bifurcation curves of a stable limit cycle (from the right up-
per corner to the left lower corner) of period-doubling (2-cycle birth), period-
doubling (4-cycle birth), fold bifurcation of 7-cycle and fold bifurcation of 5-
cycle. Left: Magnification of the right picture.

chaotically without the coupling. On the other hand, we can say that the
strength of coupling is not sufficient for changing the natural behavior, if £ is
small. Poincaré sections indicate a presence of small deviations from periodic
oscillation in the case of the first cell. However, they do not change behaviour
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qualitatively and can be considered as fluctuations caused by the environment.
Bifurcation curves demonstrate an extinction of the chaotic bubble with the
increase of the parameter &, see Fig.
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Fig. 11: Poincaré section by the hypersurface zo = —0.75 for different values of
the parameter pu, the values of yo are plotted. The values of the parameter £
are as follows & = 0.009, & = 0.014, &3 = 0.03 and &4 = 0.05. The remaining
parameters are chosen to be (e1,e2) = (0.3,0.15).

Before we proceed to the case of four oscillators, we focus on the influence of
the parameter £ on emerging of synchronization. We deal with two situations
in which we couple a chaotic cell together with a periodically oscillating cell
and two chaotic cells together, respectively. The dependence of synchronization
on the parameter ¢ is depicted in Fig. In the first case, we couple two cells
driven by different forces, which leads to coupling between different oscillators.
It is not surprising that there will always be some difference between phases
of these oscillators, no matter how strong the coupling is. On the other hand,
we know that two identical chaotic oscillators are able to achieve complete
synchronization if the coupling is strong enough. A comprehensive treatment
of a concept of synchronization can be found in Pikovsky et al.[9].

4 Chimera-like states

The main result of this contribution is the explanation of the chimera-like be-
havior of a system of coupled oscillators by means of bifurcation theory. We
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Fig. 12: Dependence of synchronization on the parameter £&. For the values
of the parameter ¢ from appropriate intervals ten sets of initial conditions
were chosen randomly. Uniform distribution on the interval [—2,2] has been
used. Maxima of deviations |z1(t) — x2(t)| for ¢ in the interval [1000, 2000] are
plotted. The values of parameters are (1,2, 1) = (0.3,0.15,38) for the left
diagram and (e1,e9, ) = (0.15,0.15,38) for the right diagram.

can easily use previous bifurcation analysis results to construct various systems
of four coupled cells exhibiting synchronizations/non-synchronizations, chaotic
behavior and partial synchronizations, and especially stable chimera state,
which means that two groups of oscillators have qualitatively different dynam-
ics. One group of two oscillators behave chaotically (in a synchronized or non-
synchronized state), the other group exhibits synchronized oscillations. The
same approach can be analogously used for other systems of Hodgkin—Huxley
type, Morris-Lecar type, Hindmarsh-Rose type, or others.

We are interested in an electric circuit depicted in Fig. [[3]with the following
equations governing its dynamics:

Ty =1z — % —y1 +er(u—ax1) + oz — x1) + &is(3 — 21),
y1 = k(a —byr + 1),
Th = T9 — %% — Yo + e2(u — x2) + &12(21 — x2) + E24(x4 — 22),
ys = k(a — bys + x2),
xh = a3 — %g —y3 +e3(u — x3) + &13(w1 — 3) + E34(204 — 3),
ys = k(a — bys + x3),
T) = x4 — %2 —ya + ea(u — x4) + Eoa(22 — x4) + E34(3 — 24),

vy = k(a — bys + z4).
Three different situations are going to be considered all of which are illustrated

in figures and The choice of parameters in Fig. represents a
situation in which the natural state of the first cell is periodic oscillations, while
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Fig. 13: Electric circuit modelling four coupled FitzHugh-Nagumo oscillators.

Fig. 14: Bottom: projection of the tra-
jectory on the phase space of the third
£13=0.001 £24=0.001 and of the fourth cell on the left and on

the phase space of the first and of the

= = second cell on the right, respectively.
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the remaining cells behave chaotically. Moreover, the coupling between the first
two cells is strong enough to suppress chaos in the second cell. Finally, chaotic
cells are not able to synchronize, and respective groups do not influence each
other too much. Since the first two cells are different oscillators, they are not
able to achieve complete synchronization. However, frequency locking appears
obviously. If the natural state of the second cell is periodic oscillations, then
the choice of parameters in Fig. [[5] leads to complete synchronization in the
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Fig. 15: Bottom: projection of the tra-
jectory on the phase space of the third
€13=0.001 0001 and of the fourth cell on the left and on

the phase space of the first and of the

Ty second cell on the right, respectively.
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first group. On the other hand, the fluctuations caused by the group of chaotic
cells are still present, but they are much weaker. Finally, we can consider a

Fig. 16: Bottom: projection of the tra-

=0.001 .
--53 —0.15 L_&; —~03 jectory on the phase space of the sec-
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412=0.001 tively.
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situation in which cells are connected to cells of the other group only, which
is illustrated in Fig. Since periodically oscillating cells are driven by the
same force, they do not need to be coupled in order to achieve synchronization.
The stability of partial synchronization in the second and the third situation
is demonstrated in figures [I7] and
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Fig.17: Deviations between pairs
of oscillators for one hundred ini-
tial conditions chosen randomly from
the interval [—2,2] with uniform dis-
tribution. Maxima of deviations
|x1(t) — x2(t)| for t € [1000,2000] are
displayed in green colour and max-
ima of deviations |z3(t) — x4(t)| for
t € [1000,2000] are displayed in blue
colour. Parameters are the same as in

Fig.

Fig.18: Deviations between pairs
of oscillators for one hundred ini-
tial conditions chosen randomly from
the interval [—2,2] with uniform dis-
tribution. Maxima of deviations
|x1(t) — x4(t)| for t € [1000,2000] are
displayed in green colour and max-
ima of deviations |zo(t) — x3(t)| for
t € [1000,2000] are displayed in blue
colour. Parameters are the same as in

Fig. [16]

5 Conclusion

The majority of this work can be considered as a straightforward extension
of ideas and analyses published in Kyprianidis et al.[7] and Kyprianidis and
Makri[8]. On the other hand, the system of coupled oscillators can be seen as a
prototype for the description of chimera-like dynamics, which can be explained
by bifurcation analysis. It is possible to explain changes in dynamics with re-
spect to the coupling force between the oscillators or the external excitation
(brain waves) by crossing bifurcation manifolds. We have observed two main
types of cell behavior: a cell can exhibit periodic oscillations that lead to par-
ticipation in the generation of brain waves, or it can behave chaotically. There
could also be various ratios of phase-locking observed as the period-doubling
route to chaos takes place. It thus explains the phenomenon when a neuron can
contribute both to a synchronized brain wave activity but also have different
and even chaotic dynamics (Korn and Faure[5]). Analysis of phase-locking is
connected with fold bifurcations on a torus, more precisely birth of torus via
Neimark-Sacker bifurcation of a cycle and near Arnold tongues existence. This
analysis is not included in this contribution, but a possible analysis approach
is explained in Sevéik and Pribylova[I0)].

All studied systems of differential equations describe dynamics of some elec-
tric circuit which is presented in detail. We have seen that the resulting type
of behavior strongly depends on the topology of the network, the strength of
coupling between cells, and the amplitude of the forcing signal. Our further re-
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search will be focused on applications of functional analysis, singularity theory,
and group theory to the investigation of the origin of partial synchronization
based on ideas from Golubitsky and Schaeffer[3] and Golubitsky et al.[4] since
in the case of similar coupled neurons, symmetry can be used to study and
describe idealized and perfectly same coupled neurons, and breaking symmetry
can lead to chimera states that could be explained by means of equivariant
bifurcation theory.
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Abstract. In this article we discuss the demographic dynamics modelling in communities
of countries with different levels of economic development. Our approach is based on the
stratum model of population growth, proposed by the authors earlier. The observed
processes of depopulation of the periphery of such communities were studied within the
framework of the model. The phenomenon of institutional trap is considered as an
explanatory principle of the functioning of complex socio-economic structures. Its main
traits are discussed. Based on the proposed model, the forecasts of population growth in
several countries were calculated. Within the proposed model of institutional trap a set of
measures to overcome the negative demographic trends were formulated.

Keywords: Simulation, Demographics, Institutional Trap, Stratum Model, Forecast.

1 Introduction

Significant progress has been made in the field of creating mathematical models
for complex social systems in recent decades [1]. The results of scientific
forecast (foresight) of socio-economic processes of countries and the world as a
whole by methods of social, humanitarian and natural sciences are used both in
the field of public administration and strategic planning, and in large business
when developing a growth strategy [2]. Mathematical modeling of social
processes, and, in particular, the population growth forecasts should be
recognized as an integral element of foresight that enlightens the trends of
economic development of the society [3]. The topic of forecasting the
population growth of countries and the whole world continues to be relevant not
only because of the limited life resources and the prospect of overpopulation of
the planet, but also because countries tend to build management decisions based
on reliable long-term forecasts. The study of this problem leads to the
conclusion that such forecasts can be made on the basis of adequate
mathematical models.

One of the first and most famous experiences of successful modeling in
the field of social and economic sciences was the work of Malthus [4], which
caused sharp criticism at the time. The main idea of T.R. Malthus was the point
that the difference in the growth of the population and the productive forces (the
wealth of society) leads to a complication of the social situation, producing
wars, crises and diseases. The discussion of the “overpopulation crisis”
predicted by Malthus, which was expected by 2004, led to the correction of the
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growth model and the creation of several variants of such model. In general, the
proposed approaches can be divided into 3 groups:

e models-concepts based on the identification and analysis of general
historical patterns and their representation in the form of cognitive
schemes describing logical connections between various factors
affecting historical processes (ideas of J. Goldstein, I. Wallerstein, L.N.
Gumilev, N.S. Rosov, etc.). These models have a high degree of
generalization, but they are not mathematical, but purely logical,
conceptual in nature;

e pure mathematical models of the simulation type devoted to the
description of specific historical events and phenomena (Yu.N.
Pavlovsky, L.l. Borodkin, D. Meadows, J. Forrester, etc.). The
applicability of such models is usually limited to a fairly narrow space-
time interval since they are related to a specific geopolitical situation;

e “intermediate” mathematical models between the two specified types.
Their task is to identify the basic patterns that characterize the flow of
processes of the type under consideration.

Our work aimed at studying the relationship between socio-economic
life and demographic processes, thus relating to the third type of models. This
approach involves both conducting mathematical modeling, and taking into
account and describing the factors and processes that affect the phenomena
under consideration.

One of the first steps in this direction that should be named is the
Verhulst logistics model [5] and the concept of “world-systems” [6]. Within the
framework of these approaches, the unified system (the world) was divided into
subsystems (economic subsystem, and/or social and demographic ones). Later,
dynamic models were proposed that go beyond the neoclassical model of
economic growth by R. Solow [7], based on equilibrium, when in a stationary
state the rate of labor productivity growth is equal to the rate of technological
progress, and the rate of economic growth is the sum of the rate of technological
progress and the rate of population growth

At the same time, the Solow model could not explain many problems
related to economic growth, which was caused by the fact that many parameters
of the model were set exogenously. The next step was the Cobb-Douglas model
[8], the Ramsey-Kass-Koopmans model [9] and the Mankiw Romer and Vail
model [10].

All the models considered assumed a different format of “combining”
social, economic and demographic parameters [6,11]. In practice, we should
mention the Gushchin-Malkov model of macroeconomic dynamics (which
describes the economic cycles of US GDP growth, see [12])) and the Korotaev
model of great divergence/convergence [13], as well as the Kapitsa population
growth model [11]. The last work proposed an exponential model of world
population growth, showing the "limits of growth" beyond which a global
catastrophe can await the planet. Based on this model, the trend change point or
“transition point” (2005) was also predicted, when exponential growth is
replaced by a slowdown in growth. Although this model made it possible to
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predict global trends quite well, it was completely unsuitable for calculating
population growth forecasts for individual countries, in particular because
migration processes play an important role in these processes, which were not
taken into account in the model in any way.

Methodologically, our study continues the approach of dividing a
single system into a number of subsystems, and in this sense, the approach can
be called hierarchical. The subject of our study will be the population growth in
the subsystems of a single “economic community”, taking into account the
socio-economic development of this system. It is assumed that in the system
under consideration, it is possible to explicitly allocate the Center and the
Periphery (i.e., to allocate subsystems). A similar problem was solved earlier in
the course of mathematical modeling of the population size based on the stratum
model [14].

Our special attention was attracted by the Korotaev’s model [13] of
great divergence/convergence, in which an attempt is explicitly made to take
into account population growth in the economic model of the development of
countries. The authors drew the conclusion about the “inevitable convergence of
heterogeneous economic systems of the Periphery-Center type”. Meanwhile,
this conclusion contradicts the trends observed in some similar situations, in
particular in the EU-Baltic states, where not only convergence is not observed,
but rather divergence occurs, accompanied by the process of depopulation of the
Periphery.

The obvious disadvantage of mentioned model is the lack of migration
in it — and, as it seems to us, this process leads to the opposite effect: to the
growth of the economic gap between these parts of the system and, ultimately,
leads to the depopulation of the Periphery. The most important resource of
economic growth is the labor force leaving depressed regions, which leads to a
significant decrease in the economic growth potential of these regions.

The way out of this situation, in our opinion, may be the stratum model
of population growth proposed by us in 2014 [14], which can be generalized to
the case of a heterogeneous economic system/commonwealth of countries with
different levels of development. An additional argument in favor of the attempt
to combine the convergence model with the stratum model of population growth
was our analysis of population growth forecasts for 2014 for several countries in
comparison with statistical data for these countries over the past 4 years, which
showed a good agreement of these forecasts with statistics.

The essence of the stratum model is that the population of a country is
considered not as homogeneous, but as consisting of several strata. We used
following denotations: x (t) — the number of urban population, y(t) - the number
of rural population. The parameters that determine the dynamics of changes in
each stratum are different, in particular, both the birth rate and mortality in the
strata can differ significantly, in addition, there is a significant migration of the
population (almost always it is the move of the rural population to the city).
Taking into account these circumstances, the model of population growth in a
particular country can be presented in this form:
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DX ax() — X2 (1) + YO

dt X*+a (1)

o= a,y0-d,y2 0 —c, 200
The meaning of the parameters ax and ay is that they are determined by the
balance of instantaneous fertility and mortality in each stratum. Since the
economic conditions for the existence of strata and the way of life within strata
are different, the characteristic coefficients ax and ay can vary greatly. The
parameters dy and dy conditionally determine the “capacity of the corresponding
niche”, i.e. they reflect the limited life resources, and the ratio of the parameters
(ax,ay) and (dx,dy) determines the linear “transition point”.

The system (1) is written in a symmetric form, the coefficients (ax, ay)
and (dx, dy) determine the internal dynamics of the stratum, and cx and cy
determine the migration between the strata. The migration flow may depend on
many factors, but for each specific country it is a fairly stable parameter, and the
last term in the equations should be proportional to the frequency of meetings of
residents of the city and village, it is this part of the equation that can
significantly accelerate the dynamics of changes in the system.

This is also connected with the possibility of economic growth of the
country exceeding the population growth rate, since the migration of the rural
population to the city provides additional needs for industrial labor resources.
For a particular country, the migration rate is determined by the coefficients cxy
(in the simplest case, these coefficients are equal and opposite in sign, which
means that all those who left the “village” ended up in the “city”). If we start
from the stratum model of population growth of one country (1), then it is easy
to build a model of world population growth based on the principle of hierarchy:
for this it is necessary to determine the coefficients (ax, ay), (dx, dy), (cx, ¢y) for
each individual country, moreover, an additional term describing the emigration
of the population from one country to other countries should be introduced, this
term will be similar to the third in the system (1). The forecast calculated in this
order for each country allows us to find the total population of the world.

It should be said that in this approach, the amount of calculations
increases significantly, but the accuracy of the forecast also increases. It should
be emphasized that it was the forecasts for these countries that led us to the idea
of the existence of so-called “institutional traps” that individual countries fall
into, i.e. such situations that do not disappear by themselves, but require a
purposeful restructuring of the institutional environment. It is for this reason that
below we present the results of calculations of forecasts for a group of countries,
the choice of which is due to the fact that, using the example of these countries,
we will try to construct and test a mathematical model of an “institutional trap”,
i.e. a situation caused by the institutional characteristics of countries and a way
out of which is possible only as a result of serious institutional changes.

In the next section we present the results of numerical simulation for
population growth of countries that can be considered as good axample of
center-periphery system.
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2 The dynamics of population growth as an institutional trap.
Former USSR republics case

Let us discuss the demographics dynamics of former soviet republics,
precisely — Russia, Belarus, Ukraine and Baltic states. Here we do not take into
account the pandemic influence, hoping its negative consequences will be
overcome soon, and the population trend will restore.

A characteristic feature of the demographic dynamics of Russia was a
change in the trend from neutral (fluctuation in the population near 147 million)
to moderately optimistic growth since 2010 year. The trend change was mainly
due to the growth of urban population, while the rural population continued to
decline. The graph on the right shows statistics for 4 years from 2014 to 2018.
Thus, it can be argued that the managerial decision made in Russia on cash
payments at the birth of the second and third child has already influenced the
dynamics of population growth.

Since the collapse of the USSR, Belarus is the only post-Soviet
republic where the population began to grow. Urban growth continued after the
collapse of the USSR, the rural population continued to decline at a constant
rate, while the total population began to grow only in 2014. These changes
however are not stable and can be reversed due to political tensions.

Since 1991, Ukraine has shown a steady population decline dynamics:
population was decreasing at a constant rate of 1% per year. Moreover, the
decrease in the population is taking place both in the countryside and in the city
at almost the same rate. This dynamic indicates the ongoing economic crisis in
the country. Data for 4 years (from 2014 to 2018) do not provide any indication
of a change in trend.
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Fig. 1. Russia population forecast and statistical data
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After the collapse of the USSR in the period up to 2000, the population
decline in Estonia was the fastest among the post-Soviet countries, and then it
diminished. The shift of the dynamics in recent years (positive growth) should
be considered separately, since there is no obvious explanation for such a
change.

After 1991, the most dramatic situation developed in Lithuania -
depopulation was stable both in the city and in the countryside, and there is no
need to talk about a change in trend. In Latvia the situation is almost completely
similar to Lithuania: depopulation is going on at a constant pace, and no change
in the trend is expected.

The graphs indicate the presence of two groups of countries: these are
the post-Soviet countries that remained outside the economic blocs and the post-
Soviet countries that entered the EU (or are associated with the EU). The
demographic situation in these groups is radically different.

All this suggests that a mathematical model should be created that
would take into account migration between countries and at the same time
reveal the reasons for such large-scale population migrations. In our opinion
stratum model is the best possible starting point on the way to such a socio-
demographic model. As an explanatory principle we rely on institutional
reasons. Since the ideas to link demographic variables with economic and social
variables have appeared for a long time, we decided to make an attempt to
create an economic-socio-demographic model that would allow us to consider
the problems of demography in connection with economic and social ones.
Moreover, one of these attempts raised the problem of convergence of countries
with different levels of economic development.

Our explanation of the differences in dynamics boils down to the
following causal chain: joining the EU (or association) opens bhorders for
migration of the population, the existing gap in the standard of living and
education leads to the flow of migrants from conditionally “poor countries”
towards rich ones. Such migration deprives poor countries of human
development resources, and then their economic development slows down.

The problem of heterogeneity or uneven development of countries has
already been considered in the above mentioned work [13]. Obviously, without
taking into account migration, such a model leads to “great convergence” - a
completely fair goal, which was set by the countries that joined the EU.
However, in fact, the entry of the Baltic countries into the EU led to
depopulation and an increase in the income gap. A similar process is underway
in the case of Ukraine (although with some delay). We can expect the same
situation with Belarus — Russia case, or Ukraine — Russia (if political tensions
declined).

All this allows us to conclude that accounting for migration in the
Center-Periphery model is necessary. Otherwise, the model will not adequately
describe the dynamics of the system.
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Of course, we will model a system that is simplified compared to the
real one, but we will keep its most important features: the free movement of
people (migration) and the heterogeneity of the system. Therefore, we will
assume that the system consists of a developed Center and a backward
Periphery. From the point of view of the stratum model, the new EU countries
represent the same “city” and “rural” in the country, and there is unlimited and
practically unregulated migration between these strata. We note that the
proposed model should transform into previous model of [14] in the case of low
migration process.

3 Model improvement: inclusion of social and economic
factors.

For the sake of generality, we will keep the previous designations: x(t)
— the population of the Center, y(t) - the population of the Periphery. Let's
supplement system (1) by adding equations to take into account the socio-
economic development of the regions. By analogy with the work [13], we will
introduce the level of “wealth” — Sy, and “education” Ey.

In practice, these factors reflect material wealth and other intangible
benefits. The meaning of the parameters ay and ay is that they are determined by
the balance of instantaneous fertility and mortality in each of the subsystems: in
the Center and Periphery. Since the economic conditions of existence in the
Center and on the Periphery, as well as the way of life within each subsystem
are different, the characteristic coefficients ax and ay can be very different. The
parameters dx and dy conditionally determine the “capacity of the corresponding
niche", i.e. they reflect the limited life resources in the subsystems.

S E —E
X a ) —d,x? (1) +| A5y g Ex Ty | xOYO
dt Sy + Ex+Ey X2+0l2

X

S, —S E, - E
Yo y)—d,y2 () —| A Y g2 v | XOYO
dt S, +S, E,+Ey |x? +a?
ds, :bXSXEX[l— S j 2
dt Iim
das
dE
dtx = fxEx(l_Ex)
dE

> = nyy(lf Ey)+'/’

The first two equations of the system (2) is written in a symmetric
form, the coefficients (ax,ay) and (dx,dy) determine the internal dynamics of the
subsystem Center and the Periphery, here, instead of the coefficients cx and cy,
which determine the migration of the population from one part of the subsystem
to another, some functions of the variables Sxy and Exy are selected, which
characterize the per capita income and the level of education in each part of the
system: Sy is a relatively excess product per capita of the Center population, and
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Sy is a relatively excess product per capita of the Periphery population; Ey is the
level of education of the population in the Center, and Ey is the level of
education of the population in the Periphery. Differences in income level and in
the level of education in the Center and on the Periphery will induce migration
of the population to the Center. Additionally, the following notation is
introduced in system (2): G (t) = x (m + Sy) + y ( m + Sy) is the GDP of the
Center-Periphery system, m is the minimum necessary product (estimated as $
440), Gym is a certain fundamental limitation and a normalization term that
defines a fundamental constraint in the system. In the model [14] describing the
world-system, Giim= $ 400 trillion, in the model we propose, Giim should
coincide in order with the EU GDP, i.e. about $ 100 trillion.

Let us pay attention to the choice of signs in these terms in the first two
equations of the system (2) that fixes the direction of migration from the
Periphery to the Center. Thus, to describe the dynamics of interaction of the
heterogeneous Center-Periphery system, a socio-economic demographic
mathematical model (2) of the system is proposed, which takes into account
both the dynamics of the population of individual parts of the system, and the
migration of the population from one part of the system to another, due to the
difference in income in different subsystems and the difference in the level of
education. Equations (2) contain ¢, v which we will call “convergence
functions”, which show the relationship between the Center and the periphery.
Unlike [13], we do not postulate the form of these functions, moreover, in our
opinion, their form needs serious refinement.

At the same time, the choice of convergence functions should reflect
the main trends in the modern world. Thus, according to the authors [12,13], the
gap between highly and medium-developed countries has been decreasing at a
particularly rapid pace in recent years, and the gap between highly and
underdeveloped countries is decreasing at a noticeably slower pace, at the same
time they show an increase in the gap between medium and underdeveloped
countries. In practice, it turns out that advanced economies are “going into
isolation”, medium-developed countries receive the greatest benefits from
globalization, catching up with developed countries, but underdeveloped
countries are moving to increasingly worse positions. According to the author
[15], we are talking about the reconfiguration of the world-system and the trend
towards the concentration of income. There is a discrepancy between the richest
and the poorest people in the world, despite the general convergence of average
incomes.

These conclusions, in our opinion, are very controversial. The existing
practice shows that a country's participation in a successful economic
community does not guarantee its automatic convergence, does not
automatically raise it to the level of the Center. In our opinion, correct
accounting of migration can lead simultaneously to depopulation and economic
degradation of the Periphery, and "on average" (or "per capita") there will be an
increase in welfare.

In the model we propose, in the simplest case:
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=0
v = —rE, Ey
Note that the function y must be non-zero, otherwise the resulting
solutions for Ey will tend to 1, i.e. the village becomes fully educated, which
will lead to a drop in the birth rate. Practically, in the system (5), the presence of
the term y ensures, with the simplest choice of the convergence function, the
presence of a stable stationary solution of the form

(Ex. Ey) = @1—2)
Cy

It corresponds to full education in the Center and some non-zero (but
not 100%) education in the Periphery.The proposed equations (2) are essentially
nonlinear, and may contain complex dynamics, such as periodic oscillations,
periodic oscillations with attenuation or increase in amplitude, or, conversely, an
asymptotic output to constant values.

Stability analysis for the system (2) reveals that there are always trivial
solutions for Exy = 0 or 1 (totally educated or fully uncivilized strata). Assuming
two extreme cases Sx >> Sy (the welfare of the Center significantly exceeds the
welfare of the Periphery) and Sx = Sy (the convergence occurred) we obtain
following results. For Sx >> Sy we get A> A (critical value) = X© ay = ay ay/dx

For the case Ex = 1, Ey = 0 (developed center and backward periphery)
we get the restriction (A + B) (critical value) = X(0) ay . The system loses stability if
the sum of the parameters (A + B) exceeds the critical value. Thus interesting
realistic solutions system (2) will be played out around the adiabatic values of
variables x(t) and y(t).

A similar approach (adiabatic change of parameters) can be applied in
the case of convergence functions, assuming that they are a small perturbation
that has the greatest impact on the population of the periphery.

It seems that the next step would be reasonable to choose the
convergence functions by analogy with the terms in the first two equations in

the form
S, —S E, — E
p=6| A—L+B—YLs,S,
S, +Sy E,+E,

@)
Sy —Sy Ex—E,
v __y[ASX +S, +B E, +E, JEXEy

The obtained equations (2) are characterized by the following
properties. Firstly, there are no exogenous variables in them, taking into account
external factors is contained only in the parameters (coefficients) of the
equations. Secondly, the meaning of the parameters contained in the model
follows from the equations themselves, and the values of these parameters can
be determined from the analysis of statistical data for a certain period. Third, the
type of convergence functions is not defined a priori.

It seems that this system of equations will allow us to study various
modes of behavior of the Center-Periphery system depending on the values of
the parameters, as well as to predict the behavior of the Center-Periphery
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system, in the case when the parameters are determined. This model is a
development of the stratum model, taking into account the ideas about the
functioning of the “world-system” [6]. The authors suggest that the developed
approach will allow us to consider complex systems where simplified
approaches do not work.

Conclusion

The proposed model of the institutional trap is described by a system of
equations (2), which is characterized by the following properties:

Firstly, there are no exogenous variables in them, external factors are
taken into account only in the parameters (coefficients) of the equations.

Secondly, the meaning of the parameters contained in the model
follows from the equations themselves, and the values of these parameters can
be determined from the analysis of statistical data for a certain period.

Third, the type of convergence functions is not defined a priori and
may vary depending on the task.

It seems that this system of equations will allow us to study various
modes of behavior of the Center-Periphery system depending on the values of
the parameters, as well as to predict the behavior of the Center-Periphery
system, in the case when the parameters are determined.

We emphasize once again that this model is a development of the
stratum model [14], taking into account the ideas about the functioning of the
"world-system" [6,13]. The authors suggest that the developed approach will
allow us to consider complex systems where simplified approaches do not work.
The results obtained, however, should be used with caution: their applicability
to specific situations is limited by both the initial conditions and the current
operating conditions of the system under consideration. In terms of the
institutional trap, this is equivalent to the destruction of the trap in the course of
institutional restructuring (reform). Note that a similar effect can be achieved by
a sharp change in the initial parameters of the system (the population in the
Periphery, which has changed dramatically, for example, in the results of
uncontrolled migration), which is equivalent to the "transfer" of the system to
the pool of attraction of another attractor.

Given the almost unlimited labor migration within the EU, it is
assumed that the proposed model will adequately describe the case of an
institutional trap that occurs in the Center-Periphery system, in which economic
integration does not lead to an equalization of the level of per capita income in
the subsystems, but leads to the depopulation of the Periphery. The results of
computer modeling should make it possible to estimate the characteristic times
of the development of unfavorable dynamics (the “half-life" of the Periphery
countries). The authors also hope that the study of this model will allow us to
formulate recipes for getting out of emerging institutional traps (by controlling
the parameters of the system).
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